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Abstract

In this paper, we study the asymptotic properties of the maximum likelihood estimator for a so-
called Markov-switching observation-driven model. The Markov-switching observation-driven model
contains several models proposed in the literature as special cases for which, to the best of our
knowledge, no results for the asymptotic properties of the maximum likelihood estimator exist.

1. Introduction

A state space model is a stochastic process ((St, Yt))t∈Z such that (i) (St)t∈Z is an unobserved
Markov chain taking values in S ⊆ R and (ii) (Yt)t∈Z is an observed stochastic process taking values
in Y ⊆ R such that the conditional distribution of Yt given Yt−1

−∞ where Yj
i := (Yi, ..., Yj) and St

−∞
where Sj

i := (Si, ..., Sj) depends only on St. An important submodel is the hidden Markov model
introduced by Baum and Petrie (1966) in which S is finite.1 Hidden Markov models have been
applied in numerous areas such as speech recognition (Juang and Rabiner (1991)), biology (Churchill
(1989)), ecology (Langrock et al. (2012)), and meteorology (Zucchini and Guttorp (1991) and Bulla
et al. (2012)), see the book by Zucchini et al. (2016) for more examples, so statistical inference for
hidden Markov models is of significant practical importance. In the first paper on hidden Markov
models, Baum and Petrie (1966) proved consistency and asymptotic normality of the maximum
likelihood (ML) estimator in the case where Y is finite. Later, Leroux (1992) proved consistency of
the ML estimator in the general case, and Bickel et al. (1998) proved asymptotic normality of the
ML estimator in the general case.

The hidden Markov model is often insufficient to model economic and financial time series.
Therefore, Hamilton (1989) introduced the linear Markov-switching autoregressive model to model
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economic growth, see also the book by Krolzig (2013) and the references therein. In the Markov-
switching autoregressive model of order p ∈ N, the conditional distribution of Yt given Yt−1

−∞ and
St
−∞ depends on both Yt−1

t−p and St. Francq and Zakoıan (2001) proved stationarity and ergodicity
for the linear Markov-switching autoregressive (moving-average) model and Douc et al. (2004) proved
consistency and asymptotic normality of the ML estimator for the Markov-switching autoregressive
model in the case where S is compact and not necessarily finite, see also Francq and Roussignol (1998)
and Krishnamurthy and Ryden (1998).2 More recently, Kasahara and Shimotsu (2019) relax some of
the assumptions in Douc et al. (2004).

To model financial returns, Cai (1994) and Hamilton and Susmel (1994) introduced the Markov-
switching autoregressive conditional heteroscedasticity model (ARCH) as a generalization of the
ARCH model introduced by Engle (1982). It is, however, well-known that the generalized ARCH
(GARCH) model introduced by Bollerslev (1986) often provides a better fit than the ARCH model
when applied to real data. Therefore, Gray (1996) (see also Francq et al. (2001)) and Haas et al.
(2004b) introduced (different) Markov-switching GARCH models. In the Markov-switching GARCH
model proposed by Gray (1996), the conditional distribution of Yt given Yt−1

−∞ and St
−∞ depends

on Yt−1
−∞ and St

−∞ so ML estimation is infeasible whereas in the Markov-switching GARCH model
proposed by Haas et al. (2004b), the conditional distribution of Yt given Yt−1

−∞ and St
−∞ depends

’only’ on Yt−1
−∞ and St.

In this paper, we prove stationarity and ergodicity as well as consistency and asymptotic normality
of the ML estimator for a so-called Markov-switching observation-driven model. In the Markov-
switching observation-driven model, the conditional distribution of Yt given Yt−1

−∞ and St
−∞ depends

on both Yt−1
−∞ and St. The Markov-switching observation-driven model can thus be thought of as a

Markov-switching autoregressive model of infinite order, see Example 1 for more details. It contains
the Markov-switching GARCH model proposed by Haas et al. (2004b) and many of its variants as well
as other models proposed in the literature as special cases for which, to the best of our knowledge, only
few results for the probabilistic properties of the model and no results for the asymptotic properties of
the ML estimator exist. To do this, we use theory for stochastic recurrence equations as in Straumann
and Mikosch (2006) for GARCH models, Blasques et al. (2022) for score-driven models (Creal et al.
(2013) and Harvey (2013)), or, more generally, Blasques et al. (2018) for observation-driven models,
see also Douc et al. (2017).

The paper is organized as follows. Section 2 introduces the Markov-switching observation-driven
model and Section 3 gives some examples of Markov-switching observation-driven models. In Section
4, stationarity and ergodicity of the model is considered. Consistency and asymptotic normality of
the maximum likelihood estimator is considered in Section 5. In Section 6, the theory is applied to
some of the examples in Section 3. An application to real data is presented in Section 7. Section 8
concludes. All profs are collected in Section 9.

We adopt the following notation. Let x be an n × 1 vector of real numbers, let y be an m × 1

2The Markov-switching autoregressive conditional heteroscedasticity model discuss later is a special case hereof.
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vector of real numbers, and let X be an n×m matrix of real numbers. Then, ||x||p := (
∑n

i=1 |xi|p)1/p
is the p-norm of x and ||X||p,p := (

∑n
i=1

∑m
j=1 |xij |p)1/p is the p-norm X. Moreover, let f be a k × 1

vector of real valued functions defined on Rn × Rm. Then, ∂f
∂x′ :=

(
∂f
∂x1

, ..., ∂f
∂xn

)
is the k × n matrix

of first order derivatives of f and ∂f
∂x :=

(
∂f
∂x′

)′
. If k = 1, then ∂2f

∂x∂y′ :=
∂

∂y′
∂f
∂x is the n×m matrix of

second order derivatives of f .

2. The Markov-switching Observation-driven Model

In the following, all random variables are defined on a probability space (Ω,F ,P). Let (St)t∈Z be
an unobserved Markov chain taking values in {1, ..., J} with transition probabilities

pij := P(St+1 = j | St = i), i, j ∈ {1, ..., J},

and transition probability matrix

P :=

p11 · · · p1J
...

. . .
...

pJ1 · · · pJJ

 .

An observed stochastic process (Yt)t∈Z taking values in Y ⊆ R is called a Markov-switching
observation-driven model if the conditional distribution of Yt given Yt−1

−∞,Yj
i := (Yi, ..., Yj) and

St
−∞,Sj

i := (Si, ..., Sj) depends only on Yt−1
−∞ and St as follows

Yt | (Yt−1
−∞,St

−∞) ∼ DSt(XSt,t, υSt),

where Xj,t, j ∈ {1, ..., J} is a time-varying parameter taking values in Xυj ⊆ R given by

Xj,t+1 = ϕj(Yt, Xj,t; υj),

υj , j ∈ {1, ..., J} is a vector of constant parameters taking values in Υj ⊆ Rdj , x 7→ ϕj(y, x; υ) is a
Lipschitz function for all y ∈ Y, υ ∈ Υj and j ∈ {1, ..., J}, (y, x, υ) 7→ ϕj(y, x; υ) is continuous on
Y×Xυj ×Υj for all j ∈ {1, ..., J}, and x 7→ ϕj(y, x; υ) is differentiable on Xυj for all y ∈ Y, υ ∈ Υj and
j ∈ {1, ..., J}. The Markov-switching observation-driven model is called a mixture observation-driven
model if (St)t∈Z is an i.i.d. chain.

Note that the time-varying parameter is given by

Xj,t+1 = ϕj(Yt, Xj,t; υj)

and not by
Xt+1 = ϕSt(Yt, Xt; υSt).

The reason is that the likelihood of a sample generated by a Markov-switching observation-driven
model in which the time-varying parameter is given by the latter is impossible to compute for other
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than very small sample sizes because it depends on the entire history of (St)t∈Z. This is often referred
to as the so-called path-dependence problem; see, for instance, the discussion in Haas et al. (2004b).

intro The one-step-ahead prediction for the Markov chain, πj,t+1|t := P(St+1 = j | Yt
−∞), is given

by

πj,t+1|t =

J∑
i=1

pijπi,t|t,

and the filter for the Markov chain, πj,t|t := P(St = j | Yt
−∞), is given by

πj,t|t =
πj,t|t−1fj,t|t−1(Yt;Xj,t, υj)

ft|t−1(Yt)
,

where ft|t−1(y), y ∈ Y is the conditional probability density function (pdf) of Yt given Yt−1
−∞ given by

ft|t−1(y) =
J∑

k=1

πk,t|t−1fk,t|t−1(y;Xk,t, υk),

and fj,t|t−1(y;Xj,t, υj), y ∈ Y is the conditional pdf of Yt given Yt−1
−∞ and St = j.3 Hence,

πt|t−1 := (π1,t|t−1, ..., πJ,t|t−1)
′ is given by

πt+1|t = P′πt|t,

and πt|t := (π1,t|t, ..., πJ,t|t)
′ is given by

πt|t = Ft(πt|t−1)πt|t−1,

where Ft(πt|t−1) is a diagonal matrix with generic element

[Ft(πt|t−1)]ii =
fi,t|t−1(Yt;Xi,t, υi)∑J

k=1 πk,t|t−1fk,t|t−1(Yt;Xk,t, υk)
.

smoothing
The Markov-switching observation-driven model reduces to the hidden Markov model introduced

by Baum and Petrie (1966) and studied, among others, by Leroux (1992) and Bickel et al. (1998)
when Xj,t ≡ Xj , and to the Markov-switching autoregressive model introduced by Hamilton (1989)
and studied by Douc et al. (2004) when ϕj(Yt, Xj,t; υj) = ϕj(Yt; υj).

3More generally, the h-step-ahead prediction for the Markov chain, πj,t+h|t := P(St+h = j | Yt
−∞), is given by

πj,t+h|t =

J∑
i=1

p
(h)
ij πi,t|t,

where p
(h)
ij := P(St+h = j | St = i) is the (i, j)’th element of Ph :=

∏h
i=1 P.
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3. Examples

In this section, we give some examples of Markov-switching observation-driven models.

Example 1. An example of a Markov-switching observation-driven model is

Yt = XSt,t + σStεt, σSt > 0, (1)

where (εt)t∈Z is a sequence of i.i.d. standard normal random variables independent of (St)t∈Z, and

Xj,t+1 = ωj + αjYt + βjXj,t,

where ωj ∈ R, αj ∈ R, and βj ∈ R. In this model, Y = R, DSt is the normal distribution with
mean XSt,t and variance σ2

St
, ϕj(y, x; υ) = υ1 + υ2y + υ3x, Xυj = R, υj = (ωj , αj , βj , σ

2
j )

′
, and

Υj = R× R× R× (0,∞).
A related model is the Markov-switching autoregressive model of order 1 by Hamilton (1989). This

model is given by
Yt = aSt + bStYt−1 + σStεt, aSt ∈ R, bSt ∈ R, σSt > 0,

where (εt)t∈Z is a sequence of i.i.d. standard normal random variables independent of (St)t∈Z. It can
be shown that if (Yt)t∈Z is stationary and ergodic and |βj | < 1 for all j ∈ {1, ..., J}, then

Xj,t =
ωj

1− βj
+

∞∑
i=0

αjβ
i
jYt−1−i a.s.

The Markov-switching observation-driven model in Equation (1) can thus be thought of as a Markov-
switching autoregressive model of order infinity given by

Yt = aSt +
∞∑
i=0

b
(i)
St
Yt−1−i + σStεt,

where
aSt =

ωSt

1− βSt

and b
(i)
St

= αStβ
i
St
.

Example 2. The Markov-switching Generalized Autoregressive Conditional Heteroscedasticity
(GARCH) model by Haas et al. (2004b) is given by

Yt =
√
XSt,tεt,

where (εt)t∈Z is a sequence of i.i.d. standard normal random variables independent of (St)t∈Z, and

Xj,t+1 = ωj + αjY
2
t + βjXj,t,
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where ωj > 0, αj ≥ 0, and βj ≥ 0. This is also an example of a Markov-switching observation-
driven model where Y = R, DSt is the normal distribution with mean zero and variance XSt,t,

ϕj(y, x; υ) = υ1+ υ2y
2+ υ3x, Xυj =

[
ωj

1−βj
,∞
)
, υj = (ωj , αj , βj)

′
, and Υj = (0,∞)× [0,∞)× [0,∞).

Note that the Markov-switching GARCH model reduces to the mixture GARCH model by Haas
et al. (2004a) if (St)t∈Z is an i.i.d. chain.

Example 3. Let y 7→ F (y;x, υ̃) be a cumulative distribution function (cdf) with support N ⊆ [0,∞)
indexed by the mean x and a vector of parameters υ̃ such that for all u ∈ (0, 1),

x ≤ x∗ ⇒ F−(u;x, υ̃) ≤ F−(u;x∗, υ̃),

where F−(u;x, υ̃) = inf{y ∈ N : F (y;x, υ̃) ≥ u}.
The (present-regime dependent) Markov-switching Positive Linear Conditional Mean (POLI)

model by Aknouche and Francq (2022) is given by

Yt = F−
St
(Ut;XSt,t, υSt),

where (Ut)t∈Z is a sequence of i.i.d. uniform random variables on [0, 1] independent of (St)t∈Z, and

Xj,t+1 = ωj + αjYt + βjXj,t,

where ωj > 0, αj ≥ 0, and βj ≥ 0 This is another example of a Markov-switching observation-

driven model where Y = N , FSt is the cdf of DSt, ϕj(y, x; υ) = υ1 + υ2y + υ3x, Xυj =
[

ωj

1−βj
,∞
)
,

υj = (ωj , αj , βj , υ̃j)
′
, and Υj = (0,∞)× [0,∞)× [0,∞)× Υ̃j.

4. Probabilistic Properties of the Model

In the following, we restrict our attention to the Markov-switching observation-driven models that
can be written as

Yt = 1Stf(εt;Xt,υ), (2)

with 1St := (1{St=1}, ..., 1{St=J}) where (St)t∈Z is stationary, irreducible and aperiodic (thus ergodic),
and f(εt;Xt,υ) := (f1(ε1,t;X1,t, υ1), ..., fJ(εJ,t;XJ,t, υJ))

′, εt := (ε1,t, ..., εJ,t)
′ ∈ E1 × · · · × EJ =: E ,

where (ε, x) 7→ fj(ε;x, υj) is continuous on Ej × Xυj for all j ∈ {1, ..., J}, εj,t
i.i.d.∼ Dε

j (υ
ε
j ) for

all j ∈ {1, ..., J}, (εi,t)t∈Z and (εj,t)t∈Z are independent for all i, j ∈ {1, ..., J} with i ̸= j,
Xt := (X1,t, ..., XJ,t)

′ is given by
Xt+1 = ϕε(St, εt,Xt;υ) (3)

with
[ϕε(St, εt,Xt;υ)]j = ϕj(1Stf(εt;Xt,υ), Xj,t; υj),
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where x 7→ ϕε(s, ε,x;υ) is a Lipschitz function for all s ∈ {1, ..., J} and ε ∈ E , and υ := (υ1, ..., υJ)
′.

Finally, (St)t∈Z and (εj,t)t∈Z are independent for all j ∈ {1, ..., J}.4

4.1. Stationarity and Ergodicity

Theorem 4.1 gives conditions under which the Markov-switching observation-driven model is
stationary and ergodic. It follows from an application of Theorem 3.1 in Bougerol (1993) (see also
Theorem 2.8 in Straumann and Mikosch (2006)). To ease the notation, let Xυ := Xυ1 × · · · × XυJ .
Moreover, let

Λ(ϕε
t ) := sup

x,y∈Xυ
x ̸=y

||ϕε
t (x)− ϕε

t (y)||2
||x− y||2

,

where ϕε
t (x) := ϕε(St, εt,x;υ).

Theorem 4.1. Assume that

(i) there exists an x ∈ Xυ such that E[log+ ||ϕε
t (x)− x||2] < ∞,

(ii) E[log+ Λ(ϕε
t )] < ∞, and

(iii) there exists an r ∈ N such that

E
[
log Λ

(
(ϕε

t )
(r)
)]

< 0,

where (ϕε
t )

(r)(x) := ϕε
t ◦ · · · ◦ ϕε

t−r+1(x).

Then, (Yt)t∈Z is stationary and ergodic.

5. Asymptotic Properties of the Maximum Likelihood Estimator

We now turn to the maximum likelihood (ML) estimation of the Markov-switching observation-
driven model discussed in the previous section.

The d-dimensional parameter vector, where d := J2 +
∑J

j=1 dj , is

θ := (pij , i, j = 1, ..., J, υj , j = 1, ..., J)′

and belongs to

Θ ⊂

(pij , i, j = 1, ..., J, υj , j = 1, ..., J) : pij > 0,

J∑
j=1

pij = 1, υj ∈ Υj

 .

4All examples in Section 3 can be written like this because if εi,t
d
= εj,t for all i, j ∈ {1, ..., J}, then let εi,t = εt for

all i ∈ {1, ..., J} where εt
i.i.d.∼ Dε(υε), and (St)t∈Z and (εt)t∈Z are independent.
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The true parameter vector is denoted θ0. Assume that a realization, (yt)
T
t=1, of the Markov-switching

observation-driven model, (Yt)t∈Z, satisfying Equation (2) and (3) for θ = θ0 is observed. The average
log-likelihood function is given by

L̂T (θ) =
1

T

T∑
t=1

log f̂t|t−1(yt; θ),

where

f̂t|t−1(yt; θ) =

J∑
j=1

π̂j,t|t−1(θ)fj,t|t−1(yt; X̂j,t(υj), υj).

In the average log-likelihood function, X̂j,t(υj) is given by

X̂j,t+1(υj) = ϕj(yt, X̂j,t(υj); υj)

for some initialization X̂j,1(υj) ∈ Xυj , and π̂t|t−1(θ) is given by

π̂t+1|t(θ) = P′π̂t|t(θ)

with
π̂t|t(θ) = F̂t(π̂t|t−1(θ); θ)π̂t|t−1(θ)

for some initialization π̂0|0(θ) ∈ S with S := {x ∈ RJ : xj ≥ 0,
∑J

j=1 xj = 1} where

[F̂t(π̂t|t−1(θ); θ)]ii =
fi,t|t−1(yt; X̂i,t(υi), υi)∑J

k=1 π̂k,t|t−1(θ)fk,t|t−1(yt; X̂k,t(υk), υk)
.

The ML estimator is then given by
θ̂T = argmax

θ∈Θ
L̂T (θ).

5.1. Consistency

The following assumptions are made.

Assumption 1. The conditions in Theorem 4.1 hold for θ = θ0.

Assumption 2. Θ is compact.

Assumption 3. For each j ∈ {1, ..., J},

(i) (y, x, υ) 7→ fj,t|t−1(y;x, υ) is continuous on Y × XΥj ×Υj,

(ii) x 7→ fj,t|t−1(y;x, υ) is differentiable on XΥj for all y ∈ Y and υ ∈ Υj, and
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(iii) y 7→ ∂fj,t|t−1(y;x,υ)

∂x is continuous on Y for all x ∈ XΥj and υ ∈ Υj.

First, the asymptotic behaviour of the initialized sequences must be studied in order to ensure
an appropriate form of convergence of the average log-likelihood function because the initialized
sequences are non-stationary by construction.

The following lemma, which follows from an application of Theorem 3.1 in Bougerol (1993) (see
also Theorem 2.8 in Straumann and Mikosch (2006)), gives conditions under which the non-stationary
sequence (X̂j,t(υj))t∈N converges uniformly exponentially fast almost surely (e.a.s.) to a unique
stationary and ergodic sequence (Xj,t(υj))t∈Z as t → ∞.5 Let

Λ̄j,t(υj) := sup
x∈XΥj

∣∣∣∣∂ϕj(Yt, x; υj)

∂x

∣∣∣∣ ,
where XΥj := ∪υj∈ΥjXυj .

Lemma 5.1. Assume that Assumption 1-2 hold. Moreover, assume that

(i) there exists an x ∈ XΥj such that E[log+ supυj∈Υj
|ϕj(Yt, x; υj)− x|] < ∞,

(ii) E[log+ supυj∈Υj
Λ̄j,t(υj)] < ∞, and

(iii) E[log supυj∈Υj
Λ̄j,t(υj)] < 0

for each j ∈ {1, ..., J}. Then, for each j ∈ {1, ..., J}, the sequence (Xj,t(υj))t∈Z given by

Xj,t+1(υj) = ϕj(Yt, Xj,t(υj); υj)

is stationary and ergodic for all υj ∈ Υj and

sup
υj∈Υj

∣∣∣X̂j,t(υj)−Xj,t(υj)
∣∣∣ e.a.s.→ 0 as t → ∞

for any initialization X̂j,1(υj) ∈ Xυj .

Theorem 3.1 in Bougerol (1993) cannot be used for (π̂t|t−1(θ))t∈N because (π̂t|t−1(θ))t∈N depends

on (X̂1,t(υ1))t∈N, ..., (X̂J,t(υJ))t∈N which are non-stationary. The next lemma, which gives conditions
under which the non-stationary sequence (π̂t|t(θ))t∈N converges uniformly e.a.s. to a unique stationary
and ergodic sequence (πt|t(θ))t∈Z as t → ∞, follows instead from an application of Theorem 2.10 in
Straumann and Mikosch (2006).

5A sequence of random elements {Ẑt}t∈N taking values in (Z, || · ||) is said to converge e.a.s. to another sequence of
random elements {Zt}t∈Z taking values in (Z, || · ||) if there exists a γ > 1 such that

γt||Ẑt − Zt||
a.s.→ 0 as t → ∞.
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Lemma 5.2. Assume that Assumption 1-3 and the conditions in Lemma 5.1 hold. Moreover, assume
that for each j ∈ {1, ..., J}, there exists an mj > 0 such that

E

[
sup
υ∈Υj

sup
x∈XΥj

∣∣∣∣∂ log fj,t|t−1(Yt;x, υ)

∂x

∣∣∣∣mj
]
< ∞.

Then, the sequence (πt|t(θ))t∈Z given by

πt|t(θ) = Ft(P
′πt−1|t−1(θ); θ)P

′πt−1|t−1(θ)

is stationary and ergodic for all θ ∈ Θ and

sup
θ∈Θ

∣∣∣∣π̂t|t(θ)− πt|t(θ)
∣∣∣∣
2

e.a.s.→ 0 as t → ∞

for any initialization π̂0|0(θ) ∈ S.

The following corollary is a consequence hereof.

Corollary 5.1. Under the assumptions in Lemma 5.2, the sequence (πt|t−1(θ))t∈Z given by

πt+1|t(θ) = P′πt|t(θ)

is stationary and ergodic for all θ ∈ Θ and

sup
θ∈Θ

∣∣∣∣π̂t|t−1(θ)− πt|t−1(θ)
∣∣∣∣
2

e.a.s.→ 0 as t → ∞

for any initialization π̂0|0(θ) ∈ S.

Remark 5.1. Note that πt|t−1(θ) ∈ Sθ for all t ∈ Z where Sθ := {x ∈ RJ : xj ≥
mini∈{1,...,J} pij ,

∑J
j=1 xj = 1}.

The result in Lemma 5.2 is not surprising: the Markov chain itself forgets its initialization (in case
it is initialized) as pij > 0 for all i, j ∈ {1, ..., J}, so it is not surprising that the filter also forgets its
initialization provided that the time-varying parameters do the same.

Here, Theorem 2.10 in Straumann and Mikosch (2006) is used to give conditions under which the

non-stationary sequence (Ẑt(θ))t∈N, which depends on another non-stationary sequence ( ˆ̃Zt(θ))t∈N
that converges to a stationary and ergodic sequence (Z̃t(θ))t∈Z, converges to the stationary and
ergodic sequence (Zt(θ))t∈Z. The theorem is often used differently to give conditions under which the
non-stationary sequence (∇k

θ Ẑt(θ))t∈N converges to the stationary and ergodic sequence (∇k
θZt(θ))t∈Z

where ∇k
θZt(θ) denotes the k’th order derivative of Zt(θ) with respect to θ; see, for instance,

Straumann and Mikosch (2006) and Blasques et al. (2022). We believe that this application of
the theorem can be useful in other situations as well.
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Two important implications of Lemmata 5.1 and 5.2 are that the true time-varying parameters,
X1,t(υ1,0), ..., XJ,t(υJ,0), and the true filter, πt|t(θ0), can be recovered asymptotically if θ0 is known.

In fact, they can be recovered asymptotically even if there is a sequence (θ̂n)n∈N such that θ̂n
a.s.→ θ0

as n → ∞ as the next results show.

Proposition 5.1. work in progress

Proposition 5.2. work in progress

The next corollary is a consequence hereof.

Corollary 5.2. work in progress

Lemmata 5.1 and 5.2 are thus not just technical conditions used to ensure an appropriate form of
convergence of the average log-likelihood function.

Moreover, the following assumption is made.

Assumption 4. For each j ∈ {1, ..., J},

E

[
sup
υ∈Υj

| log fj,t|t−1(Yt;Xj,t(υ), υ)|

]
< ∞.

Finally, the following identification condition is imposed as in Francq and Roussignol (1998). We
denote by ft|t−m(y; θ),y ∈ Ym the conditional pdf of (Yt, ..., Yt−m+1) given Yt−m

−∞ .

Assumption 5. There exists an m ∈ N such that

ft|t−m(Yt, ..., Yt−m+1; θ) = ft|t−m(Yt, ..., Yt−m+1; θ0) a.s.

implies that

θ = θ0.

Theorem 5.1 gives conditions under which the ML estimator is consistent.

Theorem 5.1. Assume that Assumption 1-5 and the conditions in Lemmata 5.1 and 5.2 hold. Then,

θ̂T
a.s.→ θ0 as T → ∞.

11



5.2. Asymptotic Normality

In addition to Assumption 1-5, the following assumptions are made.

Assumption 6. θ0 ∈ int(Θ)

Assumption 7. For each j ∈ {1, ..., J},

(i) (x, υ) 7→ fj,t|t−1(y;x, υ) is twice differentiable on XΥj ×Υj for all y ∈ Y,

(ii) (y, x, υ) 7→ ∂fj,t|t−1(y;x,υ)

∂(x,υ) is continuous on Y × XΥj ×Υj, and

(iii) (y, x, υ) 7→ ∂2fj,t|t−1(y;x,υ)

∂(x,υ)∂(x,υ)′ is continuous on Y × XΥj ×Υj.

Assumption 8. For each j ∈ {1, ..., J}, the sequence
(
∂Xj,t(υj)

∂θ

)
t∈Z

is stationary and ergodic for all

υj ∈ Υj and

sup
υj∈Υj

∣∣∣∣∣
∣∣∣∣∣∂X̂j,t(υj)

∂θ
− ∂Xj,t(υj)

∂θ

∣∣∣∣∣
∣∣∣∣∣
2

e.a.s.→ 0 as t → ∞

for any initialization
∂X̂j,1(υj)

∂θ ∈ Rd.

Assumption 9. For each j ∈ {1, ..., J}, the sequence
(
∂2Xj,t(υj)

∂θ∂θ′

)
t∈Z

is stationary and ergodic for

all υj ∈ Υj and

sup
υj∈Υj

∣∣∣∣∣
∣∣∣∣∣∂2X̂j,t(υj)

∂θ∂θ′
− ∂2Xj,t(υj)

∂θ∂θ′

∣∣∣∣∣
∣∣∣∣∣
2,2

e.a.s.→ 0 as t → ∞

for any initialization
∂2X̂j,1(υj)

∂θ∂θ′ ∈ Rd×d.

Assumption 10. For each j ∈ {1, ..., J}, there exists a kj > 1 such that

E

[
sup
υ∈Υj

∣∣∣∣∣∣∣∣∂Xj,t(υ)

∂θ

∣∣∣∣∣∣∣∣2kj
2

]
< ∞ and E

[
sup
υ∈Υj

∣∣∣∣∣∣∣∣∂2Xj,t(υ)

∂θ∂θ′

∣∣∣∣∣∣∣∣kj
2,2

]
< ∞.

Assumption 11. For each j ∈ {1, ..., J}, the sequence
(
∂πj,t|t−1(θ)

∂θ

)
t∈Z

is stationary and ergodic for

all θ ∈ Θ and

sup
θ∈Θ

∣∣∣∣∣∣∣∣∂π̂j,t|t−1(θ)

∂θ
−

∂πj,t|t−1(θ)

∂θ

∣∣∣∣∣∣∣∣
2

e.a.s.→ 0 as t → ∞

for any initialization
∂π̂j,1|0(θ)

∂θ ∈ Rd.
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Assumption 12. For each j ∈ {1, ..., J}, there exists an mj > 0 such that

E

[
sup
υ∈Υj

sup
x∈XΥj

∣∣∣∣∂ log fj,t|t−1(Yt;x, υ)

∂υh

∣∣∣∣mj
]
< ∞

for all h ∈ {1, ..., dj},

E

[
sup
υ∈Υj

sup
x∈XΥj

∣∣∣∣∣∂2 log fj,t|t−1(Yt;x, υ)

∂x2

∣∣∣∣∣
mj
]
< ∞,

and

E

[
sup
υ∈Υj

sup
x∈XΥj

∣∣∣∣∣∂2 log fj,t|t−1(Yt;x, υ)

∂υh∂x

∣∣∣∣∣
mj
]
< ∞

for all h ∈ {1, ..., dj}.

Assumption 13. For each j ∈ {1, ..., J}, the sequence
(
∂2πj,t|t−1(θ)

∂θ∂θ′

)
t∈Z

is stationary and ergodic for

all θ ∈ Θ and

sup
θ∈Θ

∣∣∣∣∣
∣∣∣∣∣∂2π̂j,t|t−1(θ)

∂θ∂θ′
−

∂2πj,t|t−1(θ)

∂θ∂θ′

∣∣∣∣∣
∣∣∣∣∣
2,2

e.a.s.→ 0 as t → ∞

for any initialization
∂2π̂j,1|0(θ)

∂θ∂θ′ ∈ Rd×d.

Assumption 14. For each j ∈ {1, ..., J},

E

[
sup
θ∈Θ

∣∣∣∣∣∣∣∣∂πj,t|t−1(θ)

∂θ

∣∣∣∣∣∣∣∣2
2

]
< ∞ and E

sup
θ∈Θ

∣∣∣∣∣
∣∣∣∣∣∂2πj,t|t−1(θ)

∂θ∂θ′

∣∣∣∣∣
∣∣∣∣∣
2,2

 < ∞.

Assumption 15. For each j ∈ {1, ..., J},

E

[
sup
υ∈Υj

∣∣∇̄x log fj,t|t−1(Yt;Xj,t(υ), υ)
∣∣ 2kj
kj−1

]
< ∞ and E

[
sup
υ∈Υj

|∇̄xx log fj,t|t−1(Yt;Xj,t(υ), υ)|
kj

kj−1

]
< ∞,

where kj is given in Assumption 10. Moreover, for each j ∈ {1, ..., J},

E

[
sup
υ∈Υj

||∇̄vx log fj,t|t−1(Yt;Xj,t(υ), υ)||
kj

kj−1

2

]
< ∞.

Finally, for each j ∈ {1, ..., J},

E

[
sup
υ∈Υj

||∇̄υ log fj,t|t−1(Yt;Xj,t(υ), υ)||22

]
< ∞ and E

[
sup
υ∈Υj

||∇̄υυ log fj,t|t−1(Yt;Xj,t(υ), υ)||2,2

]
< ∞.
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Theorem 5.2 gives conditions under which the ML estimator is asymptotic normal.

Theorem 5.2. Assume that Assumption 1-15 and the conditions in Lemmata 5.1 and 5.2 hold.
Then, √

T (θ̂T − θ0)
d→ N (0, I(θ0)) as T → ∞,

where

I(θ) := −E

[
∂2 log ft|t−1(Yt; θ)

∂θ∂θ′

]
.

6. Examples

work in progress

7. Empirical Illustration

It is well-known that the GARCH model often provides a better fit than the ARCH model when
applied to real data. To study whether or not the Markov-switching GARCH model also provides
a better fit than the Markov-switching ARCH model when applied to real data, we perform a small
empirical application in which the Markov-switching GARCH model is compared to the Markov-
switching ARCH model with the GARCH model as a benchmark.

More specifically, we use daily log-returns on the Standard & Poor’s (S&P) 500 index, the
Financial Times Stock Exchange (FTSE) 100 index, and the Cotation Assistée en Continu (CAC) 40
index from January 2, 2004 to December 29, 2023 retrieved from Yahoo Finance. Figure 1 reports
the three series.

We estimate a two-state Markov-switching GARCH model given by

Yt =
√

XSt,tεt (4)

with εt
i.i.d.∼ N (0, 1) where

Xj,t+1 = ωj + αjY
2
t + βjXj,t, (5)

a two-state Markov-switching ARCH model given by Equation (4) and (5) with βj ≡ 0, and a GARCH
model as a benchmark.6 Table 1 and 2 report the estimated parameters and the information criteria,
respectively.

For all series, the Markov-switching ARCH model and the Markov-switching GARCH model have
a low-volatility state (state 1) and a high-volatility state (state 2) where, in the high-volatility state,
the variance reacts more to the past squared return and, for the Markov-switching GARCH model,
the variance is less persistent.

6Note that the Markov-switching GARCH model reduces to the GARCH model when J = 1.
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Figure 1: Panel (a), (b), and (c) report the daily log-returns on the S&P 500 index, the FTSE 100 index, and the CAC
40 index from January 2, 2004 to December 29, 2023, respectively.

The Akaike information criterion (AIC) and Bayesian information criterion (BIC) are lower for
the Markov-switching GARCH model than for the Markov-switching ARCH model as well as the
GARCH model for all series showing that the Markov-switching GARCH model not only provides a
better fit than the Markov-switching ARCH model but also the GARCH model when applied to this
data. Note also that, interestingly, the AIC and BIC are lower for the GARCH model than for the
Markov-switching ARCH model for all series.

8. Conclusion

In this paper, we study the asymptotic properties of the ML estimator for a so-called Markov-
switching observation-driven model. The Markov-switching observation-driven model contains several
models proposed in the litterature as special cases for which, to the best of our knowledge, no results
for the asymptotic properties of the ML estimator exist. A possible extension could be to study the
asymptotic properties of the ML estimator for a higher-order Markov-switching observation-driven
model instead of a first-order Markov-switching observation-driven model as in this paper. We leave
this for future research.
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S&P 500 FTSE 100 CAC 40

GARCH MS-ARCH MS-GARCH GARCH MS-ARCH MS-GARCH GARCH MS-ARCH MS-GARCH

ω̂1 0.025 0.430 0.004 0.027 0.440 0.003 0.038 0.646 0.008
α̂1 0.121 0.046 0.088 0.115 0.074 0.010 0.112 0.018 0.073

β̂1 0.856 - 0.886 0.859 - 0.978 0.865 - 0.900
ω̂2 - 3.046 0.248 - 2.753 0.093 - 3.738 0.551
α̂2 - 0.195 0.245 - 0.205 0.101 - 0.114 0.295

β̂2 - - 0.750 - - 0.895 - - 0.701
p̂11 - 0.991 0.846 - 0.988 0.970 - 0.984 0.853
p̂22 - 0.978 0.198 - 0.967 0.901 - 0.964 0.105

Table 1: The estimated parameters for the GARCH model, the Markov-switching ARCH model, and the Markov-
switching GARCH model for the S&P 500 index, the FTSE 100 index, and the CAC 40 index.

S&P 500 FTSE 100 CAC 40

GARCH MS-ARCH MS-GARCH GARCH MS-ARCH MS-GARCH GARCH MS-ARCH MS-GARCH

AIC 13374.15 13688.84 13183.86 13339.24 13491.73 13149.38 15608.59 15755.88 15389.25
BIC 13393.72 13727.98 13236.04 13358.82 13530.89 13201.60 15628.21 15795.12 15441.57

Table 2: The AIC and BIC for the GARCH model, the Markov-switching ARCH model, and the Markov-switching
GARCH model for the S&P 500 index, the FTSE 100 index, and the CAC 40 index. The bold values are the lowest
ones.

9. Proofs

We adopt the following notation. Let f be a k × 1 vector of real valued functions defined on
Rn × Rm, let x be an n × 1 vector of real numbers, and let y be an m × 1 vector of real numbers.
Then, ∇x′f := ∂f

∂x′ is the k × n matrix of first order derivatives of f and ∇xf := (∇x′f)′. If k = 1,
then ∇xyf = ∇y′∇xf is the n×m matrix of second order derivatives of f .

9.1. Lemma 5.1

For each j ∈ {1, ..., J}, (Xj,t(υj))t∈Z is a stochastic process taking values in Xυj equipped with | · |
given by

Xj,t+1(υj) = ϕj,t(Xj,t(υj); υj)

for all υj ∈ Υj where (ϕj,t(·; υj))t∈Z is a sequence of stationary and ergodic Lipschitz functions given
by

ϕj,t(x; υj) = ϕj(Yt, x; υj)

for all υj ∈ Υj with Lipschitz coefficient

Λ̄(ϕj,t; υj) = sup
x,y∈XΥj

x ̸=y

|ϕj,t(x; υj)− ϕj,t(y; υj)|
|x− y|

≤ sup
x∈XΥj

∣∣∣∣∂ϕj,t(x; υj)

∂x

∣∣∣∣ = Λ̄j,t(υj)
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for all υj ∈ Υj .
The conclusion follows from Lemma Appendix A.1 since

(i) there exists an x ∈ XΥj such that E[log+ supυj∈Υj
|ϕj,t(x; υj)− x|] < ∞,

(ii) E[log+ supυj∈Υj
Λ̄j,t(υj)] < ∞, and

(iii) E[log supυj∈Υj
Λ̄j,t(υj)] < 0

for each j ∈ {1, ..., J} by assumption.

9.2. Lemma 5.2

The proof consists of two parts. The first part considers the stochastic process (πt|t(θ))t∈Z, and
the second part considers the stochastic process (π̂t|t(θ))t∈N. Let C ∈ R be an arbitrary constant
that can change throughout the proof.

First, (πt|t(θ))t∈Z is a stochastic process taking values in S equipped with || · ||2 given by

πt|t(θ) = ϕt(πt−1|t−1(θ); θ)

for all θ ∈ Θ where (ϕt(·; θ))t∈Z is a sequence of stationary and ergodic Lipschitz functions given by

ϕt(s; θ) = Ft(P
′s; θ)P′s

for all θ ∈ Θ with Lipschitz coefficient

Λ̄(ϕt; θ) = sup
x,y∈S
x ̸=y

||ϕt(x; θ)− ϕt(y; θ)||2
||x− y||2

for all θ ∈ Θ.
The first conclusion follows from Lemma Appendix A.2 if

(i) there exists an s ∈ S such that E[log+ supθ∈Θ ||ϕt(s; θ)− s||2] < ∞,

(ii) E[log+ supθ∈Θ Λ̄(ϕt; θ)] < ∞, and

(iii) there exists an r ∈ N such that E[log supθ∈Θ Λ̄(ϕ
(r)
t ; θ)] < 0.

Condition (i) is trivial. Note that

Pθ(St = j | Yu
−∞) =

J∑
i=1

Pθ(St = j | St−1 = i,Yu
−∞)Pθ(St−1 = i | Yu

−∞)

for all t ≤ u where

Pθ(St = j | St−1 = i,Yu
−∞) =

Pθ(Y
u
t ∈ dyu

t , St = j | St−1 = i,Yt−1
−∞)∑J

k=1 Pθ(Y
u
t ∈ dyu

t , St = k | St−1 = i,Yt−1
−∞)
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=
Pθ(Y

u
t ∈ dyu

t | St = j, St−1 = i,Yt−1
−∞)Pθ(St = j | St−1 = i,Yt−1

−∞)∑J
k=1 Pθ(Y

u
t ∈ dyu

t | St = k, St−1 = i,Yt−1
−∞)Pθ(St = k | St−1 = i,Yt−1

−∞)

=
Pθ(Y

u
t ∈ dyu

t | Yt−1
−∞, St = j)Pθ(St = j | St−1 = i)∑J

k=1 Pθ(Y
u
t ∈ dyu

t | Yt−1
−∞, St = k)Pθ(St = k | St−1 = i)

.

Hence, πj,t|u(θ) := Pθ(St = j | Yu
−∞) is given by

πj,t|u(θ) =

J∑
i=1

Pθ(Y
u
t ∈ dyu

t | Yt−1
−∞, St = j)pij∑J

k=1 Pθ(Y
u
t ∈ dyu

t | Yt−1
−∞, St = k)pik

πi,t−1|u(θ)

for all t ≤ u where

Pθ(Y
u
t ∈ dyu

t | Yt−1
−∞, St = j) =

J∑
st+1=1

· · ·
J∑

su=1

pjst+1
· · · psu−1sufj,t|t−1(Yt;Xj,t(υj), υj) · · · fsu,u|u−1(Yu;Xsu,u(υsu), υsu),

and πt|u(θ) := (π1,t|u(θ), ..., πJ,t|u(θ))
′ is given by

πt|u(θ) = M′
t|u(θ)πt−1|u(θ)

for all t ≤ u where Mt|u(θ) is a stochastic matrix with generic element

[Mt|u(θ)]ij =
Pθ(Y

u
t ∈ dyu

t | Yt−1
−∞, St = j)pij∑J

k=1 Pθ(Y
u
t ∈ dyu

t | Yt−1
−∞, St = k)pik

.

Thus, we have that
πt|t(θ) = M′

t|t(θ) · · ·M
′
t−r+1|t(θ)πt−r|t(θ) (6)

for all r ∈ N where

[πt−r|t(θ)]j =
Pθ(Y

t
t−r+1 ∈ dyt

t−r+1 | Y
t−r
−∞, St−r = j)[πt−r|t−r(θ)]j∑J

k=1 Pθ(Y
t
t−r+1 ∈ dyt

t−r+1 | Y
t−r
−∞, St−r = k)[πt−r|t−r(θ)]k

.

This observation leads to Lemma 9.2 proved using the following lemma.

Lemma 9.1. If there exists an ε ∈ (0, 1) such that

pij ≥ ε

for all i, j ∈ {1, ..., J}, then, for all τ ≤ t, there exist a vτ |t(θ) ∈ S such that

[Mτ |t(θ)]ij ≥ ε[vτ |t(θ)]j

for all i, j ∈ {1, ..., J}.
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Proof 1. Let vτ |t(θ) be a stochastic vector with generic element

[vτ |t(θ)]j =
Pθ(Y

t
τ ∈ dyt

τ | Yτ−1
−∞ , Sτ = j)∑J

k=1 Pθ(Yt
τ ∈ dyt

τ | Yτ−1
−∞ , Sτ = k)

.

Then,

[Mτ |t(θ)]ij =
Pθ(Y

t
τ ∈ dyt

τ | Yτ−1
−∞ , Sτ = j)pij∑J

k=1 Pθ(Yt
τ ∈ dyt

τ | Yτ−1
−∞ , Sτ = k)pik

≥ ε
Pθ(Y

t
τ ∈ dyt

τ | Yτ−1
−∞ , Sτ = j)∑J

k=1 Pθ(Yt
τ ∈ dyt

τ | Yτ−1
−∞ , Sτ = k)

= ε[vτ |t(θ)]j .

Lemma 9.2. Assume that there exists an ε ∈ (0, 1) such that

pij ≥ ε

for all i, j ∈ {1, ..., J}. Then, there exists an α ∈ (0, 1) such that

||ϕ(r)
t (x; θ)− ϕ

(r)
t (y; θ)||2

||x− y||2
≤ αrC

for all r ∈ N, x,y ∈ S with x ̸= y, and θ ∈ Θ.

Proof 2. First, || · ||2 ≤ || · ||1 implies that

||ϕ(r)
t (x; θ)− ϕ

(r)
t (y; θ)||2 ≤ ||ϕ(r)

t (x; θ)− ϕ
(r)
t (y; θ)||1. (7)

To ease the notation, let pj,t := Pθ(Y
t
t−r+1 ∈ dyt

t−r+1 | Y
t−r
−∞, St−r = j). Equation (6) shows that

ϕ
(r)
t (z; θ) = M′

t|t(θ) · · ·M
′
t−r+1|t(θ)z̃,

where
z̃j =

pj,tzj∑J
k=1 pk,tzk

.

An application of Lemma Appendix B.1 together with Lemma 9.1 thus shows that there exists an
α ∈ (0, 1) such that

||ϕ(r)
t (x; θ)− ϕ

(r)
t (y; θ)||1 ≤ αr||x̃− ỹ||1,

where

||x̃− ỹ||1 =
J∑

j=1

∣∣∣∣∣ pj,txj∑J
k=1 pk,txk

− pj,tyj∑J
k=1 pk,tyk

∣∣∣∣∣ .
Note that∣∣∣∣∣ pj,txj∑J

k=1 pk,txk
− pj,tyj∑J

k=1 pk,tyk

∣∣∣∣∣ =
∣∣∣∣∣ pj,txj∑J

k=1 pk,txk
− pj,tyj∑J

k=1 pk,txk
+

pj,tyj∑J
k=1 pk,txk

− pj,tyj∑J
k=1 pk,tyk

∣∣∣∣∣
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≤

∣∣∣∣∣ pj,txj∑J
k=1 pk,txk

− pj,tyj∑J
k=1 pk,txk

∣∣∣∣∣+
∣∣∣∣∣ pj,tyj∑J

k=1 pk,txk
− pj,tyj∑J

k=1 pk,tyk

∣∣∣∣∣
=

pj,t∑J
k=1 pk,txk

|xj − yj |+
pj,tyj∑J

k=1 pk,tyk

1∑J
k=1 pk,txk

∣∣∣∣∣
J∑

k=1

pk,t(xk − yk)

∣∣∣∣∣
≤ pj,t∑J

k=1 pk,txk
|xj − yj |+

J∑
k=1

pk,t∑J
k=1 pk,txk

|xk − yk|

≤ 1

ε
|xj − yj |+

1

ε

J∑
k=1

|xk − yk|

since

pi,t =
J∑

j=1

Pθ(Y
t
t−r+1 ∈ dyt

t−r+1 | Yt−r
−∞, St−r+1 = j)pij .

Hence,

||ϕ(r)
t (x; θ)− ϕ

(r)
t (y; θ)||1 ≤ αr J + 1

ε
||x− y||1. (8)

Finally, || · ||1 ≤
√
J || · ||2 implies that

αr J + 1

ε
||x− y||1 ≤ αr J + 1

ε

√
J ||x− y||2. (9)

Together, Equation (7)-(9) show that

||ϕ(r)
t (x; θ)− ϕ

(r)
t (y; θ)||2

||x− y||2
≤ αr J + 1

ε

√
J.

This concludes the proof.

Condition (ii) and (iii) follow straightforwardly from Lemma 9.2.
Moreover, (π̂t|t(θ))t∈N is a stochastic process taking values in S equipped with || · ||2 given by

π̂t|t(θ) = ϕ̂t(π̂t−1|t−1(θ); θ)

for all θ ∈ Θ where (ϕ̂t(·; θ))t∈N is a sequence of non-stationary Lipschitz functions given by

ϕ̂t(s; θ) = F̂t(P
′s; θ)P′s

for all θ ∈ Θ.
The second conclusion follows from Lemma Appendix A.2 as well if

20



(i) E[log+ supθ∈Θ ||πt|t(θ)||2] < ∞,

(ii) there exists an s ∈ S such that supθ∈Θ ||ϕ̂t(s; θ)− ϕt(s; θ)||2
e.a.s.→ 0 as t → ∞, and

(iii) supθ∈Θ Λ̄(ϕ̂t − ϕt; θ)
e.a.s.→ 0 as t → ∞.

As above, Condition (i) is trivial. We have that

|[ϕ̂t(s; θ)− ϕt(s; θ)]j | =

∣∣∣∣∣
∑J

i=1 f̂j,t|t−1pijsi∑J
k=1

∑J
l=1 f̂k,t|t−1plksl

−
∑J

i=1 fj,t|t−1pijsi∑J
k=1

∑J
l=1 fk,t|t−1plksl

∣∣∣∣∣
for all j ∈ {1, ..., J} where f̂j,t|t−1 denotes fj,t|t−1(Yt; X̂j,t(υj), υj) and fj,t|t−1 denotes

fj,t|t−1(Yt;Xj,t(υj), υj). Let g
θ
t : Xυ1 × · · · × XυJ → R be given by

gθt (x) =

∑J
i=1 fj,t|t−1(Yt;xj , υj)pijsi∑J

k=1

∑J
l=1 fk,t|t−1(Yt;xk, υk)plksl

.

An application of the mean value theorem and the Cauchy–Schwarz inequality shows that there exists
an X̄t(υ) ∈ {cX̂t(υ) + (1− c)Xt(υ) : c ∈ [0, 1]} such that

|gθt (X̂t(υ))− gθt (Xt(υ))| ≤ ||∇xg
θ
t (X̄t(υ))||2||X̂t(υ)−Xt(υ)||2,

where, if m ̸= j,

|[∇xg
θ
t (X̄t(υ))]m| ≤

∑J
i=1 f̄j,t|t−1pijsi

(
∑J

k=1

∑J
l=1 f̄k,t|t−1plksl)2

J∑
l=1

|∇xf̄m,t|t−1|plmsl ≤ C|∇x log f̄m,t|t−1|

and, if m = j,

|[∇xg
θ
t (X̄t(υ))]m| ≤

∑J
i=1 |∇xf̄m,t|t−1|pimsi∑J
k=1

∑J
l=1 f̄k,t|t−1plksl

+

∑J
i=1 f̄m,t|t−1pimsi

(
∑J

k=1

∑J
l=1 f̄k,t|t−1plksl)2

J∑
l=1

|∇xf̄m,t|t−1|plmsl ≤ C|∇x log f̄m,t|t−1|

where f̄j,t|t−1 denotes fj,t|t−1(Yt; X̄j,t(υj), υj) so

||∇xg
θ
t (X̄t(υ))||2 ≤ C

J∑
m=1

∣∣∇x log f̄m,t|t−1

∣∣ .
Hence, we have that

sup
θ∈Θ

|[ϕ̂t(s; θ)− ϕt(s; θ)]j | ≤ C

J∑
m,n=1

sup
υ∈Υm

sup
x∈XΥm

∣∣∣∣∂ log fm,t|t−1

∂x

∣∣∣∣ sup
υn∈Υn

|X̂n,t(υn)−Xn,t(υn)|
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for all j ∈ {1, ..., J} where
∂ log fj,t|t−1

∂x denotes
∂ log fj,t|t−1(Yt;x,υ)

∂x . Condition (ii) then follows from
Lemmata 2.1 and 2.2 in Straumann and Mikosch (2006) since (Yt)t∈Z is stationary by Assumption 1,

for each j ∈ {1, ..., J}, E
[
supυ∈Υj

supx∈XΥj

∣∣∣∂ log fj,t|t−1(Yt;x,υ)

∂x

∣∣∣mj
]
< ∞ by assumption, and, for each

j ∈ {1, ..., J}, supυj∈Υj
|X̂j,t(υj)−Xj,t(υj)|

e.a.s.→ 0 as t → ∞ by Lemma 5.1. Moreover, we have that

sup
x,y∈S
x̸=y

|[(ϕ̂t(x; θ)− ϕt(x; θ))− (ϕ̂t(y; θ)− ϕt(y; θ))]j |
||x− y||2

≤ sup
s∈S

∣∣∣∣∣
∣∣∣∣∣∂[ϕ̂t(s; θ)]j

∂s
− ∂[ϕt(s; θ)]j

∂s

∣∣∣∣∣
∣∣∣∣∣
2

for all j ∈ {1, ..., J} where∣∣∣∣∣
[
∂[ϕ̂t(s; θ)]j

∂s
− ∂[ϕt(s; θ)]j

∂s

]
r

∣∣∣∣∣ ≤
∣∣∣∣∣ f̂j,t|t−1prj∑J

k=1

∑J
l=1 f̂k,t|t−1plksl

−
fj,t|t−1prj∑J

k=1

∑J
l=1 fk,t|t−1plksl

∣∣∣∣∣
+

∣∣∣∣∣ (
∑J

i=1 f̂j,t|t−1pijsi)(
∑J

k=1 f̂k,t|t−1prk)

(
∑J

k=1

∑J
l=1 f̂k,t|t−1plksl)2

−
(
∑J

i=1 fj,t|t−1pijsi)(
∑J

k=1 fk,t|t−1prk)

(
∑J

k=1

∑J
l=1 fk,t|t−1plksl)2

∣∣∣∣∣
for all r ∈ {1, ..., J} where f̂j,t|t−1 denotes fj,t|t−1(Yt; X̂j,t(υj), υj) and fj,t|t−1 denotes

fj,t|t−1(Yt;Xj,t(υj), υj) as above. First, let h
θ
1,t : Xυ1 × · · · × XυJ → R be given by

hθ1,t(x) =
fj,t|t−1(Yt;xj , υj)prj∑J

k=1

∑J
l=1 fk,t|t−1(Yt;xk, υk)plksl

.

Then, there exists an X̄t(υ) ∈ {cX̂t(υ) + (1 − c)Xt(υ) : c ∈ [0, 1]} (not necessarily equal to the one
above) such that

|hθ1,t(X̂t(υ))− hθ1,t(Xt(υ))| ≤ ||∇xh
θ
1,t(X̄t(υ))||2||X̂t(υ)−Xt(υ)||2,

where, if m ̸= j,

|[∇xh
θ
1,t(X̄t(υ))]m| ≤

f̄j,t|t−1prj

(
∑J

k=1

∑J
l=1 f̄k,t|t−1plksl)2

J∑
l=1

|∇xf̄m,t|t−1|plmsl ≤ C|∇x log f̄m,t|t−1|

and, if m = j,

|[∇xh
θ
1,t(X̄t(υ))]m| ≤

|∇xf̄m,t|t−1|prm∑J
k=1

∑J
l=1 f̄k,t|t−1plksl

+
f̄m,t|t−1prm

(
∑J

k=1

∑J
l=1 f̄k,t|t−1plksl)2

J∑
l=1

|∇xf̄m,t|t−1|plmsl ≤ C|∇x log f̄m,t|t−1|
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where f̄j,t|t−1 denotes fj,t|t−1(Yt; X̄j,t(υj), υj) so

||∇xh
θ
1,t(X̄t(υ))||2 ≤ C

J∑
m=1

∣∣∇x log f̄m,t|t−1

∣∣ .
Moreover, let hθ2,t : Xυ1 × · · · × XυJ → R be given by

hθ2,t(x) =
(
∑J

i=1 fj,t|t−1(Yt;xj , υj)pijsi)(
∑J

k=1 fk,t|t−1(Yt;xk, υk)prk)

(
∑J

k=1

∑J
l=1 fk,t|t−1(Yt;xk, υk)plksl)2

.

Again, there exists an X̄t(υ) ∈ {cX̂t(υ) + (1− c)Xt(υ) : c ∈ [0, 1]} (not necessarily equal to the ones
above) such that

|hθ2,t(X̂t(υ))− hθ2,t(Xt(υ))| ≤ ||∇xh
θ
2,t(X̄t(υ))||2||X̂t(υ)−Xt(υ)||2,

where, if m ̸= j,

|[∇xh
θ
2,t(X̄t(υ))]m| ≤

(
∑J

i=1 f̄j,t|t−1pijsi)(|∇xf̄m,t|t−1|prm)

(
∑J

k=1

∑J
l=1 f̄k,t|t−1plksl)2

+ 2
(
∑J

i=1 f̄j,t|t−1pijsi)(
∑J

k=1 f̄k,t|t−1prk)

(
∑J

k=1

∑J
l=1 f̄k,t|t−1plksl)3

J∑
l=1

|∇xf̄m,t|t−1|plmsl ≤ C|∇x log f̄m,t|t−1|

and, if m = j,

|[∇xh
θ
2,t(X̄t(υ))]m| ≤

(
∑J

i=1 |∇xf̄m,t|t−1|pimsi)(
∑J

k=1 f̄k,t|t−1prk)

(
∑J

k=1

∑J
l=1 f̄k,t|t−1plksl)2

+
(
∑J

i=1 f̄m,t|t−1pimsi)(|∇xf̄m,t|t−1|prm)

(
∑J

k=1

∑J
l=1 f̄k,t|t−1plksl)2

+ 2
(
∑J

i=1 f̄m,t|t−1pimsi)(
∑J

k=1 f̄k,t|t−1prk)

(
∑J

k=1

∑J
l=1 f̄k,t|t−1plksl)3

J∑
l=1

|∇xf̄m,t|t−1|plmsl ≤ C|∇x log f̄m,t|t−1|

where f̄j,t|t−1 denotes fj,t|t−1(Yt; X̄j,t(υj), υj) so

||∇xh
θ
2,t(X̄t(υ))||2 ≤ C

J∑
m=1

∣∣∇x log f̄m,t|t−1

∣∣ .
Hence, we have that

sup
θ∈Θ

sup
s∈S

∣∣∣∣∣
[
∂[ϕ̂t(s; θ)]j

∂s
− ∂[ϕt(s; θ)]j

∂s

]
r

∣∣∣∣∣ ≤ C

J∑
m,n=1

sup
υ∈Υm

sup
x∈XΥm

∣∣∣∣∂ log fm,t|t−1

∂x

∣∣∣∣ sup
υn∈Υn

|X̂n,t(υn)−Xn,t(υn)|
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for all j ∈ {1, ..., J} and r ∈ {1, ..., J} where
∂ log fj,t|t−1

∂x denotes
∂ log fj,t|t−1(Yt;x,υ)

∂x as above. Condition
(iii) then follows from Lemmata 2.1 and 2.2 in Straumann and Mikosch (2006) as well since (Yt)t∈Z is

stationary by Assumption 1, for each j ∈ {1, ..., J}, E
[
supυ∈Υj

supx∈XΥj

∣∣∣∂ log fj,t|t−1(Yt;x,υ)

∂x

∣∣∣mj
]
< ∞

by assumption, and, for each j ∈ {1, ..., J}, supυj∈Υj
|X̂j,t(υj)−Xj,t(υj)|

e.a.s.→ 0 as t → ∞ by Lemma
5.1.

9.3. Theorem 5.1

First, recall that L̂T (θ) is given by L̂T (θ) = 1
T

∑T
t=1 log f̂t|t−1(Yt; θ) where f̂t|t−1(Yt; θ) =∑J

j=1 π̂j,t|t−1(θ)fj,t|t−1(Yt; X̂j,t(υj), υj), and let LT (θ) be given by LT (θ) = 1
T

∑T
t=1 log ft|t−1(Yt; θ)

where ft|t−1(Yt; θ) =
∑J

j=1 πj,t|t−1(θ)fj,t|t−1(Yt;Xj,t(υj), υj). Moreover, let L(θ) = E[log ft|t−1(Yt; θ)].
Finally, let C ∈ R be an arbitrary constant that can change throughout the proof.

The conclusion follows from Lemmata 3.1 and 4.1 in Pötscher and Prucha (1997) if

(i) Θ is compact,

(ii) supθ∈Θ |L̂T (θ)− L(θ)| a.s.→ 0 as T → ∞,

(iii) θ 7→ L(θ) is continuous on Θ, and

(iv) L(θ) ≤ L(θ0) for all θ ∈ Θ with equality if and only if θ = θ0.

Condition (i) follows from Assumption 2. Condition (ii) follows from Lemmata 9.3 and 9.4 since

sup
θ∈Θ

|L̂T (θ)− L(θ)| ≤ sup
θ∈Θ

|L̂T (θ)− LT (θ)|+ sup
θ∈Θ

|LT (θ)− L(θ)|,

and Condition (iii) is a by-product of the law of large numbers used in the proof of Lemma 9.4.

Lemma 9.3. Assume that Assumption 1-3 and the conditions in Lemmata 5.1 and 5.2 hold. Then,

sup
θ∈Θ

|L̂T (θ)− LT (θ)|
a.s.→ 0 as T → ∞.

Proof 3. We have that

|L̂T (θ)− LT (θ)| ≤
1

T

T∑
t=1

| log f̂t|t−1 − log f̃t|t−1|+
1

T

T∑
t=1

| log f̃t|t−1 − log ft|t−1|,

where f̂t|t−1 denotes f̂t|t−1(Yt; θ), f̃t|t−1 denotes f̃t|t−1(Yt; θ) =
∑J

j=1 πj,t|t−1(θ)fj,t|t−1(Yt; X̂j,t(υj), υj),

and ft|t−1 denotes ft|t−1(Yt; θ). First, let gθ1,t : Sθ → R be given by

gθ1,t(s) = log

J∑
j=1

sjfj,t|t−1(Yt; X̂j,t(υj), υj).
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An application of the mean value theorem and the Cauchy-Schwarz inequality shows that there exists
an π̄t|t−1(θ) ∈ {cπ̂t|t−1(θ) + (1− c)πt|t−1(θ) : c ∈ [0, 1]} such that

|gθ1,t(π̂t|t−1(θ))− gθ1,t(πt|t−1(θ))| ≤ ||∇sg
θ
1,t(π̄t|t−1(θ))||2||π̂t|t−1(θ)− πt|t−1(θ)||2,

where

|[∇sg
θ
1,t(π̄t|t−1(θ))]k| =

fk,t|t−1(Yt; X̂k,t(υk), υk)∑J
j=1 π̄j,t|t−1(θ)fj,t|t−1(Yt; X̂j,t(υj), υj)

=
1

π̄k,t|t−1(θ)

π̄k,t|t−1(θ)fk,t|t−1(Yt; X̂k,t(υk), υk)∑J
j=1 π̄j,t|t−1(θ)fj,t|t−1(Yt; X̂j,t(υj), υj)

≤ C

by Remark 5.1 so
||∇sg

θ
1,t(π̄t|t−1(θ))||2 ≤ C.

Moreover, let gθ2,t : Xυ1 × · · · × XυJ → R be given by

gθ2,t(x) = log
J∑

j=1

πj,t|t−1(θ)fj,t|t−1(Yt;xj , υj).

Another application of the mean value theorem and the Cauchy-Schwarz inequality shows that there
exists an X̄t(υ) ∈ {cX̂t(υ) + (1− c)Xt(υ) : c ∈ [0, 1]} such that

|gθ2,t(X̂t(υ))− gθ2,t(Xt(υ))| ≤ ||∇xg
θ
2,t(X̄t(υ))||2||X̂t(υ)−Xt(υ)||2,

where

|[∇xg
θ
2,t(X̄t(υ))]k| =

πk,t|t−1(θ)|∇xfk,t|t−1(Yt; X̄k,t(υk), υk)|∑J
j=1 πj,t|t−1(θ)fj,t|t−1(Yt; X̄j,t(υj), υj)

=
πk,t|t−1(θ)fk,t|t−1(Yt; X̄k,t(υk), υk)∑J
j=1 πj,t|t−1(θ)fj,t|t−1(Yt; X̄j,t(υj), υj)

|∇x log fk,t|t−1(Yt; X̄k,t(υk), υk)|

≤ |∇x log fk,t|t−1(Yt; X̄k,t(υk), υk)|

so

||∇xg
θ
2,t(X̄t(υ))||2 ≤

J∑
k=1

∣∣∇x log fk,t|t−1(Yt; X̄k,t(υk), υk)
∣∣ .

Hence, we have that

sup
θ∈Θ

|L̂T (θ)− LT (θ)| ≤ C
1

T

T∑
t=1

sup
θ∈Θ

||π̂t|t−1(θ)− πt|t−1(θ)||2
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+
1

T

T∑
t=1

J∑
k,l=1

sup
υ∈Υk

sup
x∈XΥk

∣∣∣∣∂ log fk,t|t−1

∂x

∣∣∣∣ sup
υl∈Υl

|X̂l,t(υl)−Xl,t(υl)|,

where
∂ log fj,t|t−1

∂x denotes
∂ log fj,t|t−1(Yt;x,υ)

∂x . The conclusion thus follows from Lemmata 2.1 and
2.2 in Straumann and Mikosch (2006) since (Yt)t∈Z is stationary by Assumption 1, for each

j ∈ {1, ..., J}, E
[
supυ∈Υj

supx∈XΥj

∣∣∣∂ log fj,t|t−1(Yt;x,υ)

∂x

∣∣∣mj
]
< ∞ by assumption, for each j ∈ {1, ..., J},

supυj∈Υj
|X̂j,t(υj)−Xj,t(υj)|

e.a.s.→ 0 as t → ∞ by Lemma 5.1, and supθ∈Θ ||π̂t|t−1(θ)−πt|t−1(θ)||2
e.a.s.→

0 as t → ∞ by Corollary 5.1.

Lemma 9.4. Assume that Assumption 1-4 and the conditions in Lemmata 5.1 and 5.2 hold. Then,

sup
θ∈Θ

|LT (θ)− L(θ)| a.s.→ 0 as T → ∞.

Proof 4. First, (log ft|t−1(Yt; θ))t∈Z is stationary and ergodic for all θ ∈ Θ since (Yt)t∈Z is stationary
and ergodic by Assumption 1, for each j ∈ {1, ..., J}, (Xj,t(υj))t∈Z is stationary and ergodic for all
υj ∈ Υj by Lemma 5.1, and (πt|t−1(θ))t∈Z is stationary and ergodic for all θ ∈ Θ by Corollary 5.1.
Note that

| log ft|t−1(Yt; θ)| ≤
J∑

j=1

| log fj,t|t−1(Yt;Xj,t(υj), υj)|

since

log ft|t−1(Yt; θ) ≥ log min
j∈{1,...,J}

fj,t|t−1(Yt;Xj,t(υj), υj)

= min
j∈{1,...,J}

log fj,t|t−1(Yt;Xj,t(υj), υj)

≥ min
j∈{1,...,J}

−| log fj,t|t−1(Yt;Xj,t(υj), υj)| ≥ −
J∑

j=1

| log fj,t|t−1(Yt;Xj,t(υj), υj)|

and

log ft|t−1(Yt; θ) ≤ log max
j∈{1,...,J}

fj,t|t−1(Yt;Xj,t(υj), υj)

= max
j∈{1,...,J}

log fj,t|t−1(Yt;Xj,t(υj), υj)

≤ max
j∈{1,...,J}

| log fj,t|t−1(Yt;Xj,t(υj), υj)| ≤
J∑

j=1

| log fj,t|t−1(Yt;Xj,t(υj), υj)|.

Hence, E
[
supθ∈Θ | log ft|t−1(Yt; θ)|

]
< ∞ since, for

each j ∈ {1, ..., J}, E
[
supυ∈Υj

| log fj,t|t−1(Yt;Xj,t(υ), υ)|
]
< ∞ by Assumption 4. The conclusion

thus follows from the uniform law of large numbers by Rao (1962).
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Finally, Condition (iv) follows from Lemma 9.5.

Lemma 9.5. Assume that Assumption 1-5 and the conditions in Lemmata 5.1 and 5.2 hold. Then,

L(θ) ≤ L(θ0)

for all θ ∈ Θ with equality if and only if θ = θ0.

Proof 5. We have that

L(θ)− L(θ0) = E
[
log

ft|t−1(Yt; θ)

ft|t−1(Yt; θ0)

]
.

Observe that

E
[
log

ft|t−m(Yt, ..., Yt−m+1; θ)

ft|t−m(Yt, ..., Yt−m+1; θ0)

]
= E

[
log

m∏
i=1

ft−i+1|t−i(Yt−i+1; θ)

ft−i+1|t−i(Yt−i+1; θ0)

]

=

m∑
i=1

E
[
log

ft−i+1|t−i(Yt−i+1; θ)

ft−i+1|t−i(Yt−i+1; θ0)

]
= mE

[
log

ft|t−1(Yt; θ)

ft|t−1(Yt; θ0)

]
,

so

E
[
log

ft|t−1(Yt; θ)

ft|t−1(Yt; θ0)

]
=

1

m
E
[
log

ft|t−m(Yt, ..., Yt−m+1; θ)

ft|t−m(Yt, ..., Yt−m+1; θ0)

]
.

Note that log x ≤ x− 1 for all x > 0 with equality if and only if x = 1. Thus,

E
[
log

ft|t−m(Yt, ..., Yt−m+1; θ)

ft|t−m(Yt, ..., Yt−m+1; θ0)

]
≤ 0

for all θ ∈ Θ with equality if and only if ft|t−m(Yt, ..., Yt−m+1; θ) = ft|t−m(Yt, ..., Yt−m+1; θ0) a.s.
Hence, we have that

L(θ)− L(θ0) ≤ 0

for all θ ∈ Θ with equality if and only if θ = θ0 by Assumption 5.

9.4. Theorem 5.2

First, ∇θL̂T (θ) is given by

∇θL̂T (θ) =
1

T

T∑
t=1

1

f̂t|t−1(Yt; θ)
∇θf̂t|t−1(Yt; θ),

where

∇θf̂t|t−1(Yt; θ) =

J∑
j=1

(
∇θπ̂j,t|t−1(θ)fj,t|t−1(Yt; X̂j,t(υj), υj) + π̂j,t|t−1(θ)∇θfj,t|t−1(Yt; X̂j,t(υj), υj)

)
,
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with ∇θfj,t|t−1(Yt; X̂j,t(υj), υj) = ∇̄xfj,t|t−1(Yt; X̂j,t(υj), υj)∇θX̂j,t(υj) + ∇̄υfj,t|t−1(Yt; X̂j,t(υj), υj),

∇̄xfj,t|t−1(Yt; X̂j,t(υj), υj) =
∂fj,t|t−1(Yt;x,υ)

∂x

∣∣∣
x=X̂j,t(υj),υ=υj

,

∇̄υfj,t|t−1(Yt; X̂j,t(υj), υj) =
(
0, ∇̄υ1fj,t|t−1(Yt; X̂j,t(υj), υj), ..., ∇̄υdj

fj,t|t−1(Yt; X̂j,t(υj), υj), 0
)′

,

and ∇̄υifj,t|t−1(Yt; X̂j,t(υj), υj) =
∂fj,t|t−1(Yt;x,υ)

∂υi

∣∣∣
x=X̂j,t(υj),υ=υj

where ∇θπ̂j,t|t−1(θ) and ∇θX̂j,t(υj) are

given in Lemma X and Lemma X, respectively, and ∇θLT (θ) is given by

∇θLT (θ) =
1

T

T∑
t=1

1

ft|t−1(Yt; θ)
∇θft|t−1(Yt; θ),

where

∇θft|t−1(Yt; θ) =

J∑
j=1

(
∇θπj,t|t−1(θ)fj,t|t−1(Yt;Xj,t(υj), υj) + πj,t|t−1(θ)∇θfj,t|t−1(Yt;Xj,t(υj), υj)

)
,

with ∇θfj,t|t−1(Yt;Xj,t(υj), υj) = ∇̄xfj,t|t−1(Yt;Xj,t(υj), υj)∇θXj,t(υj) + ∇̄υfj,t|t−1(Yt;Xj,t(υj), υj),

∇̄xfj,t|t−1(Yt;Xj,t(υj), υj) =
∂fj,t|t−1(Yt;x,υ)

∂x

∣∣∣
x=Xj,t(υj),υ=υj

,

∇̄υfj,t|t−1(Yt;Xj,t(υj), υj) =
(
0, ∇̄υ1fj,t|t−1(Yt;Xj,t(υj), υj), ..., ∇̄υdj

fj,t|t−1(Yt;Xj,t(υj), υj), 0
)′

,

and ∇̄υifj,t|t−1(Yt;Xj,t(υj), υj) =
∂fj,t|t−1(Yt;x,υ)

∂υi

∣∣∣
x=Xj,t(υj),υ=υj

where ∇θπj,t|t−1(θ) and ∇θXj,t(υj) are

given in Lemma X and Lemma X, respectively. Moreover, ∇θθL̂T (θ) is given by

∇θθL̂T (θ) =
1

T

T∑
t=1

(
− 1

f̂2
t|t−1(Yt; θ)

∇θf̂t|t−1(Yt; θ)∇θ′ f̂t|t−1(Yt; θ) +
1

f̂t|t−1(Yt; θ)
∇θθf̂t|t−1(Yt; θ)

)
,

where

∇θθf̂t|t−1(Yt; θ) =

J∑
j=1

(
∇θθπ̂j,t|t−1(θ)fj,t|t−1(Yt; X̂j,t(υj), υj) +∇θπ̂j,t|t−1(θ)∇θ′fj,t|t−1(Yt; X̂j,t(υj), υj)

+∇θfj,t|t−1(Yt; X̂j,t(υj), υj)∇θ′ π̂j,t|t−1(θ) + π̂j,t|t−1(θ)∇θθfj,t|t−1(Yt; X̂j,t(υj), υj)

)
,

with ∇θθfj,t|t−1(Yt; X̂j,t(υj), υj) = ∇̄xxfj,t|t−1(Yt; X̂j,t(υj), υj)∇θX̂j,t(υj)∇θ′X̂j,t(υj) +

∇θX̂j,t(υj)∇̄xυfj,t|t−1(Yt; X̂j,t(υj), υj) + ∇̄xfj,t|t−1(Yt; X̂j,t(υj), υj)∇θθX̂j,t(υj) +
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∇̄υxfj,t|t−1(Yt; X̂j,t(υj), υj)∇θ′X̂j,t(υj) + ∇̄υυfj,t|t−1(Yt; X̂j,t(υj), υj), ∇̄xxfj,t|t−1(Yt; X̂j,t(υj), υj) =
∂2fj,t|t−1(Yt;x,υ)

∂x2

∣∣∣
x=X̂j,t(υj),υ=υj

,

∇̄υυfj,t|t−1(Yt; X̂j,t(υj), υj) =


0 0 · · · 0 0

0 ∇̄υ1υ1
fj,t|t−1(Yt; X̂j,t(υj), υj) · · · ∇̄υ1υdj

fj,t|t−1(Yt; X̂j,t(υj), υj) 0
...

...
. . .

...
...

0 ∇̄υdj
υ1
fj,t|t−1(Yt; X̂j,t(υj), υj) · · · ∇̄υdj

υdj
fj,t|t−1(Yt; X̂j,t(υj), υj) 0

0 0 · · · 0 0

 ,

and ∇̄υiυkfj,t|t−1(Yt; X̂j,t(υj), υj) =
∂fj,t|t−1(Yt;x,υ)

∂υiυk

∣∣∣
x=X̂j,t(υj),υ=υj

where ∇θθπ̂j,t|t−1(θ) and ∇θθX̂j,t(υj)

are given in Lemma X and Lemma X, respectively, and ∇θθLT (θ) is given by

∇θθLT (θ) =
1

T

T∑
t=1

(
− 1

f2
t|t−1(Yt; θ)

∇θft|t−1(Yt; θ)∇θ′ft|t−1(Yt; θ) +
1

ft|t−1(Yt; θ)
∇θθft|t−1(Yt; θ)

)
,

where

∇θθft|t−1(Yt; θ) =

J∑
j=1

(
∇θθπj,t|t−1(θ)fj,t|t−1(Yt;Xj,t(υj), υj) +∇θπj,t|t−1(θ)∇θ′fj,t|t−1(Yt;Xj,t(υj), υj)

+∇θfj,t|t−1(Yt;Xj,t(υj), υj)∇θ′πj,t|t−1(θ) + πj,t|t−1(θ)∇θθfj,t|t−1(Yt;Xj,t(υj), υj)

)
,

with ∇θθfj,t|t−1(Yt;Xj,t(υj), υj) = ∇̄xxfj,t|t−1(Yt;Xj,t(υj), υj)∇θXj,t(υj)∇θ′Xj,t(υj) +

∇θXj,t(υj)∇̄xυfj,t|t−1(Yt;Xj,t(υj), υj) + ∇̄xfj,t|t−1(Yt;Xj,t(υj), υj)∇θθXj,t(υj) +

∇̄υxfj,t|t−1(Yt;Xj,t(υj), υj)∇θ′Xj,t(υj) + ∇̄υυfj,t|t−1(Yt;Xj,t(υj), υj), ∇̄xxfj,t|t−1(Yt;Xj,t(υj), υj) =
∂2fj,t|t−1(Yt;x,υ)

∂x2

∣∣∣
x=Xj,t(υj),υ=υj

,

∇̄υυfj,t|t−1(Yt;Xj,t(υj), υj) =


0 0 · · · 0 0
0 ∇̄υ1υ1

fj,t|t−1(Yt;Xj,t(υj), υj) · · · ∇̄υ1υdj
fj,t|t−1(Yt;Xj,t(υj), υj) 0

...
...

. . .
...

...
0 ∇̄υdj

υ1fj,t|t−1(Yt;Xj,t(υj), υj) · · · ∇̄υdj
υdj

fj,t|t−1(Yt;Xj,t(υj), υj) 0

0 0 · · · 0 0

 ,

and ∇̄υiυkfj,t|t−1(Yt;Xj,t(υj), υj) =
∂fj,t|t−1(Yt;x,υ)

∂υiυk

∣∣∣
x=Xj,t(υj),υ=υj

where ∇θθπj,t|t−1(θ) and ∇θθXj,t(υj)

are given in Lemma X and Lemma X, respectively. Finally, let I(θ) = −E[∇θθ log ft|t−1(Yt; θ)]. As
above, let C ∈ R be an arbitrary constant that can change throughout the proof.

The conclusion follows from Lemma 8.1 in Pötscher and Prucha (1997) if
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(i) θ0 ∈ int(Θ),

(ii) θ̂T
P→ θ0 as T → ∞,

(iii) θ 7→ L̂T (θ) is twice continuously differentiable on int(Θ) a.s.,

(iv) ||
√
T∇θL̂T (θ̂T )||2

P→ 0 as T → ∞,

(v)
√
T∇θL̂T (θ0)

d→ N (0, I(θ0)) as T → ∞, and

(vi) supθ∈Θ ||∇θθL̂T (θ)− (−I(θ))||2,2
P→ 0 as T → ∞.

First, Condition (i) follows from Assumption 6, Condition (ii) follows from Theorem 5.1, and
Condition (iii) follows from Assumption 7. Note that Condition (iv) is a consequence of Condition
(i) and (ii). Moreover, Condition (v) follows from Lemmata 9.6, 9.7, and 9.8.

Lemma 9.6. Assume that ... Then,

sup
θ∈Θ

||∇θL̂T (θ)−∇θLT (θ)||2
a.s.→ 0 as T → ∞.

Proof 6. We have that

||∇θL̂T (θ)−∇θLT (θ)||2 ≤
1

T

T∑
t=1

∣∣∣∣∣
∣∣∣∣∣ 1

f̂t|t−1

∇θf̂t|t−1 −
1

ft|t−1
∇θft|t−1

∣∣∣∣∣
∣∣∣∣∣
2

,

where f̂t|t−1 denotes f̂t|t−1(Yt; θ) and ft|t−1 denotes ft|t−1(Yt; θ) and that∣∣∣∣∣
∣∣∣∣∣ 1

f̂t|t−1

∇θf̂t|t−1 −
1

ft|t−1
∇θft|t−1

∣∣∣∣∣
∣∣∣∣∣
2

≤ C
J∑

j=1

∣∣∣∣∇θπ̂j,t|t−1 −∇θπj,t|t−1

∣∣∣∣
2

+

J∑
j=1

∣∣∣∣∇θπj,t|t−1

∣∣∣∣
2

∣∣∣∣∣ 1

f̂t|t−1

f̂j,t|t−1 −
1

f̃t|t−1

f̂j,t|t−1

∣∣∣∣∣
+

J∑
j=1

∣∣∣∣∇θπj,t|t−1

∣∣∣∣
2

∣∣∣∣∣ 1

f̃t|t−1

f̂j,t|t−1 −
1

ft|t−1
fj,t|t−1

∣∣∣∣∣
+

J∑
j=1

∣∣∣∇̄x log f̂j,t|t−1

∣∣∣ ∣∣∣∣∣∣∇θX̂j,t −∇θXj,t

∣∣∣∣∣∣
2

+
J∑

j=1

||∇θXj,t||2

∣∣∣∣∣ 1

f̂t|t−1

π̂j,t|t−1∇̄xf̂j,t|t−1 −
1

f̃t|t−1

πj,t|t−1∇̄xf̂j,t|t−1

∣∣∣∣∣
+

J∑
j=1

||∇θXj,t||2

∣∣∣∣∣ 1

f̃t|t−1

πj,t|t−1∇̄xf̂j,t|t−1 −
1

ft|t−1
πj,t|t−1∇̄xfj,t|t−1

∣∣∣∣∣
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+
J∑

j=1

dj∑
h=1

∣∣∣∣∣ 1

f̂t|t−1

π̂j,t|t−1∇̄υh f̂j,t|t−1 −
1

f̃t|t−1

πj,t|t−1∇̄υh f̂j,t|t−1

∣∣∣∣∣
+

J∑
j=1

dj∑
h=1

∣∣∣∣∣ 1

f̃t|t−1

πj,t|t−1∇̄υh f̂j,t|t−1 −
1

ft|t−1
πj,t|t−1∇̄υhfj,t|t−1

∣∣∣∣∣ ,
where π̂j,t|t−1 denotes π̂j,t|t−1(θ), f̂j,t|t−1 denotes fj,t|t−1(Yt; X̂j,t(υj), υj), X̂j,t denotes X̂j,t(υj), f̃t|t−1

denotes f̃t|t−1(Yt; θ) =
∑J

j=1 πj,t|t−1(θ)fj,t|t−1(Yt; X̂j,t(υj), υj), πj,t|t−1 denotes πj,t|t−1(θ), fj,t|t−1

denotes fj,t|t−1(Yt;Xj,t(υj), υj), and Xj,t denotes Xj,t(υj). By using the same arguments as in the
proof of Lemma 9.3, we have that

sup
θ∈Θ

||∇θL̂T (θ)−∇θLT (θ)||2

≤ C
1

T

T∑
t=1

J∑
j=1

sup
θ∈Θ

∣∣∣∣∇θπ̂j,t|t−1(θ)−∇θπj,t|t−1(θ)
∣∣∣∣
2

+ C
1

T

T∑
t=1

J∑
j=1

sup
θ∈Θ

∣∣∣∣∇θπj,t|t−1(θ)
∣∣∣∣
2
sup
θ∈Θ

∣∣∣∣π̂t|t−1(θ)− πt|t−1(θ)
∣∣∣∣
2

+ C
1

T

T∑
t=1

J∑
j,k,l=1

sup
θ∈Θ

∣∣∣∣∇θπj,t|t−1(θ)
∣∣∣∣
2
sup
υ∈Υk

sup
x∈XΥk

∣∣∣∣∂ log fk,t|t−1

∂x

∣∣∣∣ sup
υl∈Υl

|X̂l,t(υl)−Xl,t(υl)|

+
1

T

T∑
t=1

J∑
j=1

sup
υ∈Υj

sup
x∈XΥj

∣∣∣∣∂ log fj,t|t−1

∂x

∣∣∣∣ sup
υj∈Υj

∣∣∣∣∣∣∇θX̂j,t(υj)−∇θXj,t(υj)
∣∣∣∣∣∣
2

+ C
1

T

T∑
t=1

J∑
j=1

sup
υ∈Υj

||∇θXj,t(υ)||2 sup
υ∈Υj

sup
x∈XΥj

∣∣∣∣∂ log fj,t|t−1

∂x

∣∣∣∣ sup
θ∈Θ

∣∣∣∣π̂t|t−1(θ)− πt|t−1(θ)
∣∣∣∣
2

+
1

T

T∑
t=1

J∑
j,l=1

sup
υ∈Υj

||∇θXj,t(υ)||2 sup
υ∈Υj

sup
x∈XΥj

∣∣∣∣∣∂2 log fj,t|t−1

∂x2

∣∣∣∣∣ supυl∈Υl

|X̂l,t(υl)−Xl,t(υl)|

+ C
1

T

T∑
t=1

J∑
j,k,l=1

sup
υ∈Υj

||∇θXj,t(υ)||2 sup
υ∈Υj

sup
x∈XΥj

∣∣∣∣∂ log fj,t|t−1

∂x

∣∣∣∣ sup
υ∈Υk

sup
x∈XΥk

∣∣∣∣∂ log fk,t|t−1

∂x

∣∣∣∣ sup
υl∈Υl

|X̂l,t(υl)−Xl,t(υl)|

+ C
1

T

T∑
t=1

J∑
j=1

dj∑
h=1

sup
υ∈Υj

sup
x∈XΥj

∣∣∣∣∂ log fj,t|t−1

∂υh

∣∣∣∣ sup
θ∈Θ

∣∣∣∣π̂t|t−1(θ)− πt|t−1(θ)
∣∣∣∣
2

+
1

T

T∑
t=1

J∑
j,l=1

dj∑
h=1

sup
υ∈Υj

sup
x∈XΥj

∣∣∣∣∣∂2 log fj,t|t−1

∂υh∂x

∣∣∣∣∣ supυl∈Υl

|X̂l,t(υl)−Xl,t(υl)|
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+ C
1

T

T∑
t=1

J∑
j,k,l=1

dj∑
h=1

sup
υ∈Υj

sup
x∈XΥj

∣∣∣∣∂ log fj,t|t−1

∂υh

∣∣∣∣ sup
υ∈Υk

sup
x∈XΥk

∣∣∣∣∂ log fk,t|t−1

∂x

∣∣∣∣ sup
υl∈Υl

|X̂l,t(υl)−Xl,t(υl)|,

where
∂ log fj,t|t−1

∂x denotes
∂ log fj,t|t−1(Yt;x,υ)

∂x ,
∂2 log fj,t|t−1

∂x2 denotes
∂2 log fj,t|t−1(Yt;x,υ)

∂x2 ,
∂ log fj,t|t−1

∂υh
denotes

∂ log fj,t|t−1(Yt;x,υ)

∂υh
, and

∂2 log fj,t|t−1

∂υh∂x
denotes

∂2 log fj,t|t−1(Yt;x,υ)

∂υh∂x
. The conclusion thus follows from

Lemmata 2.1 and 2.2 in Straumann and Mikosch (2006) since, in addition to the arguments used

in the proof of Lemma 9.3, for each j ∈ {1, ..., J}, E
[
supυ∈Υj

supx∈XΥj

∣∣∣∂ log fj,t|t−1(Yt;x,υ)

∂υh

∣∣∣mj
]
< ∞

for all h ∈ {1, ..., dj}, E
[
supυ∈Υj

supx∈XΥj

∣∣∣∂2 log fj,t|t−1(Yt;x,υ)

∂x2

∣∣∣mj
]

< ∞,

and E
[
supυ∈Υj

supx∈XΥj

∣∣∣∂2 log fj,t|t−1(Yt;x,υ)

∂υh∂x

∣∣∣mj
]
< ∞ for all h ∈ {1, ..., dj} by assumption, for each

j ∈ {1, ..., J}, supυj∈Υj
||∇θX̂j,t(υj) − ∇θXj,t(υj)||2

e.a.s.→ 0 as t → ∞ where (∇θXj,t(υj))t∈Z is

stationary for all υj ∈ Υj and E
[
supυ∈Υj

||∇θXj,t(υ)||
2kj
2

]
< ∞ by Assumption 8 and 10, and, for

each j ∈ {1, ..., J}, supθ∈Θ ||∇θπ̂j,t|t−1(θ) −∇θπj,t|t−1(θ)||2
e.a.s.→ 0 as t → ∞ where (∇θπj,t|t−1(θ))t∈Z

is stationary for all θ ∈ Θ and E
[
supθ∈Θ ||∇θπj,t|t−1(θ)||22

]
< ∞ by Assumption 11 and 14.

Lemma 9.7. Assume that ... Then,
√
T∇θLT (θ0)

d→ N
(
0,E

[
∇θ log ft|t−1(Yt; θ0)∇θ′ log ft|t−1(Yt; θ0)

])
as T → ∞.

Proof 7. First, (∇θ log ft|t−1(Yt; θ0))t∈Z is a d-dimensional stationary and ergodic martingale
difference sequence since, in addition to the arguments used in the proof of Lemma 9.4, for each
j ∈ {1, ..., J}, (∇θXj,t(υj))t∈Z is stationary and ergodic for all υj ∈ Υj by Assumption 8, for each
j ∈ {1, ..., J}, (∇θπj,t|t−1(θ))t∈Z is stationary and ergodic for all θ ∈ Θ by Assumption 11, and

E
[
∇θ log ft|t−1(Yt; θ0) | Yt−1

−∞
]
=

∫
Y
∇θft|t−1(y; θ)

∣∣
θ=θ0

dy = ∇θ

∫
Y
ft|t−1(y; θ)dy

∣∣∣∣
θ=θ0

= 0

because X. Let c ∈ Rd such that c ̸= 0 be given. Then, (c′∇θ log ft|t−1(Yt; θ0))t∈Z is trivially a
stationary and ergodic martingale difference sequence. It thus follows from the central limit theorem
by Billingsley (1961) that if

E
[(
c′∇θ log ft|t−1(Yt; θ0)

)2]
< ∞,

then
√
T
1

T

T∑
t=1

c′∇θ log ft|t−1(Yt; θ0)
d→ N

(
0,E

[(
c′∇θ log ft|t−1(Yt; θ0)

)2])
.

First, E
[(
c′∇θ log ft|t−1(Yt; θ0)

)2]
< ∞ if E

[
||∇θ log ft|t−1(Yt; θ0)||22

]
< ∞. We have that

||∇θ log ft|t−1(Yt; θ0)||22 =
1

f2
t|t−1(Yt; θ0)

||∇θft|t−1(Yt; θ0)||22
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where

||∇θft|t−1(Yt; θ0)||22

≤
J∑

i,j=1

||∇θπi,t|t−1(θ0)||2fi,t|t−1(Yt;Xi,t(υi,0), υi,0)||∇θπj,t|t−1(θ0)||2fj,t|t−1(Yt;Xj,t(υj,0), υj,0)

+ 2
J∑

i,j=1

||∇θπi,t|t−1(θ0)||2fi,t|t−1(Yt;Xi,t(υi,0), υi,0)πj,t|t−1(θ0)||∇θfj,t|t−1(Yt;Xj,t(υj,0), υj,0)||2

+

J∑
i,j=1

πi,t|t−1(θ0)||∇θfi,t|t−1(Yt;Xi,t(υi,0), υi,0)||2πj,t|t−1(θ0)||∇θfj,t|t−1(Yt;Xj,t(υj,0), υj,0)||2,

so

E
[
||∇θ log ft|t−1(Yt; θ0)||22

]
≤ C

 J∑
j=1

(
E
[
||∇θπj,t|t−1(θ0)||22

])1/22

+ C
J∑

i=1

J∑
j=1

(
E
[
||∇θπi,t|t−1(θ0)||22

])1/2 (E [||∇θ log fj,t|t−1(Yt;Xj,t(υj,0), υj,0)||22
])1/2

+

 J∑
j=1

(
E
[
||∇θ log fj,t|t−1(Yt;Xj,t(υj,0), υj,0)||22

])1/22

.

Moreover, we have that

||∇θ log fj,t|t−1(Yt;Xj,t(υj,0), υj,0)||22 =
1

f2
j,t|t−1(Yt;Xj,t(υj,0), υj,0)

||∇θfj,t|t−1(Yt;Xj,t(υj,0), υj,0)||22

where

||∇θfj,t|t−1(Yt;Xj,t(υj,0), υj,0)||22
≤
∣∣∇̄xfj,t|t−1(Yt;Xj,t(υj,0), υj,0)

∣∣2 ||∇θXj,t(υj,0)||22
+ 2

∣∣∇̄xfj,t|t−1(Yt;Xj,t(υj,0), υj,0)
∣∣ ||∇θXj,t(υj,0)||2||∇̄υfj,t|t−1(Yt;Xj,t(υj,0), υj,0)||2

+ ||∇̄υfj,t|t−1(Yt;Xj,t(υj,0), υj,0)||22

so

E
[
||∇θ log fj,t|t−1(Yt;Xj,t(υj,0), υj,0)||22

]
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≤
(
E
[∣∣∇̄x log fj,t|t−1(Yt;Xj,t(υj,0), υj,0)

∣∣2kj/(kj−1)
])(kj−1)/kj (

E
[
||∇θXj,t(υj,0)||

2kj
2

])1/kj
+ 2

(
E
[∣∣∇̄x log fj,t|t−1(Yt;Xj,t(υj,0), υj,0)

∣∣2kj/(kj−1)
])(kj−1)/2kj (

E
[
||∇θXj,t(υj,0)||

2kj
2

])1/2kj
·
(
E
[
||∇̄υ log fj,t|t−1(Yt;Xj,t(υj,0), υj,0)||22

])1/2
+ E

[
||∇̄υ log fj,t|t−1(Yt;Xj,t(υj,0), υj,0)||22

]
.

Hence, E
[(
c′∇θ log ft|t−1(Yt; θ0)

)2]
< ∞ since, for each j ∈ {1, ..., J}, E

[
supυ∈Υj

||∇θXj,t(υ)||
2kj
2

]
<

∞ by Assumption 10, for each j ∈ {1, ..., J}, E
[
supθ∈Θ ||∇θπj,t|t−1(θ)||22

]
< ∞ by Assumption

14, and, for each j ∈ {1, ..., J}, E
[
supυ∈Υj

∣∣∇̄x log fj,t|t−1(Yt;Xj,t(υ), υ)
∣∣2kj/(kj−1)

]
< ∞ and

E
[
supυ∈Υj

||∇̄υ log fj,t|t−1(Yt;Xj,t(υ), υ)||22
]
< ∞ by Assumption 15. Thus,

c′
√
T
1

T

T∑
t=1

∇θ log ft|t−1(Yt; θ0)
d→ c′N

(
0,E

[
∇θ log ft|t−1(Yt; θ0)∇θ′ log ft|t−1(Yt; θ0)

])
.

An application of the Crámer-Wold theorem concludes the proof.

Lemma 9.8. Assume that ... Then,

I(θ0) = E
[
∇θ log ft|t−1(Yt; θ0)∇θ′ log ft|t−1(Yt; θ0)

]
Proof 8. We have that

E
[
∇θθ log ft|t−1(Yt; θ0) | Yt−1

−∞
]
= −E

[
1

f2
t|t−1(Yt; θ0)

∇θft|t−1(Yt; θ0)∇θ′ft|t−1(Yt; θ0) | Yt−1
−∞

]

+

∫
Y
∇θθft|t−1(y; θ)

∣∣
θ=θ0

dy

= −E
[
∇θ log ft|t−1(Yt; θ0)∇θ′ log ft|t−1(Yt; θ0) | Yt−1

−∞
]

+ ∇θθ

∫
Y
ft|t−1(y; θ)dy

∣∣∣∣
θ=θ0

= −E
[
∇θ log ft|t−1(Yt; θ0)∇θ′ log ft|t−1(Yt; θ0) | Yt−1

−∞
]

because X and thus that

E
[
∇θθ log ft|t−1(Yt; θ0)

]
= −E

[
∇θ log ft|t−1(Yt; θ0)∇θ′ log ft|t−1(Yt; θ0)

]
.

Finally, Condition (vi) follows from Lemmata 9.9 and 9.10 since

sup
θ∈Θ

||∇θθL̂T (θ)− (−I(θ))||2,2 ≤ sup
θ∈Θ

||∇θθL̂T (θ)−∇θθLT (θ)||2,2 + sup
θ∈Θ

||∇θθLT (θ)− (−I(θ))||2,2.
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Lemma 9.9. Assume that ... Then,

sup
θ∈Θ

||∇θθL̂T (θ)−∇θθLT (θ)||2,2
a.s.→ 0 as T → ∞.

Proof 9. We have that

||∇θθL̂T (θ)−∇θθLT (θ)||2,2 ≤
1

T

T∑
t=1

∣∣∣∣∣∣∇θ log f̂t|t−1∇θ′ log f̂t|t−1 −∇θ log ft|t−1∇θ′ log ft|t−1

∣∣∣∣∣∣
2,2

+
1

T

T∑
t=1

∣∣∣∣∣
∣∣∣∣∣ 1

f̂t|t−1

∇θθf̂t|t−1 −
1

ft|t−1
∇θθft|t−1

∣∣∣∣∣
∣∣∣∣∣
2,2

,

where f̂t|t−1 denotes f̂t|t−1(Yt; θ) and ft|t−1 denotes ft|t−1(Yt; θ), that∣∣∣∣∣∣∇θ log f̂t|t−1∇θ′ log f̂t|t−1 −∇θ log ft|t−1∇θ′ log ft|t−1

∣∣∣∣∣∣
2,2

≤
∣∣∣∣∣∣∇θ log f̂t|t−1 −∇θ log ft|t−1

∣∣∣∣∣∣2
2
+ 2

∣∣∣∣∇θ log ft|t−1

∣∣∣∣
2

∣∣∣∣∣∣∇θ log f̂t|t−1 −∇θ log ft|t−1

∣∣∣∣∣∣
2

since ab′ − cd′ = (a− c)(b′ − d′) + (a− c)d′ + c(b′ − d′) for all a,b, c,d ∈ Rd, and that∣∣∣∣∣
∣∣∣∣∣ 1

f̂t|t−1

∇θθf̂t|t−1 −
1

ft|t−1
∇θθft|t−1

∣∣∣∣∣
∣∣∣∣∣
2,2

≤

where .... By using the same arguments as in the proof of 9.3, we have that

sup
θ∈Θ

||∇θθL̂T (θ)−∇θθLT (θ)||2,2

≤ 1

T

T∑
t=1

sup
θ∈Θ

∣∣∣∣∣∣∇θ log f̂t|t−1 −∇θ log ft|t−1

∣∣∣∣∣∣2
2

+ 2
1

T

T∑
t=1

sup
θ∈Θ

∣∣∣∣∇θ log ft|t−1

∣∣∣∣
2
sup
θ∈Θ

∣∣∣∣∣∣∇θ log f̂t|t−1 −∇θ log ft|t−1

∣∣∣∣∣∣
2

work in progress

Lemma 9.10. Assume that ... Then,

sup
θ∈Θ

||∇θθLT (θ)− (−I(θ))||2,2
a.s.→ 0 as T → ∞.
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Proof 10. First, (∇θθ log ft|t−1(Yt; θ))t∈Z is stationary and ergodic for all θ ∈ Θ since, in addition to
the arguments used in the proofs of Lemmata 9.4 and 9.7, for each j ∈ {1, ..., J}, (∇θθXj,t(υj))t∈Z is
stationary and ergodic for all υj ∈ Υj by Assumption 9, and, for each j ∈ {1, ..., J}, (∇θθπj,t|t−1(θ))t∈Z
is stationary and ergodic for all θ ∈ Θ by Assumption 13. We have that

||∇θθ log ft|t−1(Yt; θ)||2,2 ≤
1

f2
t|t−1(Yt; θ)

||∇θft|t−1(Yt; θ)||22 +
1

ft|t−1(Yt; θ)
||∇θθft|t−1(Yt; θ)||2,2

where

||∇θθft|t−1(Yt; θ)||2,2

≤
J∑

j=1

||∇θθπj,t|t−1(θ)||2,2fj,t|t−1(Yt;Xj,t(υj), υj)

+ 2
J∑

j=1

||∇θπj,t|t−1(θ)||2||∇θfj,t|t−1(Yt;Xj,t(υj), υj)||2

+

J∑
j=1

πj,t|t−1(θ)||∇θθfj,t|t−1(Yt;Xj,t(υj), υj)||2,2,

so

E
[
sup
θ∈Θ

||∇θθ log ft|t−1(Yt; θ)||2,2
]

≤ E
[
sup
θ∈Θ

||∇θ log ft|t−1(Yt; θ)||22
]

+ C
J∑

j=1

E
[
sup
θ∈Θ

||∇θθπj,t|t−1(θ)||2,2
]

+ C
J∑

j=1

(
E
[
sup
θ∈Θ

||∇θπj,t|t−1(θ)||22
])1/2(

E
[
sup
θ∈Θ

||∇θ log fj,t|t−1(Yt;Xj,t(υj), υj)||22
])1/2

+

J∑
j=1

E
[
sup
θ∈Θ

||∇θ log fj,t|t−1(Yt;Xj,t(υj), υj)||22
]

+
J∑

j=1

E
[
sup
θ∈Θ

||∇θθ log fj,t|t−1(Yt;Xj,t(υj), υj)||2,2
]
.

Moreover, we have that

||∇θθ log fj,t|t−1(Yt;Xj,t(υj), υj)||2,2 ≤
1

f2
j,t|t−1(Yt;Xj,t(υj), υj)

||∇θfj,t|t−1(Yt;Xj,t(υj), υj)||22
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+
1

fj,t|t−1(Yt;Xj,t(υj), υj)
||∇θθfj,t|t−1(Yt;Xj,t(υj), υj)||2,2

where

||∇θθfj,t|t−1(Yt;Xj,t(υj), υj)||2,2 ≤ |∇̄xxfj,t|t−1(Yt;Xj,t(υj), υj)|||∇θXj,t(υj)||22
+ |∇̄xfj,t|t−1(Yt;Xj,t(υj), υj)|||∇θθXj,t(υj)||2,2
+ 2||∇̄vxfj,t|t−1(Yt;Xj,t(υj), υj)||2||∇θXj,t(υj)||2
+ ||∇̄υυfj,t|t−1(Yt;Xj,t(υj), υj)||2,2,

so

E
[
sup
θ∈Θ

||∇θθ log fj,t|t−1(Yt;Xj,t(υj), υj)||2,2
]

≤ E
[
sup
θ∈Θ

||∇θ log fj,t|t−1(Yt;Xj,t(υj), υj)||22
]

+

(
E
[
sup
θ∈Θ

|∇̄x log fj,t|t−1(Yt;Xj,t(υj), υj)|2kj/(kj−1)

])(kj−1)/kj (
E
[
sup
θ∈Θ

||∇θXj,t(υj)||
2kj
2

])1/kj

+

(
E
[
sup
θ∈Θ

|∇̄xx log fj,t|t−1(Yt;Xj,t(υj), υj)|kj/(kj−1)

])(kj−1)/kj (
E
[
sup
θ∈Θ

||∇θXj,t(υj)||
2kj
2

])1/kj

+

(
E
[
sup
θ∈Θ

|∇̄x log fj,t|t−1(Yt;Xj,t(υj), υj)|kj/(kj−1)

])(kj−1)/kj (
E
[
sup
θ∈Θ

||∇θθXj,t(υj)||
kj
2,2

])1/kj

+ 2

(
E
[
sup
θ∈Θ

|∇̄x log fj,t|t−1(Yt;Xj,t(υj), υj)|2kj/(kj−1)

])(kj−1)/2kj

·
(
E
[
sup
θ∈Θ

||∇̄v log fj,t|t−1(Yt;Xj,t(υj), υj)||22
])1/2(

E
[
sup
θ∈Θ

||∇θXj,t(υj)||
2kj
2

])1/2kj

+ 2

(
E
[
sup
θ∈Θ

||∇̄vx log fj,t|t−1(Yt;Xj,t(υj), υj)||
kj/(kj−1)
2

])(kj−1)/kj (
E
[
sup
θ∈Θ

||∇θXj,t(υj)||
kj
2

])1/kj

+ E
[
sup
θ∈Θ

||∇̄υ log fj,t|t−1(Yt;Xj,t(υj), υj)||22
]

+ E
[
sup
θ∈Θ

||∇̄υυ log fj,t|t−1(Yt;Xj,t(υj), υj)||2,2
]
.

Hence, E
[
supθ∈Θ ||∇θθ log ft|t−1(Yt; θ)||2,2

]
< ∞ since, in addition to the arguments used in

the proof of Lemma 9.7, for each j ∈ {1, ..., J}, E
[
supυ∈Υj

||∇θθXj,t(υ)||
kj
2,2

]
< ∞ by

Assumption 10, for each j ∈ {1, ..., J}, E
[
supθ∈Θ ||∇θθπj,t|t−1(θ)||2,2

]
< ∞ by Assumption

37



14, and, for each j ∈ {1, ..., J}, E
[
supυ∈Υj

|∇̄xx log fj,t|t−1(Yt;Xj,t(υ), υ)|kj/(kj−1)
]

< ∞,

E
[
supυ∈Υj

||∇̄vx log fj,t|t−1(Yt;Xj,t(υ), υ)||
kj/(kj−1)
2

]
< ∞, and

E
[
supυ∈Υj

||∇̄υυ log fj,t|t−1(Yt;Xj,t(υ), υ)||2,2
]
< ∞ by Assumption 15. The conclusion thus follows

from the uniform law of large numbers by Rao (1962).
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Appendix A. Technical Lemmas

Let C ⊂ Rd be a compact set. Let (Yt(c))t∈Z be a stochastic process taking values in Yc ⊆ Rd
′

equipped with ||Y (c)||2 = (
∑d

′

i=1 |Yi(c)|2)1/2 given by

Yt+1(c) = ϕt(Yt(c); c)

for all c ∈ C, where (ϕt(·; c))t∈Z is a sequence of stationary and ergodic Lipschitz functions for all
c ∈ C with Lipschitz coefficient

Λ(ϕt; c) := sup
x,y∈Yc

x̸=y

||ϕt(x; c)− ϕt(y; c)||2
||x− y||2

for all c ∈ C.
Let ϕt(Yt(c); c) = ϕ(Yt(c), Zt; c) where Zt takes values in Z. If (y, c) 7→ ϕ(y, z; c) is continuous on

Yc×C for all z ∈ Z, then (Yt)t∈Z is a stochastic process taking values in C(C,YC),YC = ∪c∈CYc, that
is, the space of continuous functions from C to YC , equipped with ||Y ||C = supc∈C ||Y (c)||2 given by

Yt+1 = Φt(Yt)

with
Φt(Y ) = ϕt(Y (·); ·),

where (Φt(·))t∈Z is a sequence of stationary and ergodic Lipschitz maps with Lipschitz coefficient

Λ(Φt) := sup
X,Y ∈C(C,YC)

X ̸=Y

||Φt(X)− Φt(Y )||C
||X − Y ||C

.

Note that (C(C,YC), || · ||C) is a separable Banach space.
Finally, let

Λ̄(ϕt; c) := sup
x,y∈YC

x ̸=y

||ϕt(x; c)− ϕt(y; c)||2
||x− y||2

.

Lemma Appendix A.1. Assume that

(A) there exists a y ∈ YC such that E[log+ supc∈C ||ϕt(y; c)− y||2] < ∞,

(B) E[log+ supc∈C Λ̄(ϕt; c)] < ∞, and

(C) there exists an r ∈ N such that E[log supc∈C Λ̄(ϕ
(r)
t ; c)] < 0.
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Then, the stochastic process (Yt)t∈Z is stationary and ergodic and

Yt = lim
m→∞

Φt−1 ◦ · · · ◦ Φt−m(Y ) a.s,

for all Y ∈ C(C,YC).
Let (Xt)t∈N be another stochastic process taking values in C(C,YC) equipped with ||X||C =

supc∈C ||X(c)||2 given by
Xt+1 = Φt(Xt)

with
Φt(X) = ϕt(X(·); ·),

where (Φt(·))t∈N is a sequence of stationary and ergodic Lipschitz maps. Then,

||Xt − Yt||C
e.a.s.→ 0 as t → ∞.

Proof 11. The conclusions follow from Theorem 3.1 in Bougerol (1993) (see also Theorem 2.8 in
Straumann and Mikosch (2006)) if

(a) there exists a Y ∈ C(C,YC) such that E[log+ ||Φt(Y )− Y ||C ] < ∞,

(b) E[log+ Λ(Φt)] < ∞, and

(c) there exists an r ∈ N such that E[log Λ(Φ(r)
t )] < 0.

(a): Let Y ∈ C(C,YC) be given by Y (c) = y. Then,

E[log+ ||Φt(Y )− Y ||C ] = E[log+ sup
c∈C

||ϕt(y; c)− y||2] < ∞

by (A).
We have that

Λ(Φt) = sup
X,Y ∈C(C,YC)

X ̸=Y

||Φt(X)− Φt(Y )||C
||X − Y ||C

= sup
X,Y ∈C(C,YC)

X ̸=Y

sup
c∈C

||ϕt(X(c); c)− ϕt(Y (c); c)||2
||X(c)− Y (c)||2

||X(c)− Y (c)||2
supc∈C ||X(c)− Y (c)||2

≤ sup
X,Y ∈C(C,YC)

X ̸=Y

sup
c∈C

||ϕt(X(c); c)− ϕt(Y (c); c)||2
||X(c)− Y (c)||2

≤ sup
X,Y ∈C(C,YC)

X ̸=Y

sup
c∈C

sup
x,y∈YC

x ̸=y

||ϕt(x; c)− ϕt(y; c)||2
||x− y||2
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= sup
c∈C

sup
x,y∈YC

x ̸=y

||ϕt(x; c)− ϕt(y; c)||2
||x− y||2

= sup
c∈C

Λ̄(ϕt; c).

(b): Then,
E[log+ Λ(Φt)] ≤ E[log+ sup

c∈C
Λ̄(ϕt; c)] < ∞

by (B).
(c): Moreover, there exists an r ∈ N such that

E[log Λ(Φ(r)
t )] ≤ E[log sup

c∈C
Λ̄(ϕ

(r)
t ; c)] < 0

by (C).

Lemma Appendix A.2. Assume that

(A) there exists a y ∈ YC such that E[log+ supc∈C ||ϕt(y; c)− y||2] < ∞,

(B) E[log+ supc∈C Λ̄(ϕt; c)] < ∞, and

(C) there exists an r ∈ N such that E[log supc∈C Λ̄(ϕ
(r)
t ; c)] < 0.

Then, the stochastic process (Yt)t∈Z is stationary and ergodic and

Yt = lim
m→∞

Φt−1 ◦ · · · ◦ Φt−m(Y ) a.s.

for all Y ∈ C(C,YC).
Assume that E[log+ ||Yt||C ] < ∞. Let (Xt)t∈N be another stochastic process taking values in

C(C,YC) equipped with ||X||C = supc∈C ||X(c)||2 given by

Xt+1 = Φ̂t(Xt)

with
Φ̂t(X) = ϕ̂t(X(·); ·),

where (Φ̂t(·))t∈N is a sequence of Lipschitz maps. Assume that

(D) there exists a y ∈ YC such that supc∈C ||ϕ̂t(y; c)− ϕt(y; c)||2
e.a.s.→ 0 as t → ∞, and

(E) supc∈C Λ̄(ϕ̂t − ϕt; c)
e.a.s.→ 0 as t → ∞.

Then,
||Xt − Yt||C

e.a.s.→ 0 as t → ∞.

Proof 12. The first conclusion follows from Lemma Appendix A.1. The second one follows from
Theorem 2.10 in Straumann and Mikosch (2006) if
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(d) there exists a Y ∈ C(C,YC) such that ||Φ̂t(Y )− Φt(Y )||C
e.a.s.→ 0 as t → ∞, and

(e) Λ(Φ̂t − Φt)
e.a.s.→ 0 as t → ∞.

(d): Let Y ∈ C(C,YC) be given by Y (c) = y. Then,

||Φ̂t(Y )− Φt(Y )||C = sup
c∈C

||ϕ̂t(y; c)− ϕt(y; c)||2
e.a.s.→ 0 as t → ∞

by (D).
As in the proof of Lemma Appendix A.1, we have that

Λ(Φ̂t − Φt) = sup
X,Y ∈C(C,YC)

X ̸=Y

||(Φ̂t(X)− Φt(X))− (Φ̂t(Y )− Φt(Y ))||C
||X − Y ||C

= sup
X,Y ∈C(C,YC)

X ̸=Y

sup
c∈C

||(ϕ̂t(X(c); c)− ϕt(X(c); c))− (ϕ̂t(Y (c); c)− ϕt(Y (c); c))||2
||X(c)− Y (c)||2

||X(c)− Y (c)||2
supc∈C ||X(c)− Y (c)||2

≤ sup
X,Y ∈C(C,YC)

X ̸=Y

sup
c∈C

||(ϕ̂t(X(c); c)− ϕt(X(c); c))− (ϕ̂t(Y (c); c)− ϕt(Y (c); c))||2
||X(c)− Y (c)||2

≤ sup
X,Y ∈C(C,YC)

X ̸=Y

sup
c∈C

sup
x,y∈YC

x ̸=y

||(ϕ̂t(x; c)− ϕt(x; c))− (ϕ̂t(y; c)− ϕt(y; c))||2
||x− y||2

= sup
c∈C

sup
x,y∈YC

x ̸=y

||(ϕ̂t(x; c)− ϕt(x; c))− (ϕ̂t(y; c)− ϕt(y; c))||2
||x− y||2

= sup
c∈C

Λ̄(ϕ̂t − ϕt; c).

(e): Then,
Λ(Φ̂t − Φt) ≤ sup

c∈C
Λ̄(ϕ̂t − ϕt; c)

e.a.s.→ 0 as t → ∞

by (E).
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Appendix B. Other Lemmas

A J × 1-dimensional vector x is called stochastic if xj ≥ 0 for all j ∈ {1, ..., J} and
∑J

j=1 xj = 1,

and a J×J-dimensional matrixX is called stochastic if xij ≥ 0 for all i, j ∈ {1, ..., J} and
∑J

j=1 xij = 1
for all i ∈ {1, ..., J}. The space of J × 1-dimensional stochastic vectors is denoted by S.

Lemma Appendix B.1. Let P be a J ×J-dimensional stochastic matrix with generic element pij.
Assume that there exist an ε ∈ (0, 1) and a ρ ∈ S such that

pij ≥ ερj

for all i, j ∈ {1, ..., J}. Then, there exists an α ∈ (0, 1) such that

||P′x−P′y||1 ≤ α||x− y||1

for all x,y ∈ S with x ̸= y.

Proof 13. Let P̃ be a J × J-dimensional matrix with generic element p̃ij = (1 − ε)−1(pij − ερj).
Note that P̃ is a stochastic matrix. Thus,

||P′x−P′y||1 =
J∑

j=1

∣∣∣∣∣
J∑

i=1

pij(xi − yi)

∣∣∣∣∣
= (1− ε)

J∑
j=1

∣∣∣∣∣
J∑

i=1

p̃ij(xi − yi)

∣∣∣∣∣
≤ (1− ε)

J∑
j=1

J∑
i=1

p̃ij |xi − yi|

= (1− ε)
J∑

i=1

|xi − yi| = (1− ε)||x− y||1.
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