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Abstract

Mixed-causal ARMA processes are known to capture the dynamics of locally explosive

behavior, such as bubble assets in finance. However, the limited knowledge of the predictive
density of mixed-causal processes, especially during explosive bubble events, complicates
their forecast and thus limits their use in practical applications. Given the lack of closed-form
formulae for the conditional prediction density (except in special cases), simulation-based and
sample-based methods have been proposed in the literature. Hovewer, these methods can
be computationally expensive, especially for longer forecast horizons, and do not accurately
capture the dynamics during explosive episodes. In this paper, we introduce Machine-learning
algorithms for forecasting during bubble periods and show that K nearest neighbours and
random forest learning methods are promising for this task. These approaches are shown to
provide an interesting approximation to the true theoretical predictive densities and exhibit

better forecasting abilities than existing simulation-based methods.
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1 Introduction

A close look at the dynamics of various asset prices, sometimes called speculative assets,
reveals the presence of phases of locally explosive behaviour, i.e. rising patterns followed
by a burst. These phenomena, together with the more traditional properties of heavy-
tailed marginal distributions and volatility clustering, have been increasingly identified in
financial markets around the world. Empirically, standard financial econometric models
(ARMA-GARCH) do a poor job in capturing these non-linear characteristics of specula-
tive bubbles. However, noncausal processes have been found to be suitable for modelling
this locally explosive phenomena in financial time series (Cavaliere et al., 2020; Fries and
Zakoian, 2019; Fries, 2021; Gourieroux and Jasiak, 2016; Gouriéroux and Jasiak, 2016;
Gourieroux and Zakoian, 2017; Gourieroux and Jasiak, 2018; Gourieroux et al., 2021; Hecq
and Voisin, 2021; Lanne and Saikkonen, 2011). The attractive flexibility of anticipative
processes cannot yet be fully leveraged, however, the limited knowledge of the predictive
density of noncausal processes, especially during explosive bubble events, hampers the
ability to predict them and thus limits their use in practical applications. A remarkable
exception is that of the anticipative a-stable AR(1) for which partial results were obtained
in Gourieroux and Zakoian (2017) and further completed in Fries (2021). For multivariate,
Gourieroux and Jasiak (2022), propose a semi-parametric estimation methods to compute
the true predictive density. Two simulation and sample-based methods have been pro-
posed in the noncausal literature to approximate the conditional distribution of noncausal
processes (Lanne and Saikkonen, 2011; Gourieroux and Jasiak, 2016). While they provide
flexible alternatives for predicting general noncausal processes, Hecq and Voisin (2021) note
that these methods can become computationally intensive for larger prediction horizons
and that they fail to accurately capture the dynamics during explosive episodes (see e.g.
Gourieroux et al., 2021). As a consequence, despite the importance of risk management
during such episodes, to our knowledge there is only one paper De Truchis et al. (2023)
that proposes a portfolio allocation strategy that explicitly accounts for the distributional

characteristics of bubble assets.

This paper proposes new methods for learning the conditional predictive density of



univariate general mixed-causal autoregressive moving average (MARMA) processes based
on statistical learning approaches, i.e. K nearest neighbours and Random Forest (Dalmasso
et al., 2020). Our contribution to the literature is threefold. This paper is the very first
to propose machine learning methods to approximate and forecast the conditional density
of noncausal processes, and to propose a numerical approach for forecasting MARMA
processes. Second, we show that these methods exhibit better forecasting abilities than
standard algorithms available in the literature. As a minor contribution we also extend

the Lanne and Saikkonen (2011)’s forecasting procedure for a-stable laws.

In a Monte Carlo simulation exercise, we show that the learning methods outperform
the standard approaches available in the literature and that they provide an interesting

approximation to the true theoretical prediction densities.
[To be extended]

The rest of the paper is structured as follows. Section 2, summarises the theory of gen-
eral MARMA models and introduces the closed-form solutions of the conditional moments
of the predictive density. Section 3 discusses machine learning conditional forecasting. The
Monte Carlo analysis is presented in Sections 4 and 5. Section 77 details the empirical

illustration while Section 6 concludes and discusses avenues for future research.



2 Conditional moments of the predictive density for

general MARMA processes

Let us consider the general Mixed ARMA processes (MARMA) —causal, noncausal, in-
vertible or non-invertible— defined as the stationary solution of the following recursive
equation:

V(F)o(B) X, = 0(F)H(B)e, (1)

where F' (resp. B = F~') denote the forward (resp. backward) operator, and v, ¢, 6 and
H are polynomials of degrees p,q,r and s with roots outside the unit circle. We assume
that ¢(z) =1 — ¢z — -+ — 2P, and ¢(2) =1 — 12 — - -+ — $p29. Equation (1) admits
a unique stationary solution, called a M ARM A(p, q,r,s), if ¢(z) # 0 and 9(z) # 0 for all
| 2 |< 1, and if ¢ (resp. ¢ ) has no common root with 6 (resp. H). If H = 6 = 1, the

process simplifies to a MAR(p,q) one. The solution is said to be non-causal if p > 1.

By the stationarity of the MARMA (p,q,r,s) we can re-write the solution of (1) as an

infinite two-sided moving average process (MA):

—+o0
X, = Z Ar€i—k, (2)

1=—00

where Yz |ax| < oo for some s € (0,a)N[0,1].} Besides, the innovation process ¢; is i.i.d.
non-gaussian, which is a sufficient condition for the identification of the parameters (see
Rosenblatt, 2000). The literature considers either a-stable or ¢-distributed innovations, the
choice of one or another conditioning the selection of the forecasting algorithm. According
to Fries and Zakoian (2019), in the case of t-distributed errors there are very few theoretical
results available in the literature for the predictive density, which prevents a complete

characterisation of the forecasting abilities of a given method.

Fortunately, this is not the case of the a-stable distribution. Indeed, following ?,

when ¢ - S(a, B,0,1), a # 1, p € [-1,1], 0 > 0, one may rely on the theoretical

results from Proposition 2 of Fries (2021) and derive closed-form formulas for higher-

'In the particular case of @ = 1,3 = 0 the condition on the parameters is Y, _; |ax| [In |ax|| < co.



order conditional moments (up to order 4) of two-sided MA(oc) a-stable processes, i.e.
E[Xin| Xy = 2], for p € {1,...,4}. They are based on the joint predictive density of
(Xt4n, X;)', which has been shown to be a multivariate a-stable process®. Proposition 1

below summarizes these results.

Proposition 1. Let p € {1,2,3,4}. E[X},,|X}], exist and they depend on o, B1, kp, Ay

with o € (0,2)\{1} and a family of functions
+OO o,
H(n,0;x) = / emoTu e (91 cos(ux — afrofu®) + Oy sin(ux — aﬁla?uo‘))du,
0

that can be defined forn € N, @ = (0,,0,) € R%, & € R such that, based on Fries (2021)

and Samorodnitsky et al. (1996), for a = tg(ma/2), one can obtain

a(\ — ik
E[X 0| Xy = 2] = ki + Wfl(xa a, B, H)
axr(Ae — Pk
E[X7 4| Xe = 2] = koa® + <2—f122)f1($, a, b1, H) — fa(z,a,07,H)
1+ a?07
ax’(\s — Bik
E[Xz?+h|Xt = ] = Kaa® + 1(—ia2§; d filz,a, B1, M) — folz, .07 H) = f3(z, 07, H)
i

a(Ay — Pr1Ka)
E[Xf+h|Xt = :C] = /€4ZC4 + W

- f3(xva=0(1l’H) - f4(IL‘,Oz,O'(1l,H)

fl(xvaaﬂlaf}_o - fg(%,O&,U?,fH)

where the functions f,(.) are detailed in Fries (2021), 0§ = 0“ Y 1ez lax|®, b1 = BZ’“EZ i

Dkez okl
ag_p ag_p
. ZkeZ lag|*( ar > Zkez|ak|<a>(7)p

— . <a> - o
= ZkEZ |ak| and )\p N 6 Zkez lak |~ with Yy - Szgn(y)]y| :

Most importantly, Fries (2021) shows that the asymptotic bubble behaviour of the pro-
cess is much simpler to characterize. In fact, during severe bubble periods, i.e. (conditional
on an extreme X;), the H functions in Prop. 1 vanish and the closed-form formulas for the
true predictive density of two-sided MA (c0) a-stable processes not only exist, but they are

free of any numerical approximation. Proposition 2 below characterises this asymptotic

bubble behavior.

Proposition 2. The asymptotic bubble behavior (extreme quantiles) of the conditional

2see Fries (2021); Samorodnitsky et al. (1996)



moments of the predictive density for a two-sided MA(co) process is given by:

—A
and v PE[X}, | Xy = 2] — fp —

xipE[Xﬁ"h’Xt - iL’] :v% z——oo ] — 51

(3)
where o, B, kp, A, are given in Prop.1.

The a-stable framework, and in particular its tails, appears hence to be the most
favorable setup to accurately evaluate the forecasting abilities of competing forecasting
algorithms. Note that this distributional assumption is of little importance in practice for
our approach as the statistical learning algorithms that we introduce in section 3 make
no assumption about the probabilistic properties of the process. At the same time, the
forecasting algorithms proposed by Lanne and Saikkonen (2011) and Gourieroux and Jasiak
(2016) are semi-parametric, and most importantly they have been found to perform least

well in the tails of the distribution than in the center.

3 Conditional density forecasting with machine-learning

algorithms

Our contribution to this literature consists mainly in adapting machine-learning algorithms
to approximate well the true theoretical predictive densities of MARMA processes. Two
main methods are considered: K nearest neighbors (hereafter KNN) and random forest
(hereafter RF) for their well-known good forecasting abilities in a variety of classification or
regression applications and especially because they can provide nonparametric conditional

density estimates in a simple way through kernel density estimation.

Let us define by z;, j = {1,2,...,k} a sample of observations corresponding to the
one-period-ahead values of the K-nearest neighbours of an observation x from the random
variable X with bounded continuous density f(x) and let f(. | .) be the conditional density

of the stochastic process x;. Then the K-nearest neighbour estimate of the conditional



density f(z|z) is given by

z

k
e _ k — Z;
Ll = oo SR,
where the bandwidth r, = r¢(x) = min(k, {|x — Xj|, for j = 1,..., K}) is an Euclidian
distance between z and the k£ — th nearest neighbor of z among all X; for £k satisfying

k — oo, 7 — 0 as the sample size T" — oo. Besides K is a kernel function which satisfies
[ K(z)dz = 1.
At the same time, the random forest conditional density estimate is given by the average

of the conditional densities of each of the N trees in the forest

1 N
j=1
with
frij(z | )
a2 17) = 3

where F; denotes the leaf to which a new observation z is assigned in tree ¢ and np, is the
number of observations in leaf F;. Similar to the KNN case, z is the vector of one-period-

ahead values of the observations = that belong to a specific leaf F;.

These algorithms will then be trained to learn the full probability density f(xiis | x)
by following the approach of Dalmasso et al. (2020) and by relying on non-parametric

resampling techniques to handle the tails of the distribution.

Subsequently, we evaluate the performance of the proposed approaches. On one hand,
we rely on absolute evaluation criteria to assess the forecasting abilities of machine learning
algorithms. As discussed in section 2, the MARMA framework with a-stable errors is a
natural benchmark for this analysis as the first four moments of the conditional distri-
bution are available in closed form and they completely characterize this distribution. If

these moments are well forecasted, then the entire conditional density is. In practice, the



predictive conditional moments are estimated from f using Simpson integral algorithm

—+00

E [Xf+h ‘ Xt = .I'} = /_OO l’pfAXt+h‘Xt(£E ’ l't)dl'

For its simplicity, the average Euclidian distance (weighted or not by computation time)
is retained as the evaluation criterion. On the other hand, the forecasting abilities of the
machine-learning algorithms considered are compared by relying on Giacomini and White

(2006)’s test of conditional predictive abilities.

4 Monte Carlo experiments

In this section we analyse the forecasting abilities of the ML algorithms based on simulated
data. We use Lanne and Saikkonen (2011)’s decomposition method to design two Monte-
Carlo experiments each including N=100 trajectories of M=108 observations. The first one

relies on a general MARMA(1,1,1,1) data-generating process defined by
(1-09F)(1+03B)X; =(1404F)(1 —0.3B)¢, (4)
while the second one uses a simple MAR(0,1) process defined as
(1-09F)X; = ¢. (5)

e ~ S5(1.8,0.5,0.2,10) in both cases. Besides, the MAR(0,1) in Eq 5 is a restricted model
that allows one to compare the forecasting performance of our general algorithms to that
of less general existing forecasting approaches proposed by Lanne and Saikkonen (2011)

and Gourieroux and Jasiak (2016).

The two model specifications are realistic, (see Fries, 2021; Hecq and Voisin, 2021;
De Truchis et al., 2023) and the parameters verify the necessary conditions for the existence
of moments (see Prop. 1). Within this setup, the theoretical distribution of X; is defined

by 69.85 as the quantile at 0.05% and 82.12 as the quantile at 99.95% when it follows a



MARMA(1,1,1,1), and if X following Eq 5, and by 94.50 as the quantile at 0.05% and

108.25 as the quantile at 99.95% when it is generated by a MAR(0,1) process.

To choose the hyper-parameters of the machine-learning algorithms, we rely on 50-
fold cross-validation and test several bandwidths, r, = {0.01,0.05,0.1,0.5}, for the kernel
density function. In the RF case we consider a number of trees between 10 and 1000 (with
50, 100 and 500 as intermediary values) of depth 10, 50, 100, 500, 1000 and 5000, that was
measured by the maximum number of observations per leaf. At the same time, the KNN

algorithm was tested with 10, 20, 50, 100, 150, 200 and 500 neighbors.

5 Simulation results

In this section we discuss the KNN and RF Monte-Carlo results when the hyperparamers
are chosen by cross-validation among the set of competitors described in the previous
Section. To be more precise, 7y is set to 0.1 in both cases, KNN relies on 100 neighbours

and RF uses 500 trees of maximal depth 100.

5.1 Resampling problem

As a preliminary step, we study the ability of the two algorithms to learn the pattern of

the predictive density of mixed causal models.
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Figure 1: RF learned densities for MARMA(1,1,1,1) for a forecasting horizon h =1

Figure 1, displays a typical learning density obtained by RF for a forecasting horizon

h = 1. The left panel of the figure corresponds to a conditioning value X; = 69.85, which



is very far in the left tail of the distribution, while the right panel considers a conditioning
value that is in the middle of the distribution, i.e. X; = 74.76. A bimodal predictive
density arises in the second case, which is well known in the literature of mixed causal
models (see e.g. Gourieroux and Jasiak, 2016; Fries, 2021). This is not the case of the
tail conditioning value, but still, the maximum probability is obtained for a value of X;
which is around 76 and lies in the middle of the distribution just as in the right panel. The
results suggest that RF algorithms are able to learn this type of pattern and that they are

good candidates for our forecasting problem.
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Figure 2: Conditional expectation and standard deviation of Ry,
Notes: The true conditional moments are in blue, while the KNN and RF moment estima-
tions are in orange. The conditioning values are X; = z € (70, 82) (99.9% of the probability
mass of the marginal distribution of X} is supported on (70,82)).
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To simplify the presentation, in the following, the results will focus on the first two
moments of the growth-rate Ry, = (Xypn — Xy)/X;. Figure 2 shows that the estimated
moments are very close to the theoretical ones in the center of the conditional distribution
but their departures are significant in the tails regardless of the algorithm used. Similarly
to the numerical algorithms available in the literature, the machine-learning techniques

hence seem to do a poor job during bubble events (see Hecq and Voisin, 2021).

In fact, one easily notices that this problem comes from the fact that despite the
simulated trajectory includes a large number of observations (10%), very few are in the tails
of the distribution (see the left panel of Figure 3) and correctly learning the joint density
f(Xeyn | Xy) in this case is impossible without appropriate adjustments. We solve this issue

Figure 3: Histograms of simulated data without and with resampling
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by relying on a nonparametric resampling method which is based on a simple principle:
we discretize our sample by splitting it into N intervals from quantile 0.0005 to quantile
0.9995 with a step of 0.01.> Let us denote by ¢, the inferior bound of the n'* intervals,
with n € {0,1,..., N}. For each interval [g,, ¢, 1], we sample with replacement M = 1000
times the observed values of the couple (X}, X;,5) by conditioning on X; € [¢y, ¢n+1]- The
resampled conditional distribution is displayed in the right panel of Figure 3. Hereafter,
we label 'resampled random forest (R-RF)" and "resampled K-near neighbour (R-KNN)'

the RF and KNN algorithms trained on a resampled trajectory.

3A robustness check with respect to the choice of N has been performed.
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5.2 Resampling-based ML algorithms for MARMA(1,1,1,1) pro-

cesses

In this subsection we analyze the forecasting abilities of the standard and resample-based
ML algorithms in the case of MARMA(1,1,1,1) processes. Figure 4 shows that the re-
sampling method corrects the estimation of first and second order moments when the
conditioning is located in the extreme quantiles of the distribution. Note however that the
ML algorithms and their resample-based versions are subject to a bias-variance tradeoff.
Indded, resampling reduces bias when conditioning on distribution’s tails, but this comes
with the price of an increase in the variability of these forecasts. This visual insight is
confirmed by the Euclidian distance measure between the true density and the learned
density reported in Table 1 for the ML algorithms with and without resampling. This
goodnes-of-fit measure is computed for the first four conditional moments over all condi-
tioning values of X; and highlights the superiority of the resample-based techniques. Note
also that, as expected, for a given algorithm, the estimates of the higher order moments

are noisier than the first two.

To check whether the differences between the moments estimated with the ML algo-
rithms and the true moments in Proposition 1 are significantly different, we perform Gia-
comini and White (2006) test of conditional predictive ability for each conditional moment.
Table 2 displays the results.

Table 1: Euclidean distance between theoretical and estimated conditional moments of the growth-
rate of X¢

Expected Value Variance Skewness Kurtosis

KNN 0.0020 0.0222 10.2826  292.7744
RF 0.0031 0.0168 9.1577  237.3197
R-KNN 0.0091 0.0247 3.1012 29.3427
R-RF 0.0035 0.0086 1.4765 21.3860

The KNN seems to be a good algorithm to forecast the conditional expected value,
whereas R-RF algorithm appears to have the best predictive abilities for the other three
moments according to Giacomini and White (2006) test. However, table 3 shows that the

latter is also the most time-consuming. A simple tradeoff between parcimony (in terms

12
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Figure 4: Resample-based conditional expectation and standard deviation of R;p
Notes: The true conditional moments are in blue, while the R-KNN and R-RF moment

estimations are in black. The conditioning values are X; = z € (70,82) (99.9% of the
probability mass of the marginal distribution of X is supported on (70,82)).
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Table 2: Conditional moments forecast comparison (Giacomini and White (2006) test)

Expected value

RF R-KNN R-RF
KNN —9.1572**  —14.0274** —7.5829***
RF —11.3622**  —2.0368*
R-KNN 10.7459***
Variance

RF R-KNN R-RF
KNN 10.4680***  —2.5082***  21.3040***
RF —7.0247*  13.7922***
R-KNN 14.2770***
Skewness

RF R-KNN R-RF
KNN 3.6997*** 15.3169***  29.4514***
RF 13.5900***  29.6380***
R-KNN 4.1561***
Kurtosis

RF R-KNN R-RF
KNN 2.9370*** —0.2866 16.2250***
RF 13.9211***  16.1859***
R-KNN 1.9248

The test is carried out for each pair of methods. Asterisks
and 95% level, respectively. A positive (negative) and significant test-statistic leads to the rejection of the null of

*****
)

equal forecasting abilities in favor of the algorithm in column (row).

Table 3: Execution time

, and *

indicate significance at the 99.9%, 99%

Methods Time (in seconds)
KNN 40.19

RF 187.34
R-KNN 508.01
R-RF 653.89

of computational time in this context) and performance, would consist in considering an
evaluation criterion given by the Euclidean distance weighted by the calculation time. This
simple exercise designates the KNN method as the best equally-weighted arbitrage between

performance and execution time.

14



Table 4: Euclidean distance weighted by Execution time

Expected Value Variance Skewness Kurtosis

KNN 8.04 89.22 413.15 11 766.60
RF 58.06 314.73 1715.6 44 459.47
R-KNN 46.63 193.04 9 347.38 14 906.38
R-RF 22.29 5962.34  9654.68 13 980.17

5.3 Resampling-based ML algorithms for MAR(0,1) processes

The case of MAR(0,1) processes is particularly interesting to study as it facilitates the
comparison of the ML approaches with Lanne and Saikkonen (2011)’s simulation-based

forecasting method in terms of conditional expectation forecast.

The Euclidian distance measure between each conditional forecast and the theoreti-
cal moment reported in Table 5 increases for the higher-order moments but it is at least
partially compensated by the use of the resampling technique. RF registers the small-
est goodness-of-fit for the conditional expectation, while Lanne and Saikkonen (2011)’s is
among the highest ones. This goes along the lines of the visual intuition in Figure 6 which
shows that Lanne and Saikkonen (2011)’s conditional expectation forecast is much more
volatile than that of RF and KNN. The same bias-variance tradeoff in quatiles can be no-
ticed for the ML algorithms and their resample-based versions as in the previous sections.
Indded, resampling allows one to better forecast when conditioning on tail values, but with

the price of an increase in the variability of these forecasts.

Most importantly, Giacomini and White (2006)’s test in Table 6 further supports that
RF (R-RF) registers the best forecasting abilities for low(high)-order moments and ac-
counting for execution time does not change this outcome (see Table 7). Furthermore, the
comparison with Lanne and Saikkonen (2011)’s approach in Tables 6 and 7 clearly shows
that the forecasting abilities of their simulation-based algorithm are well below those of all

the ML approaches while being much more time-consuming than the latter methods.

15



Table 5: Euclidean distance between theoretical and estimated conditional moments of the growth-

rate of X¢
Expected Value Variance Skewness
KNN 0.0048 0.0111 16.5257
RF 0.0040 0.0168 1.7530
R-KNN 0.0107 0.0218 1.9337
R-RF 0.0077 0.0181 1.2535
Lanne and Saikkonen (2011)’s 0.0111 X X

Kurtosis

1 691.6394
66.4564
501.6693
9.0693

X

Table 6: Conditional moments forecast comparison (Giacomini and White (2006) test)

Expected value

RF
KNN 8.2694***
RF
R-KNN
Variance

RF
KNN 0.9808
RF
R-KNN
Skewness

RF
KNN 18.8893***
RF
R-KNN
Kurtosis

RF
KNN 13.1257*
RF
R-KNN

R-KNN
—23.7875"*
—24.7093*

R-KNN
—11.0256™*
—10.8941***

R-KNN
17.7174
—0.41806

R-KNN
4.4948**
—1.8071"

R-RF
—7.8287***
—9.3367*
8.1813***

R-RF
—4.9146"**
—4.8536™*

4.5387**

R-RF
20.3599***
2.8850"**
1.7094*

R-RF
13.8827*
2.5866™
2.0551™

The test is carried out for each pair of methods. Asterisks ***, ** and * indicate significance at the 99.9%, 99%
and 95% level, respectively. A positive (negative) and significant test-statistic leads to the rejection of the null of

equal forecasting abilities in favor of the algorithm in column (row).

Table 7: Execution time

Methods Time (in seconds)
KNN 16.27
RF 79.81
R-KNN 518.18
R-RF 606.84
Lanne and Saikkonen (2011)’s 3501.60

16



Table 8: Conditional moments forecast comparison (Giacomini and White (2006) test)

KNN RF R-KNN  R-RF
Lanne and Saikkonen (2011) 18.9517** 19.2825"* 1.1527* 6.6165"**

See note to Table 6.

6 Conclusion

In this paper we propose a new forecasting algorithm based on machine learning techniques
to forecast general non-causal and mixed-causal model MARMA. We proposed an extension
of the Lanne and Saikkonen (2011), procedure for a-stable law. In a Monte Carlo simulation
exercise, we show that our approach outperform the standard approaches available in
the literature, in terms of accuracy and computational time, and that they provide an

interesting approximation to the true theoretical prediction densities.
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Figure 5: Conditional expectation of R, for a MAR(0,1) process
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Figure 6: Conditional expectation of R, for a MAR(0,1) process
Notes: The true conditional moments are in blue, while the R-KNN and R-RF moment

estimations are in black. The conditioning values are X; = = € (95,108) (99.9% of the
probability mass of the marginal distribution of X; is supported on (95,108)).
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