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Abstract

Recent theoretical and empirical work exploits option-implied information to constrain the condi-
tional moments of asset returns. In this paper, we characterize the information content that can be
reliably used for this purpose under an option market’s incompleteness. Our analysis relies on novel
upper and lower bounds for a broad family of risk-neutral moments built from a given cross-section
of option prices. We show the non-robustness of several risk-neutral moments in the literature, form
new robust versions of them, and derive corresponding model-free bounds on the conditional moments
of asset returns. These new bounds deviate substantially, both quantitatively and qualitatively, from

those associated with non-robust risk-neutral moments.

1 Introduction

Ever since the seminal Breeden and Litzenberger (1978) result, relating derivatives of option prices to the
risk-neutral density of the underlying, a rapidly expanding literature has motivated and tested empirically
several bounds on conditional physical moments of returns resulting from risk-neutral moments. Given
the increasing liquidity and availability of options across many different markets, these assumptions
yield potentially powerful economic information about the conditional moments of asset returns and the
unobserved stochastic discount factor. These statements typically rely on the assumption of a complete
market spanned continuously by option portfolios. Such an assumption is usually not met in empirical
applications, as observed option cross sections are discrete and finite. As a consequence, infinitely many
risk-neutral probability distributions are compatible with observed option cross sections. The implications
of this market incompleteness, and its consequences for empirical work with option-implied moments, are
the subject of this paper.

Our analysis relies on suitable optimization problems that characterize the maximal and minimal price
of a target payoff, across all risk-neutral probability measures that price a given option cross section. It
turns out, that neither the maximal nor the minimal such price needs to be finite, and their difference is
a natural indicator for the robustness of the price of the option replication portfolio for the given payoff.
Two prominent non-robust examples arise for the VIX? payoff from CBOE (2009), and the SVIX? payoff
introduced in Carr and Corso (2001) and later Martin (2017).

Using our upper and lower bounds, we empirically find that the incompleteness arising from the
discreteness of strikes is negligible for the densely quoted S&P 500 options. However, the incompleteness

induced by lacking option prices outside of the observed strike region is sizable enough, to substantially
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affect magnitude and variation of both computed implied moments and the resulting constraints for the
conditional moments of asset returns.

Methodologically, our theoretical results extend previous work in Lee (2004), Hobson and Klimmek
(2012), and Davis et al. (2014) on options at extreme strikes, as well as results on the sub- and super
replication of trading strategies in presence of bid-ask spreads. We demonstrate that they have important
implications for empirical work based on risk-neutral expectations computed from option prices, such as
Schneider 2015, Martin (2017), Martin and Wagner (2019), Schneider and Trojani (2019), and Chabi-Yo
et al. (2023), among many others.

2 Introductory examples

Consider a tradeable asset whose (forward) gross return over some time horizon 7 is denoted by R
and takes values in X = (0,00). The economy features an arbitrage-free option market, where plain-
vanilla European put and call options on R with time-to-maturity 7 and strikes k¥ € K = [¢,u] for
0<?¢<1<u<ooare traded. Observed (forward) put and call prices are denoted by P(k) and C(k),
respectively, assuming that P(¢) > 0 and C(u) > 0.

Given the absence of arbitrage opportunities within an incomplete market setting, there exists a
nontrivial set B of risk-neutral probability measures that are consistent with observed put and call prices.
Specifically, for any admissible Q € B, the put prices P2(k) and call prices C2(k) associated to Q satisfy
PQ(k) = P(k) and C9(k) = C(k) for all £ < k < u, while the tail behavior of P2(k) and C?(k) at strikes
0 < k < ¢ and k > w is not uniquely determined.

By well-established spanning properties, options are particularly informative about the underlying
market, so that prices of nonlinear payoffs can be represented as prices of option portfolios (see Bakshi
et al. 2003; Bick 1982; Britten-Jones and Neuberger 2000; Carr and Madan 2001). Concretely, for a
(almost-everywhere) twice continuously differentiable function f and any admissible risk-neutral proba-

bility measure Q € B, it follows:
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Except for the tail integrals P2[f] and C2[f], all terms in this identity are uniquely identified from the
observed option prices. Hence, the range of possible values for the associated option-implied moment
(or arbitrage-free valuation) EQ[f(R)] crucially depends on the tail behavior of P¢(k) and C?(k) under
admissible probabilities Q € B. The key question studied in this paper concerns the properties of payoffs
f(R) that yield a bounded or an unbounded range of admissible valuations.

The mechanism underlying our analysis is easily understood from the static replication formula (2.1).
To illustrate it in a simplified setting, we explicitly construct and investigate a parametric subfamily
of probability measures Qg € B, which depend on parameters a,b controlling the left- and right-tail
behavior of option prices. Each probability Q,; is constructed to ensure that for sufficiently small

0 < a </ and large b > u it yields admissible arbitrage-free extrapolations of tail option prices that are
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Details on the construction of probabilities Q, ; are provided in appendix A.1, while additional results for
option prices with power-law tails, which lead to fully analogous conclusions, are collected in appendix A.2.
Given tail behavior equation (2.2), tail integrals PQe¢[f] and CQe¢[f] are given in closed-form, after

performing integration by parts:

PLsf] = —P(0) (W - f’(z)) (2:3)
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The benchmark case where a,b tend towards their corresponding state space boundaries is particularly
relevant. To investigate it, we suppose for simplicity of the argument that payoff function f is convex or

concave in each tail, and get:
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Whenever P(¢),C(u) > 0, these limits are completely determined from the tail behavior of f. Equa-
tion (2.5) shows that left-tail integral PYs[f] is finite if and onyl if f is bounded for small return
realizations: (11_}1%|f(a)| < 00. Analogously, from equation (2.6) right-tail integral C%«:¢[f] is finite if and
only if f grows at most linearly for large return realizations: blirilo @ < 0.

Naturally, each parameter choice a,b produces a different value of implied valuation EQ=[f(R)] in
equation (2.1). Therefore, EQ¢[f(R)] is bounded across feasible parameter choices a,b if and only if
both PRt[f] and CQ*[f] are bounded. However, it is stunningly simple to come up with payoffs f(R)
for which at least one tail integral is not finite, and most payoffs commonly employed in the literature
actually have this property. One such example is given by VIX and SVIX payoffs, for which we provide
some first benchmark empirical evidence in figure 2.1, using historical averages of S&P 500 option prices

(cf. appendix C).
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Figure 2.1: Tail behavior of VIX and SVIX

This figure reports option-implied moments E@=+[f(R)] for VIX and SVIX payoffs and different parameter
choices a,b. For the VIX, panel (a) employs payoff f(R) = VIX?*(R) as in example 2.1. For the SVIX,
panel (b) employs payoff f(R) = SVIX?*(R) as in example 2.2. Option-implied moments are computed
using average S&P 500 option prices with quarterly maturity.

Example 2.1 (VIX). To define the VIX as in CBOE (2009), we use its relation to the log contract
(e.g., Carr and Wu 2009). Concretely, we set the convex payoff VIX*(R) = —2log R and note that
lirr%) —2loga = oo and lim % = 0. Accordingly, the left-tail integral P%+[VIX?] is positive and
a—

b— o0
increasing as a — 0 with infinite limit in equation (2.5),

lim Pt [VIX?] = 2P () (M — 1) =0 .

a—0 14 l
In contrast, the right-tail integral C%«*[VIX?] is positive and increasing as b — oo, but with finite limit
in equation (2.6) because of the sublinear growth in the right tail. Hence, due to its unboundedness
in the left tail, there is no finite upper bound for the VIX valuations E2«+[VIX?*(R)]. Panel (a) in
figure 2.1 shows the quantitative behavior of EQ++[VIX?(R)] for various combinations of a and b using
average S&P 500 option prices. Consistent with the properties of the tail integrals, changes in b have
comparatively little effect on the valuation, whereas it increases linearly (on log scale) as a — 0. Even
though the dependence on a may appear rather moderate, it should be noted that valuations more than

double from the largest to the smallest a reported. |

Example 2.2 (SVIX). For the SVIX? in Carr and Corso (2001) and Martin (2017), we define the convex
payoff SVIX?(R) = (R — 1)? and note that iil}%(a —1)2 =1 and bli}nolo @ = oo. Hence, the left-tail
integral P2++[SVIX?] is positive and increasing as a — 0 with finite limit in equation (2.5), as the payoff
is bounded in the left tail. However, the right-tail integral CQ“"’[SVIXQ] is positive and increasing as

b — oo with infinite limit in equation (2.6),
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Hence, due to its superlinear growth in the right tail, there is no finite upper bound for the SVIX
valuations EQ+#[SVIX?(R)]. Panel (b) in figure 2.1 reports numerical values of E2«[SVIX?(R)] for a
range of combinations a and b, again computed from average S&P 500 option prices. As expected from

our analysis of the tail integrals, now changes in a have only a minor effect on the valuation, while letting



b — oo leads to an exponential increase (on log scale). Hence, the sensitivity of SVIX valuations to option

price tails is much larger compared to that of VIX valuations. |

The above derivations in a simplified context underscore the fact that in an incomplete option market,
a multitude of risk-neutral probability measures exists that are all compatible with observed option prices.
Without further assumptions, the valuation of a newly issued derivative payoff is not unique. In such
settings, robust payoffs are those that imply a bounded range of valuations under all admissible risk-
neutral distributions. Non-robust payoffs are those that imply an unbounded range of valuations.

Armed with the necessary intuition, we derive in the sequel results for general arbitrage-free economies

under minimal assumptions on the given market structure.

3 Robust option-implied moments

In this section, we present a general approach that yields model-free bounds on option-implied moments,
or arbitrage-free valuations, relying on only minimal structure. Under simplifying assumptions regarding
the option market, the lower and upper bounds are available in closed form, depending only on the local
behavior of option prices at extreme strikes and the tail behavior of the payoff in question. Based on
the structure of these bounds, we then provide a characterization of robust payoffs. Investigating wide
classes of payoffs that are commonly employed in the literature, we show that most of them actually fail

to be robust.

3.1 Model-free bounds on option-implied moments

As in section 2, we denote by R the 7-period forward gross return of a tradeable asset from time ¢ to
T=t+7 >t Asbothtand T are fixed, we omit them below to lighten notation. Without imposing
any prior restrictions on possible return realizations, we suppose that the gross return R takes values in
X = (0,00).! Note that working with forward gross returns naturally encompasses also economies with

stochastic interest rates. We associate with the gross return the set of risk-neutral probability measures
A := {probability measure Q on X : EQ[R] = 1},

where EQ[-] denotes the time-¢ conditional expectation under the measure Q. The set A reflects all
no-arbitrage pricing constraints implied by the underlying market.

The underlying market is accompanied by an arbitrage-free option market, in which we observe the
time-t forward prices P(k) and C(k) of traded European put and call options on R with maturity at T'
and strikes kK € K C X. To simplify the exposition, we suppose that mid prices, instead of bid and ask
prices, are directly observed. As is the case with empirical option markets, we consider the case where
K does not cover the full state space X. Instead, there exists a minimal strike £ and a maximal strike «
with 0 < £ <1 < u < oo such that both P(¢) > 0 and C(u) > 0. For the main part of this paper, we
will make the convenient assumption that K = [¢, u], i.e., that option prices are observed over a bounded
interval of strikes. This allows us to isolate the consequences of unobserved tail option prices, without the
need to deal with other interfering effects. The simplifying assumptions imposed here are not essential

and their relaxation even strengthens our main conclusions, at the cost of additional formal complexity.

1We exclude the left boundary to also deal with functions that are undefined at the origin, such as log R. Equivalently,
we could use X = [0, 00) and continuously extend the function definition, e.g., using log R = —oo.



Accounting for the additional no-arbitrage pricing constraints introduced through observations in the

option market, we define the set of admissible risk-neutral probability measures
B:={Qe A:C%k) = C(k) and PY(k) = P(k) for each k € K} ,

where P2(k) := EQ[(k — R)*] and C%(k) := E?[(R — k)*] denote the put and call prices, respectively,
associated to Q. The size, or volume, of B is intimately related to the degree of market incompleteness in
the economy. In the extreme case where a continuum of option prices becomes observable for every strike
ke X = (0,00), the set B becomes a singleton, i.e., a unique Q exists that is compatible with observed
option prices. In general, however, QQ is not uniquely pinned down by the imposed pricing constraints.
With the choice K = [¢, u] and the assumption that P(¢) > 0 and C'(u) > 0, the only indeterminacy in fact
concerns the tail behavior of Q in the intervals (0, /] and [u,00). In the unrealistic and counterfactual
case that either P({) = 0 or C'(u) = 0, the indeterminacy in the respective tail would be completely
resolved.

Within this paper, we are interested in gauging the minimal and maximal value of a moment E@[f(R)]
across admissible probability measures Q € B for some payoff function f : X — R. Economically, our
objective thereby is the construction of sharp lower and upper bounds for the arbitrage-free valuations of
a payoff f that are consistent with the information contained in the option market. In order to exclude
pathological cases and at the same time not incur much loss of generality, we restrict payoff functions to
the admissible set

F = {piecewise—continuous function f on X } .

By piecewise-continuous we specifically mean that any f € F exhibits at most finitely many discontinuity
points in the interior of X, each with a jump of finite size. This eliminates the possibility of singularities
in the interior of X and allows to focus the attention on the tail behavior. It should be noted that the
definition of F does not mention any differentiability requirements. The set F is rich enough to contain
essentially all payoffs of practical relevance.

Due to our assumption that option prices are observed on K = [¢,u], it makes sense to split the
problem into an interior moment Z[f] := EQ[f(R) (¢ < R < u)], which is uniquely determined from the
observed option prices for all Q € B (cf. appendix B.4), as well as tail moments E2[f(R) (R < ¢)] and
EQ[f(R) I(R > u)]. In this context, 1(A) denotes the indicator function of event A.

What remains is the construction of lower and upper bounds for the tail moments. It is noteworthy
that bounds in the left and right tails may be treated separately in our setting with K = [¢,u]. The
optimal (i.e., tightest possible) lower and upper bounds are denoted by LF[f] and U*[f] for left-tail
moments as well as LZ[f] and UT[f] for right-tail moments. Jointly, these determine the lower and upper
bounds L[f] and U[f] for moments E2[f(R)] across all admissible measures Q € B as in equations (3.1)
and (3.2) in the upcoming result.

For functions f € F that are convex in the respective tail, the following result moreover gives the
bounds for tail moments in simple closed form. Notably, these bounds are entirely determined by the
observable behavior of option prices at strikes ¢ and u, which is summarized by the option prices P(¢)
and C(u) as well as their (one-sided) derivatives 94 P(f) and dy_C(u).? Straightforwardly, the stated

expressions also determine bounds for concave f € F, noting that — f is then convex, which effectively

2When P(k) and C(k) are observed on the entire interval [¢,u], then Oy P(£) and 0)_C(u) are ”observable” via the

usual limiting relations, dx4 P () := limp o w and 0y, C(u) := limp g W



flips the roles of lower and upper bound expressions. Finally, with some additional effort, we may
also use these results to construct tractable bounds for general f € F, as discussed in appendix B.3

(cf. proposition B.4).

Result 3.1 (Moment bounds). For any f € F, lower and upper moment bounds are given by

L) = jnf, EC[f(R)] = LE[f] + ZLf] + L[] (3.1)
Ulfl = SléIéEQ[f(R)] =UL[f1+ ZLf + Uuf] (3.2)

Moreover, the following holds for left-tail and right-tail moments:

(i) If f is convex on (0,f], then lower and upper left-tail moment bounds are given by

£41f] = inf EOLf(R) 1R < 0)] = 04 P() f(e - a}:%) (3:3)
3 B P(0) P(O)
U Lf) = s EC(F(R) KR < 0)] = (mp(@ - g) 0+ P i pmy . )

(ii) If f is convexr on [u,0), then lower and upper right-tail moment bounds are given by

£R[f) = inf EOIF(R) UR 2 w)] = ~0hC(w) f(u - %) (35)
UPIf) = sup BCS(R) 1(R < )] = ~04_C(u) f(u) + Cw) Jim TUD (3.6)

Besides its simplicity, computability, and ease of applicability, result 3.1 is noteworthy in particular
for its estimates L[ f] and U[f], which are superpositions of observed out-of-the-money put and call prices,
exclusively. Intuition would prescribe that £[f] > LL[f] +Z[f] + LE[f] and U[f] < UL[f] + Z[f] +UE[S],

as left left-tail and right-tail bounds are obtained from separate optimization problems.

3.2 Robustness of option-implied moments

Per se, it is not assured that the moment bounds L[f] and U[f] are finite. For f € F with convex
tails, the upper bounds UL[f] or UE[f] become infinite whenever the tail behavior of f is such that

the limits leimo f(R) or Rlim @ are infinite. Likewise, for f € F with concave tails, the lower bounds
— — 00
LLf] = —U*[—f] or LE[f] = —UT[~f] become infinite under equivalent conditions. Therefore, the

above result 3.1 strongly prescribes an elementary notion of robustness with regards to payoffs.
Definition 3.1 (Robust payoffs). A payoff f is robust if both L[f] and U[f] are finite.

For functions f € F with convex or concave tails, it suffices by result 3.1 to consider the limits
JIQiLno f(R) and Igi_r)rloo @ in order to qualify payoffs as robust or non-robust. For general functions in F,
these limits may not exist in the ordinary sense and more general conditions are required, as formalized
in the following result. These conditions capture the same ideas of boundedness in the left tail and at

most linear growth in the right tail.

Result 3.2 (Robust payoffs). A payoff f € F is robust if and only if the following conditions are satisfied:

(i) f is bounded in the left tail with limsup|f(R)| < oo,
R—0



(ii) f grows at most linearly in the right tail with lim sup @ < 0.
R—o

Robustness in the sense of definition 3.1 is a minimal property that should be asked of a payoff. It
is a binary qualification and merely guarantees that lower and upper bounds are finite. However, it does
not guarantee in any way that these bounds are narrow, i.e., that the spread U[f] — L[f] is relatively

close to zero. This latter property captures a stronger notion of robustness.
Definition 3.2 (Strongly robust payoffs). A payoff f is strongly robust if U[f] — L[f] is small.

Definition 3.2 allows to quantify different degrees of robustness using the explicit bounds in result 3.1,
but at the same time remains somewhat vague. To provide a complete picture of the robustness properties
of different payoffs in the remainder of this paper, we will investigate both the weak robustness property
in definition 3.2 as well as quantify its strength in the sense of definition 3.2. The former is a purely
theoretical property, while the latter requires data regarding the behavior of option prices at extreme
strikes. For this purpose, we regularly use a realistically calibrated ”average” option prices for the
S&P 500 and, where considered instructive, also the actual time series of observed option prices. This

option data is described in appendix C.

3.3 Robustness properties of some important return moments

As a first application of our theory in sections 3.1 and 3.2, we investigate several classes of moments that
play an important role in the literature. In particular, we consider powers of returns in various forms,
using the three classes of payoffs RP, (R — 1)P, and (log R)P, i.e., powers of gross, net, and log returns.
These classes cover the VIX and SVIX in examples 2.1 and 2.2 as special cases, up to scaling factors.

To not overload our exposition with formulas, we omit the presentation of explicit expressions for
lower and upper bounds. For the most part, these expressions are direct applications of equations (3.3)
to (3.6). Only for higher-order powers of log returns that do not satisfy the convexity (or concavity)
requirements, we need to use a generalization of these formulas (cf. proposition B.4).

As it turns out, these classes of moments are generally not robust, except for few special cases. For
powers of gross returns, which are unproblematic to define for any p € R, any powers p > 1 lead to
superlinear growth in the right tail and, hence, to infinite upper bounds on their moments. In addition,
any powers p < 0 correspond to unboundedness in the left tail, likewise resulting in infinite upper moment
bounds. Only powers 0 < p < 1 yield robust payoffs, as for these both lower and upper bounds are finite.
For net returns, we restrict the definition to positive integer powers p € N in order to avoid a singularity
at R = 1. Except for the trivial choices p = 0 and p = 1 that are already pinned down by the basic
no-arbitrage constraints in A and B, any other higher-order powers also suffer from superlinear growth
in the right tail, analogous to gross returns, and are thus as well associated to infinite upper moment
bounds. For log returns, we restrict the definition again to positive integers p € N to avoid a singularity
at R = 1 and moreover exclude the trivial case p = 0. For any remaining powers p > 0, robustness issues
arise due to the unboundedness of the payoff in the left tail. Depending on whether p is even or odd,
either an infinite upper or lower bound results. The following result summarizes the discussed robustness

properties of return moments.



Result 3.3. The following properties of return moments hold:

(i) RP. For any p € R,

=0 ifp<O
LR >0, UR]{<oo f0<p<1 . (3.7)
=00 ifp>1

(i) (R —1)P. For any p € N,

<oo ifp=0,1
LI(R—1)P] > -1, U[(R—1)"] . (3.8)
=00 ifp>2

(iii) (log R)P. For any p € N with p > 0,

>0 if p even =00 ifp even

L[(log R)?] ¢ ' , U[(log R)P] ' . (3.9)
=—o00 ifp odd < oo ifp odd

To further illustrate these robustness properties, figure 3.1 quantifies the model-free bounds for these
return moments (extended to p € R), computed from average S&P 500 option prices. For gross returns
RP, option-implied moments are measured rather precisely for 0 < p < 1, even perfectly exact at the
end points of this interval (with values equal to one), while upper bounds become infinite when either
p < 0 or p > 0. Due to the switch between convexity and concavity at p = 0 and p = 1, bounds are
discontinuous in p at these points. For net returns (R — 1)P, we make similar observations in the range of
positive powers p. Moment bounds are narrow for 0 < p < 1, where the end points now take values equal
to one at p = 0 and zero at p = 1, while upper bounds are infinite for any p > 1. For log returns (log R)?,
it can be observed how the direction of unboundedness regularly flips, such that lower bounds are infinite
at any odd integers and upper bounds are infinite at any even integers p > 0. The cosinusoidal behavior
of moment bounds observed for both net and log returns is an artifact that stems from the extension

from integer to real powers.
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Figure 3.1: Average bounds for return moments

This figure shows model-free bounds on option-implied return moments. Each plot shows lower and
upper bounds L[f] and U[f] on option-implied moments (blue, y-axis), plotted against different powers
p (x-axis). In panel (a), moments of gross returns use the payoff f(R) = RP for p € R. In panel (b),
moments of net returns use the payoff f(R) = (R — 1)?, extended to p € R. In panel (c), moments of
log returns use the payoff f(R) = (log R)?, extended to p € R. Bounds on option-implied moments are
computed using average S&P 500 option prices at quarterly maturity.

4 Variance, semi-variance, and skewness

By our preceding analysis, common approaches to measure option-implied variance or skewness via simple
powers of returns are non-robust. Specifically, non-robust option-implied measures include the VIX in
CBOE (2009) as well as the SVIX in Carr and Corso (2001) and Martin (2017). In this section, we
therefore develop a convenient framework to construct generalized variance, semi-variance, and skewness
payoffs, building on power divergences as in Schneider and Trojani (2019). This framework provides
a clear characterization of robust and non-robust payoffs in this domain. In particular, this section
introduces a family of generalized variance payoffs, comprising the VIX? and SVIX? contracts as special

cases, that carve out the set of robust variance payoffs with a single parameter.
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4.1 Generalized (semi-)variance and skewness payoffs

Since for any pricing measure Q € B the no-arbitrage condition E?[R] = 1 holds, we work without loss

of generality with the following family of power divergence payoffs:
RP—p(R—1)—1

p(p—1)
DP(R):==<{ —logR+ R —1 ifp=0 - (4.1)

if p£0,1

RlogR—R+1 ifp=1

By definition, power divergences span any power RP of gross asset returns, except for the special cases
at p = 0 and p = 1 that are defined by continuity. Further, any power divergence payoff for p € R has

locally the interpretation of a second moment payoff of log returns,
1 2 2

DP(R) = g(log R)” + o(|log R|?) . (4.2)

As a consequence, any difference of two distinct power divergence payoffs also has locally the interpretation

of a third realized moment of log returns since

SK%RM:2p{1WWRy7Dk%RH:%@gRV+ﬂﬂbgm% (4.3)

for any p > 1/2, where SK'/2(R) := pg?}Q SKP(R) is defined by continuity.

Very crucially for our purposes, the partly very different global behavior of power divergence payoffs
DP(R) of different powers p can give rise to poor robustness properties in incomplete option markets for
some of the associated option-implied moments. Such robustness properties are largely determined by
the distinct behavior of these payoffs as R — 0 and R — oo. In order to best accommodate their distinct
left-tail and right-tail behavior, we consider in the sequel also lower and upper semi-power divergence

payoffs, defined by
D” (R):=DP(R)I(R< 1), DY (R):=D"(R)LR>1). (4.4)

Since the robustness properties of semi-power divergence payoffs intrinsically depend on their behavior

as R — 0 and R — oo, we characterize in more detail this tail behavior as follows:

1
+oo ifp <0 — ifp<o0
1-p

1 _ DY (R) 1
i P == ifo<p<l1 i + = i . .
}1%1310D_(R) > D , ngIclx) = - ifo<p<i1 (4.5)

1 .

» ifp>1 +oo  ifp>1

Lower semi-power divergence payoffs D (R) of power p < 0 are unbounded in the left tail as R — 0, while
upper semi-power divergence payoffs Dfr(R) of power p > 1 exhibit superlinear growth in the right tail as
R — 00. Therefore, in those regions they cannot be upper bounded by the payoff of a single position in
an out-of-the-money option. This is the main reason why their option-implied moments necessarily have
poor robustness properties in incomplete option markets. Importantly, all lower semi-power divergence

payoffs of power p > 0 are bounded, while all upper semi-power divergence payoffs of power p < 1
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have linear growth as R — oco. Therefore, the associated option-implied moments of these payoffs have
improved robustness properties in incomplete option market.

The semi-power divergence payoffs D” (R) and DY (R) in equation (4.4) are the key building blocks
for obtaining more robust notions of option-implied moments. To this end, note that by construction the
sum of lower and upper semi-power divergence for an identical power aggregates to power divergence,
i.e., a variance-like payoff according to equation (4.2). This property extends to sums of lower and upper
semi-power divergences of different (complementary) powers and allows us to define, for any p € R, the

symmetric variance payoff
1
VP(R) := Dy""(R) + D*(R) = 5 (log R)* 4+ o(|log R?) . (4.6)

Figure 4.1 illustrates the main properties of semi-power divergence payoffs with respect to their global
behavior for R — 0 and R — co. Panel (c¢) shows that power divergence payoffs D?(R) grow more rapidly
as R — 0 (R — o0) for decreasing powers p (increasing powers p). This feature is a direct consequence
of the corresponding lower and upper semi-power divergence behavior of D” (R) and DY (R) depicted
in panels (a) and (b). Panel (d) further shows that symmetric variance payoff V?(R) of power p > 1/2
(p < 1/2) are everywhere upper- (lower-) bounded by the associated power divergence payoff for the same

power.
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Figure 4.1: Divergence-based (semi-)variance payoffs

This figure shows payoffs of generalized (semi-)variances. Each plot shows payoff values (y-axis), plotted
against gross returns R (x-axis) for different powers p. Shaded areas highlight non-robust powers. In
panels (a) and (b), lower and upper semi-power divergences use the payoffs f(R) = D” (R) and f(R) =
D" (R) in equation (4.4). In panel (c), power divergences use the payoff f(R) = D?(R) in equation (4.1).
In panel (d), symmetric variances use the payoff VP(R) in equation (4.6).

Analogously, note that the difference of upper and lower semi-power divergence is locally a payoff for
trading upper against lower semi-variance. Choosing equal powers p € R for both the lower and upper

part yields the ordinary long-short semi-variance payoff
1
SVP(R) := DY (R) — D" (R) = 5(1og R)?[1(log R > 0) — 1(log R < 0)] + o(|log R|?) . (4.7)

As for variance, the construction can be extended to differences of upper and lower semi-power divergences
of different (complementary) powers. This yields, for any p € R, the symmetric long-short semi-variance

payoff
SSVP(R) := D\"P(R) — D" (R) = %(log R)?[1(log R > 0) — I(log R < 0)] + o(|log R|?) . (4.8)

Figure 4.2 visualizes the long-short semi-power divergence and skewness payoffs, which directly inherit
their main properties from the respective (semi-)power divergence payoffs. All payoffs are defined to be
negative for R < 1 and positive for R > 1. In panel (a), the ordinary long-short semi-variance payoff
SVP(R) decreases more rapidly in the left tail as R — 0 for decreasing powers p, while it increases more

rapidly in the right tail as R — oo for increasing powers p. The symmetric long-short semi-variance
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payoff SSVP(R) in panel (b), however, grows slower simultaneously in both tails with increasing powers
p. Finally, the skewness payoff SKP(R) in panel (c) apparently shows relatively variation within the
plotted range, but exhibits distinctively different behavior in the extreme tails outside of the depicted

return range.
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Figure 4.2: Divergence-based long-short semi-variance and skewness payoffs

This figure shows payoffs of generalized long-short semi-variances and skewness. Each plot shows payoff
values (y-axis), plotted against gross returns R (x-axis) for different powers p. Shaded areas highlight non-
robust powers. In panel (a), long-short semi-variances use the payoff f(R) = SVP(R) in equation (4.7).
In panel (b), symmetric long-short semi-variances use the payoff f(R) = SSVP(R) in equation (4.8). In
panel (c), skewness uses the payoff SKP(R) in equation (4.3).

4.2 Robustness properties of generalized (semi-)variance and skewness

The key insight of the preceding discussion in section 4.1 is that in order to obtain variance-like and upper
vs. lower semi-variance-like payoffs, one can equivalently make use of two distinct semi-power divergences
having a different global behavior as R — 0 and R — oo, respectively. This additional flexibility is the
key for obtaining notions of option-implied moments with improved robustness properties using our main
results 3.1 and 3.2.

By construction, moment bounds for the generalized (semi-)variance and skewness payoffs introduced
in section 4.1 will directly depend on the moment bounds for semi-power divergences. Therefore, we first
investigate the moment bounds and resulting robustness properties of these semi-power divergences. Due
to the convexity of semi-power divergences D” (R) and D% (R) for any p € R, sharp lower and upper
moment bounds immediately follow from result 3.1, applying equations (3.3) to (3.6). Once expressions

for the moment bounds for semi-power divergences are available, moment bounds for divergences DP(R) =
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D? (R) + D (R) in our simplified setting satisfy convenient aggregation properties,

L[D?] = LID?] + L[D* ] (4.9)
U[D”) = U[D? ] +U[D"] . (4.10)

Analogous relations can be exploited to obtain moment bounds for any of the generalized (semi-)variance
and skewness payoffs, depending on L[D” ] and U[D” ] as well as L[D"] and U[D%].

Apart from closed-form expressions for moment bounds, our focus lies on the implied robustness
properties, using result 3.2 in conjunction with the characterization of the tail behavior of (semi-)power
divergences in equation (4.5). In particular, we observe that upper bounds for D” (R) are infinite for
any p < 0, due to the unboundedness in the left tail, so that lower semi-power divergence payoffs are
robust only if p > 0. Moreover, upper bounds for D¥ (R) are infinite for any p > 1, due to the superlinear
growth in the right tail, implying that upper semi-power divergence payoffs are robust if p < 1. These

robustness properties of semi-power divergences are summarized in the following result.

Result 4.1. The following properties of semi-power divergences hold:

(i) Lower semi-power divergence.

=00 fp<O
L£IDP]>0,  U[D"] . (4.11)
<oo ifp>0

(ii) Upper semi-power divergence.

. b1 ) <00 ifp<l1
LIDY] >0, U[D"] . . (4.12)
=00 ifp=>1

By their construction together with result 4.1, variance-type payoffs DP(R) are robust exactly if both
lower and upper semi-power divergence payoffs D” (R) and D% (R) of the same power p are robust. This
is the case only for powers 0 < p < 1, as otherwise upper bounds are infinite if either p < 0 or p > 1
due to the lower or upper semi-divergence component. In contrast, the symmetric variance payoff V?(R)
combines wider ranges of powers over which both the lower and the upper semi-divergence are robust.
Specifically, the payoff V?(R) is robust for any p > 0, as then both D? (R) and Di_p (R) have finite upper

bounds. The robustness properties of (generalized) variance payoffs are stated in the following result.

Result 4.2. The following properties of (generalized) variances hold:

(i) Divergence.

=00 ifp<O
LD >0,  UDP[{<o0 if0<p<l . (4.13)
=00 ifp=>1
(ii) Symmetric variance.
=00 ifp<O
L[VF] >0, UV?] . (4.14)

<oo ifp>0
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The robustness properties of semi-power divergence payoffs in result 4.1 also directly translate to
(generalized) semi-variance and skewness payoffs. For the ordinary long-short semi-variance SV?(R) and
the skewness SKP(R), again only powers 0 < p < 1 lead to robust payoffs. Instead, the symmetric long-
short semi-variance payoffs SSV?(R) are robust for any p > 0. This leads to the robustness properties

of (generalized) semi-variance and skewness payoffs in the following result.

Result 4.3. The following properties of (generalized) semi-variances and skewness hold:

(i) Long-short semi-variance.

=-—00 ifp<0 <oo ifp<0
LISVP]¢> —00 if0<p<1 , UISVPI <o if0<p<l . (4.15)
>—oc0 ifp>1 =00 ifp>1

(i) Symmetric long-short semi-variance.

=-00 ifp<0 =00 ifp<0
L[SSVP] , U[SSVP] . (4.16)
>—00 ifp>0 <o ifp>0
(iii) Skewness.
=-00 ifp<0 =00 ifp<o0
LISKP]{>—0c0 if0<p<1 , USKPI{ <0 if0<p<l . (4.17)
=-0c0 ifp>1 =00 ifp>1

Overall, results 4.1 to 4.3 leave a key message. For ordinary variance-type payoffs D?(R), only a small
region of robust powers p remains, which excludes most common option-implied measures. The VIX?
contract in CBOE (2009), corresponding to the special case with p = 0, is a boundary case that is just
outside the lower part of the robustness region. The corresponding boundary case on the upper part of
the robustness region is the Kullback-Leibler payoff at p = 1, which is used in Gao and Martin (2021).
The SVIX? contract in Carr and Corso (2001) and Martin (2017), corresponding to the choice p = 2, is
not even a boundary case from the perspective of its robustness properties. Even when choosing robust
powers 0 < p < 1, one should not expect particularly strong robustness properties because each of these
powers is located rather close to the boundaries. The symmetric variance payoff V?(R) considerably
strengthens the robustness properties by allowing to simultaneously move away from the boundary of
the robustness region in both tails. Analogous ideas underlie the relation between ordinary semi-variance
payoffs SVP(R) and the symmetric semi-variance payoffs SSVP(R). Figure 4.3 illustrates the robustness

regions for the different power divergence-based payoffs.
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Figure 4.3: Robustness region for power divergence-based payoffs

This figure shows the robustness region of generalized measures of the form D' (R) + D~ (R). The
red shaded area with boundary p_ = 0 highlights non-robust powers due to left-tail behavior. The blue
shaded area with boundary p4 = 1 highlights non-robust powers due to right-tail behavior. The diagonal
solid line represents traditional measures. Important special cases are emphasized by dots: VIX, Hellinger
(H), Kullback-Leibler (KL), SVIX. The anti-diagonal dotted line represents novel symmetric measures.

4.3 Empirical bounds on generalized (semi-)variance and skewness

To provide a more detailed analysis of the different robustness levels achieved by the generalized variance,
semi-variance, and skewness payoffs in section 4.1, we now investigate the model-free bounds obtained
from average S&P 500 option prices.

Figure 4.4 shows these bounds for variance and semi-variance payoffs. For the lower semi-power
divergence payoffs D? (R) in panel (a), we observe that lower and upper bounds are generally decreasing
in p, with upper bounds diverging to infinity when approaching the boundary case p = 0 from the right.
This behavior is mirrored by the upper semi-power divergence payoffs DY (R) in panel (b), whose lower and
upper bounds are increasing in p. The upper bounds are now diverging to infinity for powers approaching
the boundary case at p = 1 from the left. In relative terms, both D” (R) for larger p and D% (R) for
smaller p can be measured rather precisely from observed option prices, with some asymmetries due to
the wider strike ranges available for out-of-the-money puts compared to calls. Essentially combining the
behavior of lower and upper semi-power divergences, the power divergence payoffs DP(R) in panel (c)
feature a lower bound that is decreasing in p and an upper bound that is U-shaped and increases to
infinity at both boundary cases p = 0 and p = 1. Even for the robust payoffs with 0 < p < 1, the
relative width of moment bounds remains quite substantial. The picture changes when considering the
symmetric variance payoffs V? in panel (d), which combine favorable regions where observed option prices
imply precise measurements of both lower and upper semi-power divergences D? (R) and Diﬁp (R). What
results is again a downward-sloping shape of the lower bound with increasing p, but also a monotonously
decreasing upper bound that diverges to infinity when approaching p = 0 from the right. For sufficiently
large powers p, risk-neutral expectations of symmetric variance payoffs V?(R) can be measured from

observed option prices in a strongly robust way.
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Figure 4.4: Average bounds for (semi-)variance payoffs

This figure shows model-free bounds on (annualized) option-implied generalized (semi-)variances. Each
plot shows lower and upper bounds L[f] and U[f] on option-implied moments (blue, left y-axis) and
relative widths (U[f] — L[f])/([U[f] + L[f]]/2) (red, right y-axis), plotted against different powers p (x-
axis). In panels (a) and (b), lower and upper semi-power divergences use the payoffs f(R) = D’ (R)
and f(R) = D (R) in equation (4.4). In panel (c), power divergences use the payoff f(R) = DP(R) in
equation (4.1). In panel (d), symmetric variances use the payoff V?(R) in equation (4.6). Bounds on
option-implied moments are computed using average S&P 500 option prices at quarterly maturity.

Figure 4.5 repeats the exercise for long-short semi-variance and skewness payoffs. In panel (a), we see
that the ordinary long-short semi-variance payoffs SVP(R) again suffer from issues arising because they
combine lower and upper semi-power divergences of the same power p. Both lower and upper bounds
are upward-sloping, but simultaneously finite only for 0 < p < 1. Even when both are finite, the relative
width of moment bounds remains sizable. Unlike this, the symmetric long-short semi-variance payoffs
SSVP(R) in panel (b) are able to achieve relatively narrow moment bounds when choosing sufficiently
large p in regions where both lower semi-power divergence payoffs D” (R) and their upper counterparts
Di_p (R) are measured precisely from observed option prices. Finally, panel (c) shows that for skewness

payoffs SKP, bounds are wide (outside the plotted range) even in the robust range of powers 0 < p < 1.
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Figure 4.5: Average bounds for long-short semi-variance and skewness payoffs

This figure shows model-free bounds on (annualized) option-implied generalized long-short semi-variances
and skewness. Each plot shows lower and upper bounds L[f] and U[f] on option-implied moments (blue,
left y-axis) and relative widths (U[f]— L[f])/(U[f]+ L[f]|/2) (red, right y-axis), plotted against different
powers p (x-axis). In panel (a), long-short semi-variances use the payoff f(R) = SVP(R) in equation (4.7).
In panel (b), symmetric long-short semi-variances use the payoff f(R) = SSVP(R) in equation (4.8). In
panel (c), skewness uses the payoff SK?(R) in equation (4.3). Bounds on option-implied moments are
computed using average S&P 500 option prices at quarterly maturity.

5 Bounds on physical moments

The recent literature proposes several bounds on physical market return expectations based on option-
implied risk-neutral moments. A lower bound for expected market gross returns based on the SVIX is
proposed in Martin (2017), which is extended in Schneider and Trojani (2019) to a broader family of
moment bounds. A similar bound for expected market log returns is suggested in Gao and Martin (2021).
Applications of these bounds to study the cross-section of stock expected returns have also been recently
considered (e.g., Bakshi et al. 2019; Chabi-Yo et al. 2023; Chabi-Yo and Loudis 2020; Kadan and Tang
2019; Martin and Wagner 2019). Due to the relevance of such option-implied bounds on physical return

moments and their reliance on non-robust payoffs, this section proposes novel classes of robust bounds.
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5.1 Generalized bounds on physical moments

Using robust symmetric variance payoffs and the widespread evidence of a negative market variance risk
premium, we borrow from Schneider and Trojani (2019) to obtain a first robust option-implied upper

bound on the expected market gross return.

Result 5.1. Let E[VP(R)] < co and the risk premium E[VP(R)] — EQ[VP(R)] of the symmetric variance
payoff VP(R) be negative for some Q € B and p > 0. It then follows that

EY[VP(R)] > E[VP(R)] > V?(E[R]) . (5.1)
It particular, if E[R] > 1, it holds that
(D7) H(ERVP(R))) > B[R] . (5.2)

A distinct property of the upper bound (5.1) is that it is robust in incomplete option markets whenever
p > 0. Analogous upper bounds based on power divergences of powers p ¢ (0,1), such as part of those
in Schneider and Trojani (2019), are instead not robust. Furthermore, for any p > 1, the robust upper
bound (5.1) based on symmetric power divergence is tighter than any other robust upper bound based
on power divergences.

To obtain robust option-implied moment lower bounds on market returns, we follow the literature
(e.g., Gao and Martin 2021; Martin 2017) and introduce a suitable set of so-called Negative Covariance
Conditions (NCC). For gross returns, extending Martin (2017), we define the following set of global

conditions.

Definition 5.1. Given the stochastic discount factor M@ relative to some Q € B, we say that global
condition NCC(p) holds for Q if
Cov[M@RP, R] <0 . (5.3)

For instance, global condition NCC(p) holds in any economy where the SDF projection is of power
type for a sufficiently large relative risk aversion, i.e., M o« R™7 for some v > p > 0. Martin (2017)

specifically uses global condition NCC(1) to derive a lower bound for the expected market gross return.

Result 5.2. If global condition NCC(1) holds for some Q € B, then for any p > 2,
E[R] > 1+ 2E%[D*(R)] > 1+ 2E[V?(R)] . (5.4)

The first inequality in equation (5.4) corresponds to the lower bound proposed by Martin (2017),
which builds on the SVIX-type payoff D?(R). The second inequality in equation (5.4) further introduces
more conservative lower bounds based on the symmetric power divergence payoffs V?(R) for p > 2.
As these lower bounds are decreasing in p for any given Q, the tightest of such bounds in the family
of symmetric power divergences under global condition NCC(1) is attained at p = 2. In setting with
incomplete option markets, the lower bounds based on symmetric power divergence are robust, whereas
the Martin (2017) lower bound is non-robust.

A similar construction yields lower bounds on the expected market log return. Generalizing the setup

in Gao and Martin (2021), we introduce the following set of global and local conditions.
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Definition 5.2. Given the stochastic discount factor MQ relative to some Q € B, we say that global
condition 1logNCC(p) holds for Q if
Cov[M@RP log R] <0 . (5.5)

Moreover, we say that local condition 1ogNCC_(p) holds for Q if

Cov[M@RP, I(R < 1)log R] <0 , (5.6)
and that local condition logNCC, (p) holds for Q if

Cov[MYRP (R > 1)log R] <0 . (5.7)

Global condition logNCC(1) in equation (5.5) is used in Gao and Martin (2021) to motivate a cor-
responding lower bound on expected market log returns. The key distinction between local and global
logNCC conditions pertains the potentially different local SDF co-movement properties with log returns
in regions of positive/negative returns. For instance, global condition logNCC(p) and local conditions
logNCC_ (p) and logNCC, (p) hold for a power-type SDF projection with a sufficiently large relative risk
aversion, i.e., M o« R™7 for some v > p > 0. This is a benchmark setting where the SDF global and
local co-movement properties with returns coincide by construction. Conversely, local logNCC conditions
are suited for handing also settings where the SDF co-movement properties with log returns in regions
of positive/negative returns may not be symmetric, such as, e.g., SDFs in economies with loss aversion.
Among local logNCC conditions, we are primarily interested in conditions logNCC_ (1) and logNCC, (0)
because they provide robust lower bounds on physical expected log returns in incomplete option markets

from the option-implied moments of associated semi-power divergences.

Result 5.3. If global condition logNCC(1) holds for some Q € B, then for any p > 1,
Ellog R] > EY[DY(R)] > EQ[VP(R)] . (5.8)

The first inequality in equation (5.8) reproduces the Gao and Martin (2021) lower bound on expected
log returns. The second inequality in equation (5.8) provides more conservative lower bounds based on
symmetric power divergence payoffs VP(R) for p > 1. The boundary case with p = 1 yields the tightest
such lower bound for a given Q that can be attained by a symmetric power divergence under condition
logNCC(1). The distinct property between the two types of bounds is that the latter is obtained from
a robust option-implied moment in incomplete option markets, while the former Gao and Martin (2021)
lower bound is not.

We next consider lower bounds on expected log returns deriving from local logNCC assumptions. In
this way, we achieve several goals at the same time. First, we separately lower bound the first moment
of log returns in regions of negative and positive returns, respectively. Second, the sum of these local
bounds naturally aggregates to a global lower bound, which relies on suppler assumptions regarding the
SDF co-movement properties with positive and negative returns, respectively. Third, some of these local

bounds only depend on a set of option-implied moments that are robust in incomplete option markets.
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Result 5.4. The following implications hold:

(i) If local condition 1ogNCC_(1) holds for some Q € B, then

E[1(R < 1)log R] > —P(1) + E¢[D (R)] . (5.9)

(ii) If local condition logNCC . (0) holds for some Q € B, then

E[I(R > 1)log R] > C(1) — E¥[D}(R)] . (5.10)

Therefore, if both local conditions 1ogNCC_(1) and logNCC_ (0) hold for some Q € B, then
Ellog R] > —EY[SSV!(R)] . (5.11)

The distinct structure of the different lower bounds in result 5.4 are a direct consequence of the
different local logNCC conditions assumed over regions of positive/negative returns. Note that all these
lower bounds are completely determined by two quantities alone: the price of an at-the-money option
and an option-implied semi-power divergence of powers p € {0,1}. As a consequence, the robustness
properties of these bounds in incomplete option markets are fully determined by those of the associated
semi-power divergences appearing in the bounds. In particular, lower bounds depending on divergences
D! (R) or DY (R) are robust in incomplete option markets, but bounds depending on divergence D° (R)

are not.

5.2 Robustness properties of bounds on physical moments

Section 5.1 constructs an array of different lower bounds ? and upper bounds ji© for physical expectations
of gross and log returns, each depending on some risk-neutral probability measure Q € B through NCCs
or other assumptions placed on risk premia. In incomplete option markets, the bounds 4@ and @ are
generally not uniquely determined, but themselves allow for a range of possible values. If the relevant
assumptions hold for a particular (unknown) @ € B, then physical return expectations can only be
bounded from below by the model-free lower bound L[i%] over all Q € B, i.e., the most conservative
of all feasible bounds. The distance to the corresponding model-free upper bound U[i?] reflects the
uncertainty pertaining to the physical return bound 2.% For upper bounds /i, we analogously bound
physical return expectations from above by the model-free upper bound U[i?] over all Q € B, where now
the associated model-free lower bound L[{i%] measures the indeterminacy of the bound. Accordingly, it
is reasonable to assess bounds on physical returns using the robustness criteria in section 3.2.

The required model-free lower and upper bounds can immediately be connected to the bounds estab-
lished in section 4. Regarding the lower and upper bounds on expected gross returns in results 5.1 and 5.2,
the following result directly makes the connection to the bounds on option-implied power divergence and
symmetric variance payoffs in result 4.2. As a consequence, we find that Martin (2017)’s SVIX-based

lower bound is non-robust, while the lower and upper bounds based on symmetric variance are robust.

3If one were to make the stronger assumption that the conditions underlying a physical return bound hold for all Q € B
simultaneously, then it would immediately follow that the physical return expectation is bounded from below by U [[AQ}.
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Result 5.5. The following properties hold for the bounds on expected gross returns in results 5.1 and 5.2:

(i) For the upper bound i@ := (D7)~ (EQ[V?(R)]) with p > 0 in equation (5.2), it holds that
L% = (D) Lewr) =1, Ul = (D) THUVP]) < oo (5.12)
(ii) For the lower bound i@ := 1 + 2E[D2(R)] in equation (5.4), it holds that
LY =1+2£2[D%>1, U[EY =1+2U[D?| =0 (5.13)
(iii) For the lower bound i := 1+ 2EQ[VP(R)] with p > 2 in equation (5./), it holds that
L% =1+2L[VP]>1, U[EY=1+2U[VP] < 0. (5.14)

In a similar way, the next result also provides explicit expressions for the lower bounds on expected log
returns in results 5.3 and 5.4. The bounds on option-implied power divergence and symmetric variance
payoffs in result 4.2 likewise yield with regards to result 5.3 that the Gao and Martin (2021) bound is
non-robust, while the bounds based on symmetric variance are robust. Moreover, the localized bounds
in result 5.4 are also robust, using the bounds on semi-power divergence and symmetric semi-variance

payoffs established in results 4.1 and 4.3.

Result 5.6. The following properties hold for the bounds on expected log returns in results 5.3 and 5.:

(i) For the lower bound fi® := EQ[D(R)] in equation (5.8), it holds that
LEF =£LD >0,  UE®) =UD]=0oc. (5.15)
(ii) For the lower bound i@ := EQ[VP(R)] with p > 1 in equation (5.8), it holds that
LAY =LVP >0, UEY=UVP] <o . (5.16)
(iii) For the left-tail lower bound i% := —P(1) + EQ[DL (R)] in equation (5.9), it holds that
Lli% = -—P1)+ LD > -1, Up%=-P1)+UD ] <. (5.17)
(iv) For the right-tail lower bound [Lg = C(1) — EY[DY.(R)] in equation (5.10), it holds that
Lpg] =C(1) Uy > —oo, U] =C)—LDY <1, (5.18)
(v) For the lower bound 4% := —EQ[SSV(R)] in equation (5.11), it holds that
LAY = —USSV] > —0,  U[Y = -L[SSV!] < 0 . (5.19)

5.3 Empirical bounds on physical moments

To make an illustration of the distinct behavior of non-robust and robust lower bounds on physical

return expectations, we consider the time series behavior of model-free bounds for the Gao and Martin
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(2021) lower bound in equation (5.8) and the robust lower bound in equation (5.11). Figure 5.1 shows
the historical evolution of the associated model-free bounds £[i?] and U[1?] according to result 5.6.
Regarding the Gao and Martin (2021) bound, it should be noted that only the lower bound £[i9] is
finite, while the upper bound U[?] is always infinite. By construction through a variance-type measure,
L[{19] is moreover constrained to be always positive. In contrast, the robust bound in equation (5.11)
has both £[19] and U[/i9] finite, with occasionally negative values. Except for maybe the very early part
of the sample period, due to narrower observed strike ranges then, the bound in equation (5.11) can be
measured precisely from observed option prices, as the difference U[i%] — L[2?] is small. Overall, the

bound in equation (5.11) is lower and less volatile compared to the Gao and Martin (2021) bound.

03 03
0.2 = 0.2 -
0.1F 0.1
0 0
05 1 S I R NI BRI RRI R 035 1 S I RN NN BRI NI RN
1996 2000 2004 2008 2012 2016 2020 2024 1996 2000 2004 2008 2012 2016 2020 2024
(a) Gao and Martin (2021) bound (b) logNCC_(1) 4 1ogNCC_ (0) bound

Figure 5.1: Historical bounds on expected log returns

This figure shows the time series of model-free ranges of lower bounds on (annualized) physical log return
expectations at quarterly time horizon. Each plot shows lower and upper bounds £[%] and U[i%] on
physical return bounds (blue, y-axis), plotted against time (x-axis). Panel (a) uses for 4% the Gao
and Martin (2021) lower bound in equation (5.8). Panel (b) uses for 4@ the robust lower bound in
equation (5.11). Bounds on option-implied moments are computed weekly using S&P 500 option prices
at quarterly maturity.

6 Conclusion

We assess the extent to which option portfolios are informative about risk-neutral moments. This question
is motivated by numerous studies that exploit the conditional nature of risk-neutral moments to make
predictions about subjective, or physical moments. We find that for certain kinds of commonly used
variance swaps contracts for this purpose, underlying for instance the calculations of VIX and SVIX,
option portfolios can not exclude the possibility that their prices are infinite.

Our investigations are based on rather generic and general assumptions, such as the absence of ar-
bitrage and piecewise-continuous payoff functions, but nevertheless powerful enough to characterize the
family of (non-)robust payoffs, whose prices can (not) possibly be infinite. We propose families of con-
tracts that alleviate lack of robustness in extant definitions.

Replicating several empirical exercises from the literature that conjecture a link between risk-neutral
and physical /natural moments, we illustrate the stark non-robustness. For instance, the lower bound on

the equity premium proposed by Martin (2017) may well be very large or even infinite.
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Appendix

A More on the introductory examples

This section provides further details on the introductory examples in section 2.

A.1 Piecewise-linear option price tails

Associated to the option prices in equation (2.2), we have a decomposition of the probability measure
Qu.p of the form Q,;, = QL + QM + @f. The measure QM has support in (¢,u) and is fully determined
by the observed option prices. In contrast, the tail measures QX and Qf are supported in the respective
tails (0,¢] and [u,o0) and are generally not identified. The left-tail measure Q% is a discrete measure

with mass located at a and ¢,

P(0) P(¢)
Lip _ 1 _ Lip_ g — _
QhR=dal= -2, QHR={=0 P(t)~ 7. (A1)
The right-tail measure QF is a discrete measure with mass at u and b,
C(u) C(u
QFfR=u] = bfu — 0k C(u), QFR=1= bﬁi : (A.2)

To guarantee positivity of both measures, the parameters a and b must satisfy the constraints 0 < a <
l, <l and u < u, <b< oo, respectively, where
P(0) _ C(u)

=u—- —— . (A.3)

P e T oW

Except for pathological cases, it holds that ¢, > 0.
For left-tail moments, note that we may write EQ¢[f(R) (R < ¢)] = E[f(R)], which can be

expressed as

B = (22 )+ (3P0 - 72 ) 10). (A4)
Q% [R=a] Q% [R=1]

Analogously, for right-tail moments, we have that EQ=+[f(R) 1(R > u)] = Ef(R)], which yields

B = (522 - -C(w)) S+ (§22) 50 (A5)
Qff [R=u] QFf [R=1]

Since we may also write PQat[f] = PU[f] and C2+[f] = CLf], the tail moments in equations (A.4)
and (A.5) are related to the tail integrals in equations (2.3) and (2.4) via

E%[f(R)] = PU[f] + f(£) s P(£) — f'(£) P(£) (A.6)
E%[f(R)] = CUf] — f(u) O C(u) + f'(u) C(u) . (A7)

To interpret these expressions, it should be noted that EQS[I] = O P({) and EQ [R—{] = —P({) as well
as EQ?[l] = —0;+C(u) and EQII?[R—U] = C(u). Effectively, P@g[f] and CQIIf[ﬂ thus capture the nonlinear

parts of the respective tail moments.
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In the limit as @ — 0 and b — oo, the tail moments in equations (A.4) and (A.5) become

tny B = 2 (1 7(@) + (0P - 2 10 (A.8)
Jfim EL(R) = -0l fw + Cw) Jim 1) (4.9)

With these explicit expressions for tail moments, we now revisit examples 2.1 and 2.2.

Example A.1 (VIX). Using the payoff VIX?*(R) = —2log R as in example 2.1, the left-tail moment

EQ:[VIX?(R)] is positive and increasing as a — 0 as well as unbounded, since

lim E%[VIX?(R)] = # (iii% ~2log a) + (8k+P(£) - P?) (—2logl) = oo .

The right-tail moment E'[VIX?(R)] is negative and decreasing as b — 0o, but bounded from below by
lim E®VIX?(R)] = —8,_C(u)logu .
—00

Consistent with our observations in example 2.1, VIX valuations E2«*[VIX?(R)] are thus bounded from

below, but unbounded from above. |

Example A.2 (SVIX). For the payoff SVIX*(R) = (R — 1)? as in example 2.2, the left-tail moment
EQ:[SVIX?(R)] is positive and increasing as a — 0 with upper bound

lim EQ[SVIX?(R)] = 04, P(0) (£ — 1)2 + P(£) (2 — ) .

The right-tail moment E@[SVIX?(R)] is likewise positive and increasing as b — 0o, but unbounded since

b—1)2
lim EX[SVIX?(R)] = —8,_C(u) (u — 1) + C(u) (lim (b-1) ) = 0
b—o0 b—o0 b
Consistent with our observations in example 2.2, SVIX valuations E@=*[SVIX?(R)] are thus also bounded

from below, but unbounded from above. |

A.2 Power-law option price tails

Motivated by the insights of Lee (2004), consider a different parameterization Qg, defined through a
decomposition of the form Qg , = QqL + QM + Qf in terms of parameters ¢ < 0 and p > 1. Instead of
the piecewise-linear tail behavior of option prices in equation (2.2), the tail measures QqL and Qf now

prescribe a power-law behavior such that

o= (5) 1 ctem=cw () (A10)

To ensure arbitrage-free extrapolations, the parameters need to satisfy the constraints ¢, < ¢ < 0 and

1 < p < p,, where
. 8k+P(€)€ —1]_ 8k,C(u)u

Py P Cl) (A-11)

g« =1

With this specification, it holds that ¢ = inf{a : E®»[R*] < oo} and p = sup{a : EQ:»[RY] < oo}
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The boundary cases with ¢ = 0 and p = 1 corresponds to the limiting cases of piecewise-linear tail option
prices when a — 0 and b — oo, respectively.

For a given payoff f, the tail integrals P%«»[f] and C%#[f] may generally require the use of numerical
integration techniques. In the case of the VIX? and SVIX? payoffs in examples 2.1 and 2.2, we however

obtain closed-form expressions for these tail integrals, which allows for a simple theoretical analysis.

(a) VIX (b) SVIX

Figure A.1: Tail behavior of VIX and SVIX (power law)

This figure shows possible option-implied moments E@«#[f(R)] for the VIX and SVIX at different values
q and p. The VIX in panel (a) uses the payoff f(R) = VIX?*(R) as in example 2.1. The SVIX in
panel (b) uses the payoff f(R) = SVIX?(R) as in example 2.2. Option-implied moments are computed
using average S&P 500 option prices at quarterly maturity.

Example A.3 (VIX). Take the payoff VIX*(R) = —2log R as in example 2.1. The left-tail integral
PQW[VIXQ] is finite for any ¢ < 0, but infinite in the boundary case ¢ = 0. Specifically, we have

00 ifg=0
PRLVIXY ={ o
—EP(E) et ifg<0

However, the right-tail integral C%-#»[VIX?] is finite for every p > 1, given by
Q 2 2 -1
C=e?[VIX?] = —];C(u)u .

In that sense, the VIX payoff constitutes a boundary case that only leads to unbounded valuations
EQ‘I’P[VIX2 (R)] when g = 0. This corresponds to the limiting case a — 0 for piecewise-linear specifications.

Panel (a) in figure A.1 visualizes the numerical valuations EQ«»[VIX?(R)] at different q and p, obtained
from average S&P 500 option prices. As expected from our analysis, variation in the right-tail power p
has relatively little visible impact on the valuations, while an increase ¢ — 0 in the left-tail power leads

to valuations that approach infinity. |

Example A.4 (SVIX). Now consider the payoff SVIX?*(R) = (R — 1)? as in example 2.2. For every
q < 0, the left-tail integral PQ‘W[SVIXz] is finite, given by

PUir[SVIX?] = 2%qp(@ ¢

In contrast, the right-tail integral CQW[SVIX2] is finite only if p > 2, but infinite for each 1 < p < 2.
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Specifically, it holds that

o) ifl1<p<2
CUrSVIX?Y | =¢ o

mC (wu ifp>2
Therefore, unlike the VIX, the SVIX is not a boundary case. It results in unbounded valuations
EQ»[SVIX?(R)] even for p that are away from the boundary at p = 1, which corresponds to the limit
case b — oo for piecewise-linear specifications.

Panel (b) in figure A.1 shows valuations EQ«»[SVIX?(R)] for different ¢ and p, computed using average

S&P 500 option prices. Consistent with our analysis, the choice of left-tail power ¢ has a comparatively
small impact on valuations, whereas letting the right-tail power p — 2 leads to the expected increase of

valuations towards infinity. |

B Model-free moment bounds with continuous strike sets

In this section, we rigorously develop model-free moment bounds in a setting with continuous strike sets,

as in section 3. Throughout this section, we thus employ the definition
B:={Qe A: PUk)= P(k),C%k) = C(k) for all k € [¢,u]} . (B.1)

Model-free bounds for general moments E@[f(R)] associated to some moment function f € F over all

Q € B can be computed from the problem

inf / sup EQ[f(R)] , (B.2)
QeB

whose values are denoted by L[f] for the lower bound and U[f] for the upper bound, respectively.
Notably, problem (B.2) can be decomposed into a left-tail and right-tail problem, which may be solved
separately. For this decomposition, we express Q = QY + QM + QF as a sum of positive measures, such
that QL € M((0,4]), QM € M((¢,u)), and QF € M([u,0)). Here, we denote by M(A) the set of
positive (Borel) measures having support contained in some set A C X. As a continuum of option prices
is observed on [¢,u], QM is uniquely identified using Q™(R < k) = 9+ C(k) — Ok C(¢) for any k € (¢, u).
In contrast, QF and Q are not identified, but constrained by the local behavior of put and call prices at
the extreme strikes £ = K7 and u = K, respectively. For the left-tail and right-tail problems, we define

the associated sets of measures by

BY = {Q € M((0,£)) : P2(¢) = P(¢), EY[1] = 0p P(0)}
B = {Q € M([u,00)) : C%(u) = C(u), B¥1] = 05 C(u)} .

Instead of dealing with the aggregate problem (B.2), the setting of this section allows us to indepen-
dently treat the left-tail and right-tail problems

inf / sup EQ[f(R)] , inf / sup EQ[f(R)], (B.5)
QeBL QeBh

from which we obtain the lower and upper bounds £L[f] and UL[f] as well as L[ f] and UZ[f]. Eventually,

29



the aggregate lower and upper bounds in problem (B.2) can be equivalently determined from the tail

problems (B.5) using the identities

LIf) = £E[f] + EY[F(R)] + £7(f)
Ulf] = U1+ EXF(R)] + UPLf]

~
—~
N
D
=

In the remainder of this section, we discuss the construction of model-free tail moment bounds for

several classes of moments.

B.1 Bounds on differentiable convex moments

As a first class of moments, consider those associated to functions f € F that are convex and twice
continuously differentiable, so that a version of the static replication formula (2.1) applies. Formally, we

deal with functions in the set
Fi(A) := { f € F: fis twice continuously differentiable and convex on A C X } .

For any function f € F4¢(A), we thus have f”(R) > 0 for R € A. Left-tail moment bounds for
f € F4((0,4]) and right-tail moment bounds for f € F4¢([u,0)) can then be constructed directly from
the static replication formula together with model-free bounds for option prices.

To derive model-free bounds for put and call prices P2(k) := EQ[(k— R)*] and C9(k) := EQ[(R—k)7]
at a given strike k& in the corresponding tail, we consider problems (B.5) using f(R) = (k — R)* and
f(R) = (R — k)™, respectively. For convenience, the resulting lower and upper option price bounds are

denoted as
PHk):=L[(k— R, PYk)=U[k-—R)"], CHk)=L[(R-kT], CYk) =U[(R-FkT].

For both puts and calls, these option price bounds are available in closed form, as provided in the following
proposition. In either case, lower and upper option price bounds correspond to the minimal and maximal
feasible convex extensions of the observed price function, available in piecewise-linear form. The range of
possible extensions only depends on the local behavior of option prices, captured by the prices P(¢) and
C(u) as well as their one-sided derivatives 04 P(¢) and O C(u).

Proposition B.1 (Bounds on tail option prices).

(i) The model-free bounds for put prices PR(k) for any k € (0,4] are given by:

PE(k) = (P() + 04 P(O)(k — 0)) T (B.8)
P =ty (=2P0) =P (B.9)

(ii) The model-free bounds for call prices CU(k) for any k € [u,00) are given by:

CE(k) = (C(u) + O Clu)(k —u)) " (B.10)
_ +
CYk) = bliglo <b — iC(u)) =C(u) . (B.11)
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Unlike the lower bounds, the upper bounds in proposition B.1 are not attained by a measure in B,
but through a limiting procedure. To formally make the connection between tail moment bounds for f

and the tail option price bounds, we define for small enough 0 < a < £ and large enough b > u

P = (E=2p0) L it = (=hew)

—Uu

noting that PY(k) = ilil%) PY(k) and CY(k) = bllrgo CHU(k).

With these definitions, tail moment bounds for f € F9¢((0,]) and f € F9¢([u,00)) can be given as
in the following proposition. Essentially, the moment bounds result from the static replication formula
when using the (limiting form of) option price bounds in proposition B.1 in the integrals and performing
closed-form integration. The moment bounds depend on the local behavior of option prices at the extreme

strikes £ and u as well as the local and limiting behavior of the function f.

Proposition B.2 (Bounds on differentiable convex moments).

(i) For f € F4((0,£)), the model-free left-tail moment bounds are given by:

L
LE[f] = f(0) Oy P(E) — f'(£) P() +/0 f"(K) PHK) dK

(B.12)
— O P (z - a:(]%)
¢
UMf) = F(0) 0 P — /(0 P(E) + i [ £ () PY() K
) PO 0 (B.13)
= (ausr0 - 52 11+ 22 i 1@
(ii) For f € F([u,00)), the model-free right-tail moment bounds are given by:
LEf] = —f(u) Op—C(u) + f'(u) C(u) + / h f(K)CHK)dK
cw u (B.14)
R G
UR(F) = ~F(0) B Clw) + () Clu) + fim [ () C(1) K
u (B.15)
= —0p_C(u) f(u) + C(u) blirgo @ )

B.2 Bounds on convex moments

To generalize the results in section B.1, we drop the differentiability requirement. Nevertheless, we
maintain the convexity property, which turns out to be substantially helpful for deriving model-free

moment bounds. Accordingly, we now consider the set of functions
F(A):={f€eF:fisconvexon AC X}.

Evidently, it holds that F9¢(A) C F¢(A).
Even without applicability of the static replication formula, we still arrive at equivalent left-tail
moment bounds for f € F°((0,¢]) and right-tail moment bounds for f € F¢([u, 00)) as in proposition B.2.

The resulting closed-form expressions are again stated in the following proposition.
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Proposition B.3 (Bounds on convex moments).

(i) For f € F°((0,4]), the model-free left-tail moment bounds are given by:

£ = 0P 0 (0= 5150 ) (B.10)
1] = (00 - 52 1)+ S i pa) B.17

(i1) For f € F°(Ju,0)), the model-free right-tail moment bounds are given by:

LE[f] = —0,_C(u) f(u - a,f(cu()u)) (B.18)
UP[f] = ~00-Cluw) fu) + Clw) Jim 1) (B.19)

B.3 Bounds on general moments

Finally, we turn to the general case of arbitrary f € F, without further requirements as in sections B.1
and B.2. For this generalization, we exploit the availability of bounds on convex moments in section B.2
by convexifying f in a certain way. Specifically, in the respective tails, we construct the lower convex
envelopes EX[f] € F¢((0,4]) and EL[f] € F¢([u,0)), which are defined as

EMII(R) == inf{:: — i fo')+ 5,::/, f" i <R <" < E} (B.20)
ER[fI(R) = inf{:::f fir') + 5/:7; f@") u<r <R< 7‘"} (B.21)

over all 7/ 7" € X. By construction, it holds that EL[f](R) < f(R) for R € (0,4] and EF[f](R) < f(R)
for R € [u, 00).

The following proposition formalizes that LL[f] = LL[EX[f]] and LE[f] = LE[EF[f]], using convexity
and interpolation properties induced by the lower convex envelopes. Likewise, applying the same approach
to —f, it further holds that UL[f] = —LL[EL[—f]] and LE[f] = —LE[EE[—f]]. With these identities,

closed-form expressions for lower and upper bounds immediately follow from proposition B.3.

Proposition B.4 (Bounds on general moments).

(i) For f € F, the model-free left-tail moment bounds are given by:

£ = CHEHS] = 0 PO €411 (£ 50 ) (8.22)
U] = ~£HEH A1) = -0 PO P10 5o ) (B.23)

(ii) For f € F, the model-free right-tail moment bounds are given by:

£ = £7E7 1) = ~00-C) €717} (- 5 ) (B.21)
U] =~ ) = -0 7] (w5 ) (B.25)
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If f e F((0,4]) and f € F°([u,0)), the moment bounds in proposition B.4 of course correspond to
those in proposition B.3. In fact, we then have that

VAR =R, E1[-1(R) == (1im 7)) = 5(0)

ERIR) =F(R) , EF[-fI(R) f<u>(Ru)(hm f<b>> _

b—oo b

Substituting these relations into the moment bound expressions in proposition B.4 recovers the moment

bounds in proposition B.3.

B.4 Implementation

If f is twice continuously differentiable over the interval (¢, u), we may determine Z[f] using a general-

ization of the classical static replication formula as

Tf] = (1) (1 = Oy P(£) + 0k C(u))
+ f/(1) (P(0) = C(u) + (1 =€) 841 P(€) + (u — 1) 8- C(u)) (B.26)

+/g f”(K)P(K)dK+/1 f'(K)C(K)dK .

Without assuming differentiability of f, option prices can be used to obtain an option-implied proba-
bility density along the lines of Banz and Miller (1978) and Breeden and Litzenberger (1978), which then
yields Z[f] via direct integration.

C Data

Historical option data is obtained from OptionMetrics, available through WRDS, for the period from
January 1996 to February 2023. We extract data for options written on the S&P 500 index, in particular
closing bid and ask prices for put and call options, closing index levels, and interest rates. Bid and ask
option prices are averaged to mid prices. Following a common procedure employed in the literature, we
sample data on a weekly basis for each Wednesday, or otherwise the first trading day thereafter within
the same week.

Given the nature of our methodology, we apply only a bare minimum of data filters prior to conducting
our analysis. In this regard, we only drop in-the-money put and call options. The selection of out-of-
the-money options is motivated by their generally higher liquidity. In addition, we require at least one
trading day remaining to maturity for any observation in our sample, but otherwise keep all available
option data.

Our methodology is formulated using normalized prices on a forward basis. As the observed price
data is quoted on a spot basis, we transform prices to a forward basis by calculating the option-implied
forward price at each option maturity. In this process, interest rates are interpolated linearly to match the
observed option maturities. Raw option prices V (K, 1) at strike K and maturity 7 are then normalized
as v(k,7) = " "V (kF(7),7)/F(7), where k = K/F(7) is the normalized strike (forward moneyness),
r(7) is the interpolated interest rate, and F'(7) is the corresponding forward underlying price.

To perform a more detailed analysis using representative option prices, we determine an empirical

average surface. For this, we fix a maturity grid consisting of expirations at 0.5, 1, 3, 6, 9, and 12
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months. In a first step, we determine the median number of put and call options at the predefined set of
maturities by interpolating and averaging the observed counts for straddling option maturities over the
full sample period. Given the median number of options, in a second step, we then fix a strike grid by
determining interpolated quantiles of strike prices for the predefined maturities on each day in the sample,
and subsequently determining the median of quantiles over the full sample period. After specifying the
option maturities and strikes through this procedure, we determine the associated average mid prices.

Figure C.1 illustrates the resulting average option price surface.

Figure C.1: Average option surface

This figure shows the empirical average option surface. The plot shows mid prices, quoted in Black-Scholes
implied volatility units. The left horizontal axis shows the strike (moneyness) k; the right horizontal axis
shows the time-to-maturity 7, measured in years; the vertical axis shows the implied volatility. The
gray dots projected onto the horizontal plane represent the maturity-strike specifications contained in
the average surface; the blue dots represent the corresponding values.
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