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Abstract

In this paper, we study the asymptotic properties of the maximum likelihood estimator for a so-
called Markov-switching observation-driven model. The Markov-switching observation-driven model
contains several models proposed in the literature as special cases for which, to the best of our
knowledge, no results for the asymptotic properties of the maximum likelihood estimator exist.

1. Introduction

A state space model is a stochastic process ((St,Y:))iez such that (i) (Si)wez is an unobserved
Markov chain taking values in S C R and (ii) (Y:)tez is an observed stochastic process taking values
in Y C R such that the conditional distribution of ¥; given Y' ! where Yf = (Y;,...,Y;) and St
where Sg := (Si,...,5;) depends only on S;. An important submodel is the hidden Markov model
introduced by Baum and Petrie (1966) in which S is finite.! Hidden Markov models have been
applied in numerous areas such as speech recognition (Juang and Rabiner (1991)), biology (Churchill
(1989)), ecology (Langrock et al. (2012)), and meteorology (Zucchini and Guttorp (1991) and Bulla
et al. (2012)), see the book by Zucchini et al. (2016) for more examples, so statistical inference for
hidden Markov models is of significant practical importance. In the first paper on hidden Markov
models, Baum and Petrie (1966) proved consistency and asymptotic normality of the maximum
likelihood (ML) estimator in the case where Y is finite. Later, Leroux (1992) proved consistency of
the ML estimator in the general case, and Bickel et al. (1998) proved asymptotic normality of the
ML estimator in the general case.

The hidden Markov model is often insufficient to model economic and financial time series.
Therefore, Hamilton (1989) introduced the linear Markov-switching autoregressive model to model
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economic growth, see also the book by Krolzig (2013) and the references therein. In the Markov-
switching autoregressive model of order p € N, the conditional distribution of Y; given Yt:o}) and
St . depends on both Y,f:; and S;. Francq and Zakoian (2001) proved stationarity and ergodicity
for the linear Markov-switching autoregressive (moving-average) model and Douc et al. (2004) proved
consistency and asymptotic normality of the ML estimator for the Markov-switching autoregressive
model in the case where S is compact and not necessarily finite, see also Francq and Roussignol (1998)
and Krishnamurthy and Ryden (1998).2 More recently, Kasahara and Shimotsu (2019) relax some of
the assumptions in Douc et al. (2004).

To model financial returns, Cai (1994) and Hamilton and Susmel (1994) introduced the Markov-
switching autoregressive conditional heteroscedasticity model (ARCH) as a generalization of the
ARCH model introduced by Engle (1982). It is, however, well-known that the generalized ARCH
(GARCH) model introduced by Bollerslev (1986) often provides a better fit than the ARCH model
when applied to real data. Therefore, Gray (1996) (see also Francq et al. (2001)) and Haas et al.
(2004b) introduced (different) Markov-switching GARCH models. In the Markov-switching GARCH
model proposed by Gray (1996), the conditional distribution of Y; given Y'_l and S _ depends
on Y ! and S so ML estimation is infeasible whereas in the Markov-switching GARCH model
proposed by Haas et al. (2004b), the conditional distribution of Y; given Yt__oi and S __ depends
‘only’ on Y'! and S;.

In this paper, we prove stationarity and ergodicity as well as consistency and asymptotic normality
of the ML estimator for a so-called Markov-switching observation-driven model. In the Markov-
switching observation-driven model, the conditional distribution of Y; given Yt__oé and St __ depends
on both Yl and S;. The Markov-switching observation-driven model can thus be thought of as a
Markov-switching autoregressive model of infinite order, see Example 1 for more details. It contains
the Markov-switching GARCH model proposed by Haas et al. (2004b) and many of its variants as well
as other models proposed in the literature as special cases for which, to the best of our knowledge, only
few results for the probabilistic properties of the model and no results for the asymptotic properties of
the ML estimator exist. To do this, we use theory for stochastic recurrence equations as in Straumann
and Mikosch (2006) for GARCH models, Blasques et al. (2022) for score-driven models (Creal et al.
(2013) and Harvey (2013)), or, more generally, Blasques et al. (2018) for observation-driven models,
see also Douc et al. (2017).

The paper is organized as follows. Section 2 introduces the Markov-switching observation-driven
model and Section 3 gives some examples of Markov-switching observation-driven models. In Section
4, stationarity and ergodicity of the model is considered. Consistency and asymptotic normality of
the maximum likelihood estimator is considered in Section 5. In Section 6, the theory is applied to
some of the examples in Section 3. An application to real data is presented in Section 7. Section 8
concludes. All profs are collected in Section 9.

We adopt the following notation. Let x be an n x 1 vector of real numbers, let y be an m x 1

2The Markov-switching autoregressive conditional heteroscedasticity model discuss later is a special case hereof.



vector of real numbers, and let X be an n x m matrix of real numbers. Then, ||x||, := (31, |z:[P)'/?
is the p-norm of x and ||X||pp == (327, D27, |24j|P)/? is the p-norm X. Moreover, let f be a k x 1

vector of real valued functions defined on R™ x R". Then, 9f = (ﬁ of ) is the k x n matrix

ox’ Ox1° """ Oxp

!
of first order derivatives of f and g—i = (%) . If k=1, then aizj;, = a%ng{ is the n x m matrix of

second order derivatives of f.

2. The Markov-switching Observation-driven Model

In the following, all random variables are defined on a probability space (2, F,P). Let (S¢)iez be
an unobserved Markov chain taking values in {1, ..., J} with transition probabilities

Dpij = P(St—i-l =7 ‘ St:i), 1,] € {1,...,J},
and transition probability matrix
b - P1J
P :: . . .
pj1 o PJJ

An observed stochastic process (Y;):icz taking values in ) C R is called ‘a Markov-switching
observation-driven model if the conditional distribution of Y; given Yt__l,YZ]. = (Y5,...,Y;) and

X o
St o, S := (S, ..., ;) depends only on Y and S; as follows

Y | (YL,8" ) ~ Ds,(Xs,1,0s,),

—00?

where X, j € {1,...,J} is a time-varying parameter taking values in X, C R given by
Xj7t+1 = ¢j(Yt7X]}t; Uj)?

vj,j € {1,...,J} is a vector of constant parameters taking values in Y; C RY%, x — ¢;(y, z;v) is a
Lipschitz function for all y € Y, v € T and j € {1,...,J}, (y,z,v) — ¢;(y,z;v) is continuous on
Vx Xy, xTjforall je{l,..,J}, and z +— ¢;(y, x;v) is differentiable on X, for ally € Y, v € T; and
j €{1,...,J}. The Markov-switching observation-driven model is called a mixture observation-driven
model if (S})ez is an i.i.d. chain.

Note that the time-varying parameter is given by

Xjtr1 = 05 (Y, Xje3v5)

and not by
Xt+1 — ¢St(}/t)Xt; USt)-

The reason is that the likelihood of a sample generated by a Markov-switching observation-driven
model in which the time-varying parameter is given by the latter is impossible to compute for other



than very small sample sizes because it depends on the entire history of (S)scz. This is often referred
to as the so-called path-dependence problem; see, for instance, the discussion in Haas et al. (2004b).
intro The one-step-ahead prediction for the Markov chain, ;1) := P(Si41 = j | YL ), is given
by
J
Tit+1|t — Zpijwi,t\tv
i=1
and the filter for the Markov chain, m; 4, := P(S; = j | Y’ ), is given by

— Title—1 =1 (Ye; Xjie, vj)
it =
i fre—1(Y2) 7

1

where fy;_1(y),y € Y is the conditional probability density function (pdf) of Y; given Y'! given by
J
Fom1(W) =D Tt Fite—1 (U5 Xt vk),
k=1

and fj7t|t_1(y;Xj7t,Uj), y € Y is the conditional pdf of Y; given Yt__oé and S; = j.> Hence,
Tit—1 = (Wl,t|t—17 e 7TJ,t|t—1), is given by
Tt = P,ﬂ't|t7

and 7y == (T4 4f¢, -+ M) is given by

Ty = Fe(my—1) -1,
where Fy(7ry,_;) is a diagonal matrix with generic element
B Fitle—1(Ye; Xig, i)
N Ziﬁ 7Tk:,t|t—1fk,t|t—1(Yt; Xkt Ug) '

[Fe(70ye—1)]ii

smoothing

The Markov-switching observation-driven model reduces to the hidden Markov model introduced
by Baum and Petrie (1966) and studied, among others, by Leroux (1992) and Bickel et al. (1998)
when X;; = X, and to the Markov-switching autoregressive model introduced by Hamilton (1989)
and studied by Douc et al. (2004) when ¢;(Y;, X5 v5) = ¢5(Ys; v5).

3More generally, the h-step-ahead prediction for the Markov chain, Tjttnlt = P(Seqn =7 | Y!..), is given by

J
s =S pM
j,t+h|t = Pij Tit|t,
i=1

where p{” :=P(Sy4n = j | S = i) is the (i, j)’th element of P" := []"_ P.
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3. Examples

In this section, we give some examples of Markov-switching observation-driven models.
Example 1. An example of a Markov-switching observation-driven model is
Y; = Xgs,+ + 05,61, 05, >0, (1)
where (e¢)1ez 1S a sequence of i.i.d. standard normal random variables independent of (St)icz, and
X1 = wj + ;Y + B X4,

where w; € R, aj € R, and 3; € R. In this model, Y = R, Dg, is the normal distribution with
mean Xg,: and variance a%t, ¢i(y,z;v) = v1 + vy +v3z, Xy, = R, v; = (wj,aj,ﬂj,ajz)/, and
T;=RxRxRx(0,00).

A related model is the Markov-switching autoregressive model of order 1 by Hamilton (1989). This
model is given by

Yi = as, +bs,Yi-1 +0g,6¢, as, € R,bg, € R, 05, >0,
where (e¢)ez is a sequence of i.i.d. standard normal random variables independent of (Si)icz. It can

be shown that if (Y;)icz is stationary and ergodic and |B;| < 1 for all j € {1,...,J}, then

Wi

=17

00
+ Zajﬁ;-}/tflfi a.s.
=0

Xt

The Markov-switching observation-driven model in Equation (1) can thus be thought of as a Markov-
switching autoregressive model of order infinity given by

o0
}/t = as, + Z bgt)yt—l—i + 08t
=0

where
_ WS
1- 531:

Example 2. The Markov-switching Generalized Autoregressive Conditional Heteroscedasticity
(GARCH) model by Haas et al. (2004b) is given by

Y, = AV4 XSt,tgt,

where (e¢)iez 18 a sequence of i.i.d. standard normal random variables independent of (St)icz, and

and bg) = ag, %,

as, N

Xjip1 =wj+ ;Y7 + B X,



where w; > 0, aj > 0, and Bj > 0. This is also an example of a Markov-switching observation-
driven model where Y = R, Dg, is the normal distribution with mean zero and variance Xg, ¢,

gb]'(yal‘;v) =1 +U2y2 +vszx, ij = [157%7OO>} Vj = (wj)ajaﬁj)/7 and T] = (Oa OO) X [05 OO) X [O)OO)
Note that the Markov-switching GARCH model reduces to the mizture GARCH model by Haas
et al. (2004a) if (St)iez is an i.i.d. chain.

Example 3. Let y — F(y;x,0) be a cumulative distribution function (cdf) with support N C [0, 00)
indezed by the mean x and a vector of parameters ¥ such that for all u € (0,1),

x<z* = F (ujz,0) < F (u;z*,0),

where F~(u;z,0) = inf{y e N : F(y;x,0) > u}.
The (present-regime dependent) Markov-switching Positive Linear Conditional Mean (POLI)
model by Aknouche and Francq (2022) is given by

Y: = Fg, (Ut; Xs, 1 vs, ),
where (Up)iez is a sequence of i.i.d. uniform random variables on [0, 1] independent of (St)iez, and
Xjr1 = wj + oY + B X4,
where w; > 0, a; > 0, and Bj > 0 This is another evample of a Markov-switching observation-

driven model where Y = N, Fs, is the cdf of Ds,, ¢j(y,z;v) = v1 + v2y + v3z, Xy, = [lf—%,oo),

v = (wj,aj,ﬁj,fjj)l, and Y; = (0,00) x [0,00) x [0,00) x Tj.

4. Probabilistic Properties of the Model

In the following, we restrict our attention to the Markov-switching observation-driven models that

can be written as
Y, = 1Stf(€t§ Xt> ’U)a (2)

with 1g, := (145,=1}, ---» 1{5,=s}) Where (St);ez is stationary, irreducible and aperiodic (thus ergodic),

and f(e; Xy, v) == (filer,e; X1, v1), -, fr(egs X vg))s € i= (1,4, 60¢) € &1 X oo X Ey =: &,

where (g,2) = fj(e;x,v;) is continuous on & x X, for all j € {1,..,J}, ;4 i D5 (vj) for

all j € {1,..,J}, (it)iez and (€j¢)icz are independent for all ¢, € {1,..,J} with ¢ # j,
X = (X14,...,Xs¢) is given by
X1 = ¢°(St, €1, X3 v) (3)

[d)E(Sta E¢, Xt7 U)]j - ¢j(15tf(€t; Xtu U)? Xj,t; Uj)a



where x — ¢°(s,€,x;v) is a Lipschitz function for all s € {1,...,J} and € € £, and v := (vy,...,v5)".
Finally, (St)icz and (£j)tez are independent for all j € {1,..., J}.*

4.1. Stationarity and Ergodicity

Theorem 4.1 gives conditions under which the Markov-switching observation-driven model is
stationary and ergodic. It follows from an application of Theorem 3.1 in Bougerol (1993) (see also
Theorem 2.8 in Straumann and Mikosch (2006)). To ease the notation, let Xy = Xy, x -+ X X,,.

Moreover, let
A(gp) :== sup |97 (x) — & ()]l

Xy, Ix —yll2
xAy

i

where (Z)?(X) = ¢E<St7 €, X, U)
Theorem 4.1. Assume that

(i) there exists an x € X, such that E[log™ [|¢5(x) — x||2] < oo,
(i) E[log™ A(¢%)] < oo, and
(iii) there ezists an r € N such that

E [log A ((¢9))] <0,
where (65)7)(x) = ¢S 0+ 0 ¢F_, 1 (x).

Then, (Yi)iez is stationary and ergodic.

5. Asymptotic Properties of the Maximum Likelihood Estimator

We now turn to the maximum likelihood (ML) estimation of the Markov-switching observation-
driven model discussed in the previous section.
The d-dimensional parameter vector, where d := J2? + ijl dj;, is

9 = (pl‘],l?] = 1, ceey J, Uj7j - 17 "‘7J),

and belongs to

J
O CQ (pijiinj =1, Jvjj=1,...0) ipi; >0, pij=Luv; €T;
j=1

4All examples in Section 3 can be written like this because if ; ¢ A gjq for all 4,57 € {1,..., J}, then let g;; = &, for

all i € {1,..., J} where & R D (v®), and (St)tez and (e¢)tez are independent.



The true parameter vector is denoted 0y. Assume that a realization, (yt)thl, of the Markov-switching
observation-driven model, (Y;):ez, satisfying Equation (2) and (3) for § = 6 is observed. The average
log-likelihood function is given by

T

Z ngt\t 1 yt7 )7

where

ft\t 1 Z/m Zﬂjt\t 1 fjt|t 1(yt7XJt(U]) UJ)

In the average log-likelihood function, X j.t(vj) is given by

Xj,t+1(v.7) ij (yta 7 t(Uj) UJ)

for some initialization X;;(v;) € Xy;, and r,,_1(0) is given by

frt+1|t(9) = P/‘frt|t(9)

with A
fft\t(g) = Ft(ﬁ't\t—l (0); G)ﬁﬂt—l(e)

for some initialization 7go() € S with S := {z € R’ : 2; > 0, Z}'le xj = 1} where

fi,t|t—1(?/t§ Xi,t(vi)a v;)

Fy(7y:1(0);0)]i = < '
[Fe(741-1(0); 6)] St Faetf—1(0) F -1 (Wes X (i), i)

The ML estimator is then given by R
O = arg max L7 (6).
0cO
5.1. Consistency
The following assumptions are made.
Assumption 1. The conditions in Theorem 4.1 hold for 8 = 0.

Assumption 2. © is compact.

Assumption 3. For each j € {1,...,J},

(1) (y,2,v) = fjp—1(y;z,v) is continuous on Y x Xy, X T},
(ii) ® = fjp—1(y;z,v) is differentiable on Xy, for ally € Y and v € T;, and



(iii) y +— %méiw is continuous on Y for all x € Xy, and v € T;.

First, the asymptotic behaviour of the initialized sequences must be studied in order to ensure
an appropriate form of convergence of the average log-likelihood function because the initialized
sequences are non-stationary by construction.

The following lemma, which follows from an application of Theorem 3.1 in Bougerol (1993) (see
also Theorem 2.8 in Straumann and Mikosch (2006)), gives conditions under which the non-stationary
sequence ()A(j,t(vj))teN converges uniformly exponentially fast almost surely (e.a.s.) to a unique
stationary and ergodic sequence (X;+(v;))tez as t — 00.5 Let

Aj’t(vj) = sup
:UGXYj

09;(Ys, 5 v5)
ox

9

where Xy, 1= Upjer; X, -
Lemma 5.1. Assume that Assumption 1-2 hold. Moreover, assume that
(i) there exists an x € Xy, such that E[log™ sup,,; e, |0 (Ye, 25 v5) — 2] < oo,
(ii) E[log™ SUP,, e, Aj+(vj)] < 00, and
(i) Eflogsup,, ex; Ajit(v;)] <0
for each j € {1,...,J}. Then, for each j € {1, ..., J}, the sequence (X;(v;))ez given by

Xjer1(vj) = 05 (Ye, Xji(v5); ;)
is stationary and ergodic for all v; € T; and

sup [ X 1(v;) — Xji(vj)] “B70 as t— oo
v; €T

for any initialization X;1(v;) € Xy, -

Theorem 3.1 in Bougerol (1993) cannot be used for (ry;_;(¢))ien because (7ry;—1(0))ien depends

on (X1¢(v1))ten, - (X7¢(vs))ten which are non-stationary. The next lemma, which gives conditions
under which the non-stationary sequence (74;(0)):en converges uniformly e.a.s. to a unique stationary
and ergodic sequence (m;(0))icz as t — oo, follows instead from an application of Theorem 2.10 in
Straumann and Mikosch (2006).

%A sequence of random elements {Z; };en taking values in (Z,]|-||) is said to converge e.a.s. to another sequence of
random elements {Z; }+cz taking values in (Z,|| - ||) if there exists a v > 1 such that

YN Ze — Zi|| 30 as t — oo.



Lemma 5.2. Assume that Assumption 1-8 and the conditions in Lemma 5.1 hold. Moreover, assume
that for each j € {1,...,J}, there exists an m; > 0 such that

mj

Jlog fj,t|t71(Yt§ z,v)
ox

< 0.

E | sup sup
UETj$€XTj

Then, the sequence (my(0))icz given by
7"t|t(9) = Ft(P/’"tfl\tfl(Q% H)P/ﬂtfl\tfl(e)
is stationary and ergodic for all 8 € © and

sup Hﬁ'ﬂt(ﬁ) — Trt‘t(ﬁ)‘b L0 as t— oo
0cO

for any initialization 7y (0) € S.
The following corollary is a consequence hereof.

Corollary 5.1. Under the assumptions in Lemma 5.2, the sequence (my;_1(0))tez given by

7ft+1|t(9) = P/Wt|t(9)
is stationary and ergodic for all 8 € © and

sup Hﬁ'ﬂt_l(e) — Wt\t—l(Q)HQ U0 as t— oo
0O

for any initialization 7ro)o(0) € S.

Remark 5.1. Note that my,_1(0) € Sp for all t € 7Z where Sp = {v € R @ z; >

. J
mile(y . 7} Pijs D j—1 Tj = 1}

The result in Lemma 5.2 is not surprising: the Markov chain itself forgets its initialization (in case
it is initialized) as p;; > 0 for all 4,5 € {1, ..., J}, so it is not surprising that the filter also forgets its
initialization provided that the time-varying parameters do the same.

Here, Theorem 2.10 in Straumann and Mikosch (2006) is used to give conditions under which the

non-stationary sequence (Z;(0))ien, which depends on another non-stationary sequence (Z(6))sen
that converges to a stationary and ergodic sequence (Z;(0))iez, converges to the stationary and
ergodic sequence (Z;(0))icz. The theorem is often used differently to give conditions under which the
non-stationary sequence (V& Z1(0))sen converges to the stationary and ergodic sequence (VEZ1(0))iez
where VEZ,() denotes the k’th order derivative of Z;(f) with respect to 6; see, for instance,
Straumann and Mikosch (2006) and Blasques et al. (2022). We believe that this application of
the theorem can be useful in other situations as well.

10



Two important implications of Lemmata 5.1 and 5.2 are that the true time-varying parameters,
X1,4(v1,0), -, Xge(vs0), and the true filter, m,(6p), can be recovered asymptotically if 6 is known.

In fact, they can be recovered asymptotically even if there is a sequence (9n)neN such that 6,, %5 6,
as n — oo as the next results show.

Proposition 5.1. work in progress
Proposition 5.2. work in progress

The next corollary is a consequence hereof.
Corollary 5.2. work in progress

Lemmata 5.1 and 5.2 are thus not just technical conditions used to ensure an appropriate form of
convergence of the average log-likelihood function.
Moreover, the following assumption is made.

Assumption 4. For each j € {1,...,J},

E SUYP‘logfj,t\tfl(Y;ﬁXj,t(v)av)’ < 0.
vel;

Finally, the following identification condition is imposed as in Francq and Roussignol (1998). We
denote by fy;—m(y;0),y € Y™ the conditional pdf of (Yy, ..., Yi—mi1) given Y

Assumption 5. There exists an m € N such that
frjpmm (Yes s Yiema13:0) = fopm(Yes oo, Yimmg1;60)  a.s.
implies that
0 = 6.
Theorem 5.1 gives conditions under which the ML estimator is consistent.
Theorem 5.1. Assume that Assumption 1-5 and the conditions in Lemmata 5.1 and 5.2 hold. Then,

) a.s.

Or =60 as T — oco.

11



5.2. Asymptotic Normality

In addition to Assumption 1-5, the following assumptions are made.
Assumption 6. 0y € int(O)

Assumption 7. For each j € {1,...,J},

(1) (@,v) = fj—1(y;z,v) is twice differentiable on Xy, x T; for ally € Y,

(i) (y,z,v) =~ %%(xiw is continuous on Y x Xy, x Y;, and

O fi 1e—1(y; . .
(iii) (y,z,v) — 8{?5—5&3’,@ is continuous on Y X Xy, x T;.

Assumption 8. For each j € {1,...,J}, the sequence <8XJTtévj)) . is stationary and ergodic for all
te

vj € Y; and
X (v; 0X;1(v;
sup 3tW)  0XGe (W) || eas g Loy oo
'UjeTj 80 80 9
for any initialization 8X7519(Uj ) ¢ RY

2y . .
d Xj,t(’UJ)) is stationary and ergodic for

Assumption 9. For each j € {1,...,J}, the sequence (W ,
te

all vy € T; and

PXja(v)  9Xja(v))

0000’ 06000

sup
vUj EYJ'

‘ L0 as t— o0

)

iy 92X () dxd
for any initialization —5555- € R4*%.

Assumption 10. For each j € {1,...,J}, there exists a kj > 1 such that

2kj 82X +(v)

0000

0Xj4(v) .

’UET]'

kj
]<oo.

2,2

]<oo and E

2

Assumption 11. For each j € {1,...,J}, the sequence (%(fw))te

all 8 € © and

, is stationary and ergodic for

37?]-’“,5,1(0) B aﬂ'j,th‘fl(a)
00 00

L0 as t— oo

sup
0cO

2

T . OF ; 0
for any initialization %81750() € R%.

12



Assumption 12. For each j € {1,...,J}, there exists an m; > 0 such that

D108 f;4jt—1 (Yas 2, 0) |™]
E | sup sup gf]’tlt 1 ) <0
veY; CCEXTJ- 8Uh J
for all h € {1,...,d;}, m;iq
0%log f; 01 (Yesz,v) |
E | sup sup 3 < 00,
UGT]' JUEXTj 8.’,5' _
and m;
0%10g f; 401 (Y z,0) |
E | sup sup < 00
veT; JJEXTj (%hé?a:

for all h € {1,...,d;}.

Assumption 13. For each j € {1, ..., J}, the sequence ( 53007

all 8 € © and

32”j,t\t71(9))

. 1s stationary and ergodic for

82ﬁj,t|t—1(‘9) B 827rj,t|t—1(9)

S| VY 9000’

0cO

| U0 as t— oo

)

o 0%R0(0
for any initialization gfg’%yg,() € Rxd,

Assumption 14. For each j € {1,...,J},

E |sup
0cO

Assumption 15. For each j € {1,...,J},

O 1-1(0) |7
M ] <o and E |sup
00 9 0O

827Tj,t\t—1 (9)
0000’

| <co

2k
E lsup Vs 10gfj,t|t—1(Yt;Xj,t(U)aU)|’“Jl] <oo and E
’UETJ'

sup |vzm logfj,ﬂt—l(}/t;Xj,t(U)aU)|kj.l‘| < 00,

vETY;

where kj is given in Assumption 10. Moreover, for each j € {1, ..., J},

E

i
sup ||Va logfj,tu1(5Q;Xj,t(v)»v)||§]1] < 00
veETY;

Finally, for each j € {1, ..., J},

sup ||Vw 10g fi,e10-1 (Ve Xt (v), ) |2,2 | < o0.

veY;

E suA? |V logfj’ﬂt1(Yt;Xj,t(U),v)||§] <oo and E
vel;

13



Theorem 5.2 gives conditions under which the ML estimator is asymptotic normal.

Theorem 5.2. Assume that Assumption 1-15 and the conditions in Lemmata 5.1 and 5.2 hold.

Then,
VT (07 — o) 4 N(0,1(00)) as T — oo,
where )
0”log ft|t71(Y;f§0)
1(0) .——E[ 2060
6. Examples

work in progress

7. Empirical Illustration

It is well-known that the GARCH model often provides a better fit than the ARCH model when
applied to real data. To study whether or not the Markov-switching GARCH model also provides
a better fit than the Markov-switching ARCH model when applied to real data, we perform a small
empirical application in which the Markov-switching GARCH model is compared to the Markov-
switching ARCH model with the GARCH model as a benchmark.

More specifically, we use daily log-returns on the Standard & Poor’s (S&P) 500 index, the
Financial Times Stock Exchange (FTSE) 100 index, and the Cotation Assistée en Continu (CAC) 40
index from January 2, 2004 to December 29, 2023 retrieved from Yahoo Finance. Figure 1 reports
the three series.

We estimate a two-state Markov-switching GARCH model given by

}/;f =V XSt,tgt (4)

with g, "% N(0,1) where
Xjer1 = wj + o Y2+ B X, (5)

a two-state Markov-switching ARCH model given by Equation (4) and (5) with 5; = 0, and a GARCH
model as a benchmark. Table 1 and 2 report the estimated parameters and the information criteria,
respectively.

For all series, the Markov-switching ARCH model and the Markov-switching GARCH model have
a low-volatility state (state 1) and a high-volatility state (state 2) where, in the high-volatility state,
the variance reacts more to the past squared return and, for the Markov-switching GARCH model,
the variance is less persistent.

SNote that the Markov-switching GARCH model reduces to the GARCH model when J = 1.

14
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Figure 1: Panel (a), (b), and (c) report the daily log-returns on the S&P 500 index, the FTSE 100 index, and the CAC
40 index from January 2, 2004 to December 29, 2023, respectively.

The Akaike information criterion (AIC) and Bayesian information criterion (BIC) are lower for
the Markov-switching GARCH model than for the Markov-switching ARCH model as well as the
GARCH model for all series showing that the Markov-switching GARCH model not only provides a
better fit than the Markov-switching ARCH model but also the GARCH model when applied to this
data. Note also that, interestingly, the AIC and BIC are lower for the GARCH model than for the
Markov-switching ARCH model for all series.

8. Conclusion

In this paper, we study the asymptotic properties of the ML estimator for a so-called Markov-
switching observation-driven model. The Markov-switching observation-driven model contains several
models proposed in the litterature as special cases for which, to the best of our knowledge, no results
for the asymptotic properties of the ML estimator exist. A possible extension could be to study the
asymptotic properties of the ML estimator for a higher-order Markov-switching observation-driven
model instead of a first-order Markov-switching observation-driven model as in this paper. We leave
this for future research.
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S&P 500 FTSE 100 CAC 40
GARCH MS-ARCH MS-GARCH GARCH MS-ARCH MS-GARCH GARCH MS-ARCH MS-GARCH

@ 0.025 0.430 0.004 0.027 0.440 0.003 0.038 0.646 0.008
fn 0.121 0.046 0.088 0.115 0.074 0.010 0.112 0.018 0.073
B 0.856 - 0.886 0.859 - 0.978 0.865 - 0.900
Qo - 3.046 0.248 - 2.753 0.093 - 3.738 0.551
o - 0.195 0.245 - 0.205 0.101 - 0.114 0.295
By - - 0.750 - - 0.895 - - 0.701
P11 - 0.991 0.846 - 0.988 0.970 - 0.984 0.853
P2 - 0.978 0.198 - 0.967 0.901 - 0.964 0.105

Table 1: The estimated parameters for the GARCH model, the Markov-switching ARCH model, and the Markov-
switching GARCH model for the S&P 500 index, the FTSE 100 index, and the CAC 40 index.

S&P 500 FTSE 100 CAC 40

GARCH MS-ARCH MS-GARCH GARCH MS-ARCH MS-GARCH GARCH MS-ARCH MS-GARCH

AIC  13374.15 13688.84 13183.86 13339.24 13491.73 13149.38 15608.59 15755.88 15389.25
BIC  13393.72 13727.98 13236.04 13358.82 13530.89 13201.60 15628.21 15795.12 15441.57

Table 2: The AIC and BIC for the GARCH model, the Markov-switching ARCH model, and the Markov-switching
GARCH model for the S&P 500 index, the FTSE 100 index, and the CAC 40 index. The bold values are the lowest

ones.

9. Proofs

We adopt the following notation. Let f be a k x 1 vector of real valued functions defined on
R™ x R™, let x be an n x 1 vector of real numbers, and let y be an m x 1 vector of real numbers.
Then, Vy f = % is the k x n matrix of first order derivatives of f and Vyf := (Vi f)'. If k =1,
then Vyy f = Vy/ Vi f is the n X m matrix of second order derivatives of f.

9.1. Lemma 5.1
For each j € {1,..., J}, (Xj+(v;))tez is a stochastic process taking values in &, equipped with | |
given by
Xjrr1(v) = 05(Xje(v5); v5)
for all v; € T; where (¢;:(+;v;))tez is a sequence of stationary and ergodic Lipschitz functions given
by
Gje(@sv5) = ¢5(Vy, w5 05)

for all v; € T; with Lipschitz coefficient

M = Aji(vy)

A(gjs;v5) = sup |05, (w3 05) — Gje (5 v))| s

z,y€Xy ‘x - y‘ TEXY;
Ay

< sup

16



for all v; € 1.
The conclusion follows from Lemma Appendix A.1 since

(i) there exists an 2 € Xy, such that E[log™ Supy, e, |9j(x;v5) — 2] < oo,
(ii) E[log™ supvjeyz]\j,t(vj)] < 00, and

(111) E[log SupUjETj AJvt(U])] < 0

for each j € {1, ..., J} by assumption.

9.2. Lemma 5.2

The proof consists of two parts. The first part considers the stochastic process (my(€)):ez, and
the second part considers the stochastic process (7,(0))ien. Let C' € R be an arbitrary constant
that can change throughout the proof.

First, (7y:(0))iez is a stochastic process taking values in S equipped with || - [|2 given by

mye(0) = @y(mi—11t-1(0); 0)
for all 6 € © where (¢,(+;0)):cz is a sequence of stationary and ergodic Lipschitz functions given by
¢y(s;0) = Fi(P's; 0)P's
for all 6 € © with Lipschitz coefficient

#:(x:0) — ¢y (y; 0)l]2

xy€S [l = yll2

for all 0 € ©.
The first conclusion follows from Lemma Appendix A.2 if

(i) there exists an s € S such that E[log™ supgeg ||d.(s;0) — s|2] < oo,
(ii) E[log™ supgee A(¢py;0)] < oo, and
(iii) there exists an r € N such that Eflogsupgcg A(¢£T); 0)] <0.
Condition (i) is trivial. Note that

J
Po(Se =3 | Y"0) =Y Po(Si=1j|Si1=40,Y" )Ps(Si1=14|Y",)
=1

for all t < u where

‘ , Po(Y¥ € dy?, S, =j | Si—1 =14, YD)
Po(St =37 [Si-1=14, Y )= =3 . " : " |5 —
Zk:l ]P)Q(Yt S dyt ,St =k | St,1 = Z’Y—oo)

17



 Pe(Yredy! |Si =581 =i, Y DPy(Si=j| S =4, Y"))
S Po(Yyedyl | Si=k, Sim1 =i, YL )Pe(Se =k | Sy =14, YL)
Po(Yi € dyf | YL, Se = j)Po(Se = j | Sp—1 = 1)

O Py(Yr e dyt | YL S, = k)Py(S; =k | Sy_q = i)

—o0)

Hence, 7; 4, (0) := Pp(S; = j | Y ) is given by
Z PG(Yt Edyt |Y—oo7St_J)pij
it Po(Y) € dy}' | YEL, 50 = k)pie

—00?

7rj,t|u(9) = 7ri,t—1|u(9)

i=1

for all t < u where

J J
P‘9(Yv17£J € dﬁ ‘ Yi—o}w Sp = ]) = Z co Z Pjsipq - 'psu71sufj,t\t*1(yt; Xj,t(vj)vvj) ce fSufMl’lL*l(Yu; Xsuau(/usu)7/05u)7

sepi=1  su=1
and 7wy, (0) := (71,4u(0), -, Tygu(0)) is given by

7"t|u(9) = M;ﬁ|u(0)ﬂ-t—1|u(9)
for all t < u where My, (0) is a stochastic matrix with generic element

Py(Y € dy} | YEL, S = )pij

[M u(e)]l = 700’_ :
T S Py(YY € dyy | YL, S = k)pu
Thus, we have that
7Tt\t<9) = M/t|t(9) T ;—r+1\t<0)7rt—7“|t(0) (6)

for all » € N where

_ PG(YLTH € dY€7r+1 ‘ Yt_ioga St—r = j)[ﬂ't—ﬂt—r(a)]j
Zi:l Pe(Y€7r+l € dy§77«+1 | Yi—og, St—r = k)[ﬂ-tfﬂtfr(e)]k

This observation leads to Lemma 9.2 proved using the following lemma.

[ﬂt—r|t(9)]j

Lemma 9.1. If there exists an € € (0,1) such that
Pij = €
foralli,j € {1,...,J}, then, for all T < t, there exist a v, (0) € S such that
[ML4(0))i > e[vo(0)];

foralli,je{l,..,J}.
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Proof 1. Let v7|t(9) be a stochastic vector with generic element

Py(YL € dyl | YT, S, = j)

—00 M T

[VT\t(Q)]j

L Po(Yhedyl | Y7L S = k)
Then,
Py (Y? LIYTL S = g)pi Py (Y? LIYTL S, =
[M-,—‘t(e)]” — - 0( T € dyT | —OO’ST j)pU 2 c - ‘9( T € dy‘f' | —oo?ST .7) _ g[v‘r‘t(a)]]
> i—1Po(Y] € dy! | Y72, 8 = k)pin > k=1 Po(Y] € dy? | YIS, =k)
Lemma 9.2. Assume that there ezists an € € (0,1) such that
Dij > €
foralli,j € {1,...,J}. Then, there exists an o € (0,1) such that
194”05 0) = 4 Ol _ e
[Ix = yll2
forallr e N, x,y € S withx #y, and 6 € ©.
Proof 2. First, || -[|l2 < |- |1 implies that
167 (x;0) = & (v: O)ll2 < 16" (x:0) = &) (3; O)] 1. (7)

To ease the notation, let pj, :=Po(Y|_. .1 €dyl_ .1 | YL, Si—r = j). Equation (6) shows that

d)gr) (Z; 0) = ;\t(g) e :tfr+1|t(9)iv

where
Zj = 7}0]',1&2]' .
> k=1 Pk,t%k
An application of Lemma Appendixz B.1 together with Lemma 9.1 thus shows that there exists an
a € (0,1) such that

168" (x:0) — ¢ (v:0)]11 < o"||% — 7|1,

where §
~ ~ Djtxy DjtY;
X=ylh=> | = |
j=1 Zk:lpk,tfﬂk Zk:1pk,tyk
Note that
Pjtxy PjtYj

_ Pjtl; . Y RA] PjtY; _ DjtY;
- J J J J
Zk:1 Pk tTk Zk:1 PEtTE Zk:1 DPEtTk Zk:1 Pk tYk

J T
Zk:1 PEtTk Zkzl Pk tYk
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PitTi  PjtYj PitYi  PjtYj

J J + J J
Zk:1 Pk tTk Zk:1 Pk tTk Zk:1 Pk tTk Zk:1 Pk tYk
p Pjty 1 !
y U
= —L— |z —yi| + = v Prt(Th — Yr)
> k=1 Pk ATk Zk—l Dk tYk D _j—1 Pkt Tk —1
Dyt Pkt
< gz —yil + |2k — Y|
Zk 1 Pk, twk Z Zk 1 Pt Tk
J
1 1
< g|xj—yj|+gzmk—yk’
k=1
since
J
Pit = ZPG(YLTH S dyg7r+1 | Yt__o:;, Strt1 = j)pij~
j=1
Hence,
J+1
1617 (x:0) = " (v:0) |1 < a" ——[Ix — y]]. ®)
Finally, || |1 <VJ|| -||2 implies that
J +1 J+1
lx =yl <o’ — VI|lx =yl (9)
Together, Equation (7)-(9) show that
194705 0) = &1 (i Olle _ T+ 5
Ix = yll2 €
This concludes the proof.
Condition (ii) and (iii) follow straightforwardly from Lemma 9.2.
Moreover, (7r4;(0))ten is a stochastic process taking values in S equipped with |[| - ||z given by

'frt\t(e) = &t(ﬁ't—nt—l(g); 0)
for all § € © where (éﬁt(-; 0))ten is a sequence of non-stationary Lipschitz functions given by
$u(5:0) = F,(P's; 0)P's

for all 6 € ©.
The second conclusion follows from Lemma Appendix A.2 as well if
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(i) Ellog™ supgee || (0)]]2) <
(ii) there exists an s € S such that SUPgco || (s:0) — ¢y (s:0)||2 “%™ 0 as t — oo, and
(i) supgee A(p; — ¢y 0) “5" 0 as t — oo.

As above, Condition (i) is trivial. We have that

J o} J
Zl 1f] t|t—1DPijSi Zi:l fj,t\tflpijsi
T ]
ST S P apuest Zkzl D1 frtlt—1Diks1

for all j € {1,..,J} where fj7t|t,1 denotes fj,t|t,1(lﬁ;)§'j7t(vj),vj) and fj4;—1 denotes
Fitfe—1(Ye; Xj0(v5),v5). Let g% X, x -+ x X,, = R be given by

[y (s:0) — ¢,(s:0)];] =

J
> izt Fiae—1(Ye; 25, 05)pijsi
7 7 :
D1 2imt Jhte—1(Yes Tr, o) piksi

An application of the mean value theorem and the Cauchy—Schwarz inequality shows that there exists
an X;(v) € {Xy(v) + (1 — ¢)X¢(v) : ¢ € [0,1]} such that

197 (Xe(v)) = 6/ (Xe(0))] < [|Vxg! (Xe())][2]|Xe(v) = Xe(0)]]2,

g (x) =

where, if m # j,

221:1 fj,t|t71pij5i J = _
> Ve Fngit—1lpimst < CV210g fr 1|

Vx (X m| < f
[Vxgi (Xe(V))]m] (ZgZIZ{:lfk,ﬂtﬂplkSl)g =1

and, if m = j,

J _
| < Zz 1|v:cfmt|t 1|Pimsi
B Zk 121 1fkt\t 1PIES1

Zz 1fmt\t 1PimSs

(Zk 121 1fkt|t 1plk81)

where fj,t\t—l denotes fj’t|t_1(Yt;Xj,t(vj),vj) SO

[Vxg! (Xe(0)]m

Z |fom,t|t—1|leSl < C‘vx log fm,t|t—1‘

J
Hvng(xt(v))H? <C Z ’vx log fm,t|t71} .

m=1

Hence, we have that

sup |Xnt(vn) — Xt (vn)]
v €Yy

sup |[@,(s;0) — @ (s; ;| <C Z sup sup

€0 ey VETm ©€XT,,

dlog fm,t|t—1
Ox
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Yisz,v)

for all j € {1,...,J} where % denotes mogfj’”ta;l( Condition (ii) then follows from
Lemmata 2.1 and 2.2 in Straumann and Mikosch (2006) since (Y} )¢ez is stationary by Assumption 1,

. 81 j — Y) I
for each j € {1,...,J}, E SUPuet, SUPsety, ngy,t\g;( i2,0)

e
J} < oo by assumption, and, for each

je{L, ...}, supy e, 1 X +(vj) — X4 (v;)] “%™ 0 as t — oo by Lemma 5.1. Moreover, we have that

sup 1(@e060) = 6,(x:0)) = (,(v30) = iDLl 11010u(s:0)); _ Olhu(s:6)];
X, yE€S ||X - Y||2 s€S 0Os Os 5
XAy
for all j € {1,..., J} where
fj,t|t71prj fitlt—1Prj

Ha[éms;e)]j B a[qst(s;e)]j] -
Js Js .

= J J o
S S Frapapuest gy S Frtli—1PikSt

J r J r J J
+ (Eizl fj,t\tflpijsi)(zkzl fk,t\tflprk) _ (Zizl fj,t|t71pijsi>(zk:1 fk,t\tflprk)
(Zizl Zijzl fk,t\tflplkrsl)z (E,le 22121 fk,t|t71plk5l)2

for all » € {1,..,J} where fj,t|t71 denotes fj,t|t,1(Y};Xj,t(vj),vj) and fjy—1 denotes
Fitfe—1(Ye; Xje(vj),v5) as above. First, let h‘it : Xy, X oo x Xy, = R be given by

B Finfe—1(Ye; 25, 05)prj
T J J :
Zk:l Elzl fk:,t|t—1 (Y;t; Tk, Uk:)plksl

h?,t(x)
Then, there exists an X;(v) € {cX;(v) + (1 — ¢)X;(v) : ¢ € [0,1]} (not necessarily equal to the one
above) such that
1 (Xe(v) = B ((Xe(0)] < [[Vxh] (Xe(0)] |2l X (v) = Xe(v)]]2,

where, if m # j,

fjt|t—1prj J = -
— Vafmtt—11pmst < C|Velog fo g1l

J J | zJmt|t—11PIlmSl = x mt|t—1
(Zk:1 21:1 fk,t\t—1plksl)2 ;

[Vxhf 4 (Xi(v))]m] <
and, if m = 7,
|vxfm,t\t—1|prm
Sher S Frie— 1Pt

fm tit—1Prm J = =
+ — ’vzf tlt— ’pl 51 < C‘vxlogf - ‘

J J m,tt—11Plm mytlt—1
(D=1 2oim1 frpt—1P1ks1)? lz:;

[V (Xe())]m| <
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where ]?j’t‘t,l denotes fj’t|t,1(}ﬁ;)_(j7t(vj),vj) SO

J
IVxhi ((Xe(0))ll2 < C Y [V log f ]

m=1
Moreover, let hgt : Xy, X - x Xy, — R be given by
J J
(X izt Fite—1(Yes 25, 05)pig80) (D ke Jrotit—1 (Ye; Tk, Uk )Drkc)
T T :
(et i1 St (Ye; Tk, vr ) p1gs1)?

Again, there exists an X;(v) € {¢X;(v) 4 (1 — )X (v) : ¢ € [0,1]} (not necessarily equal to the ones
above) such that

hg,t(x) =

[B54(Xe(v)) = h3(Xe(v)] < [[Vxh (Xe(v))][2]|Xe(v) = X ()] |2,
where, if m # 7,
(25:1 fj,t|t—1pij5i)(|v1fm,t|t—1|p7"m)
(Ziﬂ Zi]:1 fk,t|t—1plk5l)2
(25:1 fj,t\t—lpijsi)(zg:1 fk,t|t—1prk) d

7 7 z |vzfm,t|t—1|plm8l < ClV;log fm,t|t—1‘
(Zk:l 2121 fk,t\tflplksl)g ;

[V 1 (Xe(0))]m| <

+2

and, if m = j,

(25:1 ‘vxfm,t\t—l ’pimsi)(Ziﬂ fk,t|t—1prk)
(Zi:l 22]:1 fk,t\tflplksl)z
4 (22121 fm,t|t71pim5i_)(|vac.fm,t|t71‘prm)
(Zi:l Zi]:1 fk,t|t—1plk3l)2
(22'121 fm,tu_wimsz')(Z}f:l f_k7t\t—1p7“k) !

— Vi Fmtlt—1|Pimst < C|Ve1og frntit—1l
T T | zJm,t|t—11PIlmsSl > T m,t|t—1
(k=1 2ie1 fri—1051)? ZZ;

where ]Fj’t‘t_l denotes fj7t|t_1(}Q;Xj,t(vj),vj) SO

[[Vch 1 (Xe(0)]m| <

+2

J
IVxhl 1 (Xe()llz < C Y [V 10g frngiea] -

m=1

Hence, we have that

[a[&st(s;em - a[qst(s;e)b-]

J

0l ot

<c'Y sup swp ’gg
T

1 VETm z€XY,,

sup |Xnt(vn) — Xt (vn)]
v €Yy

sup sup
0cO seS

Os Os

m,n=
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forall j € {1,...,J} and r € {1, ..., J} where % denotes alogfj’t'g;lmm’v) as above. Condition
(iii) then follows from Lemmata 2.1 and 2.2 in Straumann and Mikosch (2006) as well since (Y;);ez is

: . . log f: +1r1(Ys: m;
stationary by Assumption 1, for each j € {1,...,J}, E |sup,cv, Sup,ex; 0 ng]’”gxl( G ]} < 00
J

by assumption, and, for each j € {1, ..., J}, SUP,, e, \)A(j,t(vj) — Xj¢(v))] “%% 0 as t — oo by Lemma
5.1.

9.3. Theorem 5.1
First, recall that f/T(H) is given by ﬁT(G) = % 23:1 log ft|t_1(Yt; 0) where ft|t_1(Yt; 0) =
Z}'le 7ATj,t|t—1(9)1‘1‘7‘,t|t—1(Yt5)A(j,t(vj)’vj)a and let Ly(0) be given by Lp(f) = %2?21 log ft\t—l(Yt;e)
where fy;_1(Y3;0) = ijl 75 tt—1(0) fjeje—1 (Ye; X (vj),v5). Moreover, let L(0) = E[log fy;—1(Yz; 0)].
Finally, let C' € R be an arbitrary constant that can change throughout the proof.
The conclusion follows from Lemmata 3.1 and 4.1 in Potscher and Prucha (1997) if
(i) © is compact,
(il) supgeo |L7(0) — L(O)] “3 0 as T — oo,
(iii) @ — L(0) is continuous on O, and
(iv) L(#) < L(fp) for all # € © with equality if and only if § = 6.

Condition (i) follows from Assumption 2. Condition (ii) follows from Lemmata 9.3 and 9.4 since

sup|L7(6) — L(8)] < sup|Lr(8) — Lr(8)] + sup |Lr(6) — L(9)],
[<C) [4<C) [<C)

and Condition (iii) is a by-product of the law of large numbers used in the proof of Lemma 9.4.

Lemma 9.3. Assume that Assumption 1-3 and the conditions in Lemmata 5.1 and 5.2 hold. Then,

sup |L7(0) — Lr(0)] 30 as T — oco.

0cO
Proof 3. We have that
1 <& R . 1 & .
L (0) = L ()] < = > 1108 fujp—1 =108 fojea| + 7 > [108 Frje—1 — 108 frje-al,
t=1 t=1

where fy;_y denotes fy; 1(Y3;0), fir_1 denotes fy1(Yi;0) = Zj:1 T t10-1(0) Fi 101 (Yes X (1), 07),
and fy,—1 denotes fy,_1(Ys;0). First, let gf}t : Sp — R be given by

J

g?,t(s) = IOgZ $jfie—1(Ye; Xj,t(vj)v v;).-
j=1
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An application of the mean value theorem and the Cauchy-Schwarz inequality shows that there exists
an o1 (0) € {cmyp—1(0) + (1 — c)mwy—1(0) : ¢ € [0, 1]} such that

193 4 (Feaje—1(0)) — 97 1 (-1 (0)] < || Vsgl o (Fye—1(0))l2l|Fye—1(0) — miy0—1(0)]]2,
where
Froti—1 (Vs X (0), vr)
Z}-]:1 Tjtlt—1(0) fe1-1 (Ve Xje(v5),v5)
1 7_Tk,t|t—1(9)fk,t|t—1(yt;Xk,t(“k)avk)
B ﬁkvt\tfl(e) Z}]:1 7_Tj,t|t—1(9)fj,t|t—1(Yt;Xj,t(“j)»“j)
<’

Vgl (g1 (0)k] =

by Remark 5.1 so
IVsg? s (7ye-1(60))]]2 < C.

Moreover, let ggt t Xy, X - X Xy, — R be given by

J
gg,t(x) = log Z Wj,t\t—l(g)fj,ﬂt—l(n; Zj, Uj)-
j=1

Another application qf the mean value theorem and the Cauchy-Schwarz inequality shows that there
exists an Xy (v) € {cXy(v) + (1 — )Xy (v) : ¢ € [0,1]} such that
1954 (Xe(v)) = 95,4(Xe ()] < [|Vgs (X (v))[[2][Xe(v) = Xi(v)]]2,
where
S Tkt t—l(e)’v&?fk,t t—1(Yt3Xk,t(Uk)7Uk)‘
Vx93, (Xe(w)| = = | :
> i1 Talt—1(0) fe6-1(Yes Xja(v5), v5)
T tft—1(0) frtft—1(Ye; X (0r), vg) -
= =7 | | = |V log frae—1(Ye; Xii(v), vr)|
> i1 Talt—1(0) fe6—1(Ye; Xja(v5), v5)
< |V log frpp—1(Ye; X (vr), o)

S0
J

1V o (Xe(0))ll2 D |V l0g f -1 (Ve X (vr), vr)|
=1

Hence, we have that

T
~ 1 R
sup | L1 (0) — Lr(0)] < O 3 sup [50-1(0) = mgy1 O)]
06 i3 0€0
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1 T J
— Z sup Ssup
T t=1 k=1 veTy :L'EXTk

dlog fi11—1

e sup | Xp¢(vr) — Xpe(vr),

v €Y,

01 e o1 a1e—1 (Y, .
where % denotes ng]’t%xl( 5V)  The conclusion thus follows from Lemmata 2.1 and

2.2 in Straumann and Mikosch (2006) since (Yi)iez is stationary by Assumption 1, for each

. D10g f.1101 (Vi)
je{l,..,J}, E SUPye; SUPsexy mtaz
e.a.s.

SUPy, e |X',t(vj) =X (vy)] “%7 0 ast — oo by Lemma 5.1, and SuPgeo |[et—1(0) —my—1(0)|[2 =
0 ast — oo by Corollary 5.1.

te
]} < oo by assumption, for each j € {1,...,J},

Lemma 9.4. Assume that Assumption 1-4 and the conditions in Lemmata 5.1 and 5.2 hold. Then,
sup |[Lr(0) — L(O)| 30 as T — oo.
0cO

Proof 4. First, (log f;;—1(Y1;0))iez is stationary and ergodic for all § € © since (Yi)iez is stationary
and ergodic by Assumption 1, for each j € {1,...,J}, (Xj+(v;))ez is stationary and ergodic for all
vj € T; by Lemma 5.1, and (my,_1(0))iez is stationary and ergodic for all 6 € © by Corollary 5.1.
Note that

J
| log fie—1(Y3;0)| < Z | log fj.t6—1(Yes Xje(v5), )]
j=1
since
log fyi—1(Y;0) > log  min ;4,1 (Y Xje(vj),v5)
je{1,...,J}
jetnin 108 frape— (Ve Xj0(05), v5)
J
> jeglinJ} —[log f;4s—1(Ye; Xje(vj),v5)] = — Z [log fj4e—1(Ye; Xjt(v5), v5)]
30y jzl
and
log fyi—1(Y1;0) <log max f;4—1(Ye; Xje(v5),v5)
je{1,....J}
- 10g ;11 (Ye: X0 (0), v
jemax 10g fe—1 (Ve X (v5), v3)
J
= jenfaXJ} |log fje16—1(Yes X (vj), v5)] < Z [10g f4e—1(Yes Xja(v5), v5)].
=
Hence, E [supgee | 10g fyji—1(Yz; 0)]] < 00 since, for

each j € {1,..,J}, E |:Sllp,u€frj | log fm‘t,l(Y};Xj’t(v),v)]} < oo by Assumption 4. The conclusion
thus follows from the uniform law of large numbers by Rao (1962).
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Finally, Condition (iv) follows from Lemma 9.5.

Lemma 9.5. Assume that Assumption 1-5 and the conditions in Lemmata 5.1 and 5.2 hold. Then,
L(6) < L(6o)
for all 0 € © with equality if and only if 6 = 6.

Proof 5. We have that

L(0) — L(6) =E [10 Jui-1(Yis6) 1(Yt’0)}

ft|t 1(}/;5790)
Observe that

ft|tm(Yt7-u,Yt—m+1;9)] _E |log 1 fi—iye—i(Yeoiv1;0)
Set—m(Yes -+ Yimma13 60) i1 Jemirne—i(Yieiga; 00)

_ iE [log fr—iv1ji—i(Yi—it1;0) ] M [lo frje—1(Y2;0) }
— friv1je—i(Yi—i+1;60) feje—1 (Y5 00)

E |log

SO

E [l o ft|t1(Y;f§0):| _ 1 [l fttm(}flfy--'an—m+1§9):|
feje—1(Yz; 0o) m ftfp—m Yty oo Yeomg1;600) |
Note that logx < x — 1 for all x > 0 with equality if and only if x = 1. Thus,
ft|t—m(Yt’ ooy Yimme1; 9)
E |log
ft|t—m(Y27 ey Y;f—m—i-l; 90)

for all 0 € © with equality if and only if fir—pm (Ve s Yiem+150) = foppmm (Yo, oo, Yiema1;60) a.s.
Hence, we have that

E

L(0) — L(6p) <0
for all 8 € © with equality if and only if 0 = 6y by Assumption 5.

9.4. Theorem 5.2
First, VgLz(0) is given by

T
VoLr(6) Vofyi-1(Ye;0),
Z t)t—1 Y;h 0)

t=1

H\H

where

<

V@ft|t 1(Ys;0) Z(V(ﬂmt 1(0) fe1— 1 (Y25 X (), V) + Tjg-1(0 )Vefj,t|t1(Y;5;Xj,t(vj)7vj)>,
7j=1
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with Vo fj—1(Ye Xja(vj),v5) = Vafiue—1 (Ve Xje(v;),05)VoX;e(vj) + Vo i1 (Ve Xji(v)),v5),
9 Yisx,v
v f]t|t 1(}/15’ ]t(’U]) U]) L()

Y

z=Xj 1 (vj),0=0;

_ “ _ N _ “ /
Vo fitit—1(Ye; Xje(v),v5) = <07vv1fj,t|t71(y;f§Xj,t(vj)vvj)7-~-avvdj fj,t\tflo/t;Xj,t(vj)avj)ao) ,

Ofj.e1e—1 (Y20
and vvlf]th‘, 1(Y;:7th(vj) vj) = %i)

) where Vyt; ;1,1 (¢) and VoX;+(v;) are
=X, +(vj),v=0; ’
given in Lemma X and Lemma X, respectively, and VoL (0) is given by

VoLr(0 thlt 50 V@ft\tq(Yi;@)?

where

J

v9ft|zt 1(Y::0) Z(VGW]W 1 f]t|t 1(YZant('UJ) U])+7r]t|t 1(0 )Vij,ﬂt—l(Y;f?in(“j)a”j)):
7j=1

with Vo f;e—1(Ye Xj0(05),05) = Vafige1(Ye Xj0(05),05)VaXje(05) + Vo fjap—1 (Ve Xje(v5),v5),

Of: 4141 (Ye;x,v

Ve Fine—1(Ye; X5 (vj), v5) = %

>
=X ¢ (vj),v=v;

_ _ _ /
Vo fiae—1Ye; Xj1(vg),v5) = (07vvlfj,t|t—1(}/t;Xj,t(vj)vvj)a---avud]. fj,t\t—1(Yt;Xj,t(vj),vj),o) )

— of; — Y7 )
and v'uifj,ﬂt—l(y}/;Xj,t(vj)avj) = M

Jo; where Vo7 ;1 (0) and Vo X ;(v;) are

z=Xj 1 (vj),0=v;

given in Lemma X and Lemma X, respectively. Moreover, VggﬁT(Q) is given by

. T
Voo L (8 Z

( fr.- 1%0)

. . 1 .
Vo fip—1(Ye;0) Vo frjp—1(Ye; 0) + =———Voo fyyi—1(Ys; 9)) ;
| | ft|t71(Yt§9) |

where

7
Voo frji—1(Ye;0) = Z <V99ﬁj,t|t1(9)fj,tt1(ﬁ; Xjt(vj),v5) + Vo ji-1(0) Vo fi40-1(Ye; Xje(v5),v5)

=1

+V@fj,t\tq(yt;Xj,t(vj),Uj)ve’frj,t\tA(@)+7ATj,t|t71( YVoof— 1 (Ve X5 (), Uj)>’
Witl’i Vengj’ﬂt,l(yt;Xj,tA(Uj),Uj) = :ca:fyt|t I(Yt;X]t(U]) UJ)VGXJt(UJ) 60’ Jt(UJ) +
Vo X;1(Vj) Vo fja—1 (Ve Xjie(vj), v5) + xfj,t|t71(Y;f7Xj,t(Uj)aU])VGG (v)) +
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Voo fji—1(Ye Xji(07),0)) Vo Xj4(v;) + Vo Fiai—1 (Y X50(05),05), VaaFje1 (Ve Xje(vg),v5) =
32fj,t\t—1(yt;$7v)

2 ~ 9
Oz =X t(vj),v=v;

0 0 0 0

0 vvlvlfj,t\t—l()/t;Xj,t(vj)vvj) vulvdj fj7t|t—1(Yt;Xj,t(Uj)7Uj) 0
vvufj,t\tq(yt;Xj,t(vj),vj) =|: : : B

0 Vg o fioe—1 (Y X5e(vi),v5) o Vg og, fiae—1(Ye Xje(vg),v5) 0

0 0 0 0

v % Ofje1e—1(Yesw,0)
and Vi, fie—1 (Y Xje(v5), v5) = =250 Toror A
=X +(vj),v=v;

are given in Lemma X and Lemma X, respectively, and Vg L7(6) is given by

where V@gﬁ'j,ﬂt,l(e) and vgng7t (Uj)

T
1 1
VoL -V 1YV fr14—q (Y3 0) + —n—V (Y 0) ),
oo L1 (0 ;( 7 1(Yt,9) 0.fe1t—1(Ye; )V fie—1(Y1;0) T (Vis0) 00 frj—1 (Y ))
where
J
Voo frji—1(Y1;0) Z(Vmﬂ],qt 1O) fe1—1 (Yes Xjie(v5), v5) + Vore—1(0) Ve fi0—1(Ye; Xje(vj),v5)
7j=1
+ Vo fjt—1(Ye; Xj(05), 05) Vot ge—1(0) + 75.40—1(0) Voo £ 010—1 (Yes Xje(vy), Uj)>,
with Vggfj’ﬂt_l(Yt;Xj,t(vj),vj) = ?x:l:f]ﬂt 1(Ye5 X5.6(05),v;) Vo X1 (vj) Vo Xje(vj)  +
VGX]t(U]) CC’Uf]tlt l(iftant(U]) U]) + xfgt|t l(iftijt(U]) U])VGOth(U]) +
vxf]t|t I(Y;vajt(Uj) U])VQ’XJt('UJ) + Vvvf]ﬂt I(Y;vajt('Uj) U]) :c:r:f],t|t I(YVtaX],t(U]%Uj) =
o2 fjt\t 1()/}7177-])
9z? =X ¢ (vj),v=0; ’
0o 0 . 0 0
0 Voo -1 (Y6 Xje(v),05) - Vo, Fiepe—1(Ye Xje(vj),v05) 0
vvvfj,t\tfl(}Q;Xj,t(Uj)vUj): : : : e
0 vvdjv1fj,t|t71(Y;5;Xj,t<Uj)aUj) vvdjvdjfj,t\tfl(}/t;Xj7t(vj)7vj) 0
0 0 0 0

of; tt— 1(Yisz,0)
and vvzvk fj t)t—1 (}/ta X] t(vj) U]) = Jvs0n
=X 1(vj),v=0;

are given in Lemma X and Lemma X, respectively. Finally, let 1(¢) = —E[Vgglog fy;—1(Y:;0)]. As
above, let C' € R be an arbitrary constant that can change throughout the proof.
The conclusion follows from Lemma 8.1 in Pétscher and Prucha (1997) if

where Vggﬂ'j’ﬂt,l(e) and vgng,t (Uj)
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(i) Oy € mt(@)

(ii GT—M%asT—)oo

(IV H\/TVQLT(HT)HQ —0asT — o0,
(v) VTVoLr(8) % N(0,1(60)) as T — oo, and
(Vi) supgeo Vool (0) — (—1(0))[jo.2 ~» 0 as T — oco.

)
)
(iif) 0 — Lp(6) is twice continuously differentiable on int(©) a.s.,
)
)

First, Condition (i) follows from Assumption 6, Condition (ii) follows from Theorem 5.1, and
Condition (iii) follows from Assumption 7. Note that Condition (iv) is a consequence of Condition
(i) and (ii). Moreover, Condition (v) follows from Lemmata 9.6, 9.7, and 9.8.

Lemma 9.6. Assume that ... Then,

sup ||VoLr(0) — VoL (0|2 230 as T — .
0coO

Proof 6. We have that

T

. 1 1 A 1
VoL (6) = VoLr(O)ll2 < = > || 7 Vofue1 = 5——Vofya|| -
— tt—1 fre—
t=1 | 2
where ft“,l denotes ft|t,1(Y};6?) and fy4—1 denotes fy;—1(Yy;0) and that
1, 1 4
—Vofiji—1 — 7 Vofyi-1|| < CZ Hvé’ﬁ'j,ﬂt—l - V97Tj,t|t—1H2
ft\tfl ftht—1 9 j=1
d 1 1
+ZHV97Tj,t\t—1H2 fgt\t 1— fgt\t 1
— foe— Fili—1
4 1 1
+ HVOW',tt—lH f tl—1 — 7 Fitpe—1
JZ:; 7 2 ft|t 7 | e 7
J
+ Z ‘Vx log f;41t-1 HVGXj,t - VGXj,t‘ ‘2

i=1
d 1. _ 1 _

+ 3 Ve Xjilly | T -1 VaFju — -1 Vafj
—1 tt—1 Ttje-1
J
/ 1 . 1 _

+ > IVeXjally |71 Ve i1 = a1 VaFju
j=1 ft|t—1 ft|t—1
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U
<%

+
M-

o 1 .
——Tjtlt—1 Vo, fiae—1 — 7f Tjtlt—1 Vou [it)i—1

j=1h=1|Jtt-1 tlt—1
J dj
1 _ 1 _
+ E = Tj4)t—1 Vo fja—1 — Fot Tjtlt—1 Vo Fite—1] »
j=1 h=1|Jtlt-1 tlt—1

where ;4,1 denotes 7“rj7t‘t,1(0), fj,t\t—l denotes fj7t|t,1(Y};Xj7t(Uj),vj), X%t denotes vat(vj), ft|t,1
| J A
denotes fyr—1(Yi:0) = D251 mine—1(0) f.00-1(Yes Xje(vj),v5), 7401 denotes mj4.1(0), fige—1

denotes fjyi—1(Ye; Xji(vj),v5), and Xj; denotes Xji(vj). By using the same arguments as in the
proof of Lemma 9.3, we have that
sup IVoLr(0) = VoLr(0)]]2

<C= ZZsupHerjﬂt 1(0) = Vom; g¢—1( )HQ

tl] 19

o7 ZZsuprwl O] 519 [[ep-10) = w1 O]

t 1] 1
dlog fr -1 5
+C05 Z Z SHPHVWJW 1(0)]], sup sup 87| sup | X (vr) — Xpi(vr)]
t 1 ki=1" veET zeXy, €T v EYY
T g
! 010g fit-1

+TZZ sup sup

or HVGX )_ver’t(Uj)Hz

—1 j—l veT; zedy, UJET
+ C; tzuzwsélpa Vo Xt (V)] Sélpj lejfg W Slelg |7 40-1(0) = 701 (0)]],
+ % tZZ;]JZJ:I vsélp] Hver,t(U)”g Usélij ng}q)r] W vsle% |Xl,t(Ul) — Xi4(v)|
FOLST S oup Xl sup sup |2 sy g (2B L1 G 1 ) — )
=1 j k=1 V€I VET; zEXY, €T vET) z€Xy, €T v EY

dlog ft—1
ovy,

1 & ’
—i—CTZZZ sup sup

t=1 j—1 h= IUET xEXT

sup Hﬁ't|t71(9> - 7"t|t—1(9)H2
0O

0? log fj,t|t71
Oovp0x

1 T J
+ = ZZ sup sup

sup |Xl,t(vl) *Xl,t(vl”
t:l =1 h=1 vGTj mGXTj

v €YY
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d;

i i Zsup sup

t=1 jk,l=1h UG’I‘ :cEXT

dlog fg tlt—1
8Uh

dlog fi 11—

+C e

sup ’Xl,t(vl) - Xl7t(vl)|7
v EY

sup sup
veTy zEXTk

el

dlo dlo Yizw) 02%lo 921og fi 411—1(Ye;z,v)  Olo
where 28 5t=1 gop op0g 2108 Fraiia (Vizv) gf’;‘t L denotes LRARIE 21( 62,v) ELitl=L Jenotes
ox ox ’ Ox ox ’ vy,

dlog fi t1e—1 (Y, 92 log f 9% lo _1 (Y, .
gliapa(Misew) g OB it o ore 8lia1(Mie0) o conclusion thus follows from
ovup, ’ Ovp O Ovp0x

Lemmata 2.1 and 2.2 in Straumann and Mikosch (2006) since, in addition to the arguments used
alogfj,m—l(yt;xzv) mj

a'Uh < o0

8210gfj,t|t—1(yt;33,v) mj

0z

in the proof of Lemma 9.3, for each j € {1,...,J}, E [supveyj SUDge vy
J

for all R € {1,...,d;}, E [supverj SUD,c vy J} < 00,
J

2 . . m;
and E |sup,cy, SUPpcy ‘8 logfjéZ;é;(n’x’v) ]} < oo forall h € {1,...,d;} by assumption, for each
J
J € AL, J}, supy e, [[VoXji(v) — VoXji(vs)l2 B0 ast — oo where (VoX;j1(vj))iez is

stationary for all v; € Y; and E [supveT HV@X]t( H } < oo by Assumption 8 and 10, and, for

)
each j € {1,...,J}, supgee ||VoT;, tt—1(0) — Vo i—1(0 )H2 %70 as t — oo where (Vo i—1(0))tez
is stationary for all 0 € © and E [supyee ||V97TJ te—1(0)]13 3] < oo by Assumption 11 and 1.

Lemma 9.7. Assume that ... Then,
d
ﬁV@LT(eo) — N (0, E [V@ log ft|t—1(Y;f§ 90)V6w log ft|t—1(Y;f§ 90)]) as T — oo.

Proof 7. First, (Vglog fyi—1(Y:;00))iez is a d-dimensional stationary and ergodic martingale
difference sequence since, in addition to the arguments used in the proof of Lemma 9.4, for each
g €{1,....J}, (VoX;+(vj))ez is stationary and ergodic for all v; € Y; by Assumption 8, for each
Je{Ll, ., I}, (Vomjse—1(0))iez is stationary and ergodic for all 0 € © by Assumption 11, and

E [V@ log ft|t—1(Y;f§90) |Yt:o}>] = /y Vﬁfﬂt—l(y; ‘9)}9:90 dy = Ve/yftt_1(y;9)dy =0

6=09

because X. Let ¢ € R? such that ¢ # 0 be given. Then, (c'Vglog ftjt—1(Ye;00) )1ez is trivially a
stationary and ergodic martingale difference sequence. It thus follows from the central limit theorem
by Billingsley (1961) that if

E [(C’Ve log fyje—1(Yi; 90))2} < 00,
then

1, ,
\/TT ; © Vo108 fue-1(¥4; o) SN <0’ E [(c Volog fii—1(Ys; 90))2]> .

First, E |:(C/v0 log ft|t_1(Yt;90))2} < oo if E [||V9 log ft|t_1(Yt;00)||§} < 00. We have that

1

v, 1o B Y,a 2:7
Vg log fije—1(Yz; 60)l13 72 (Vi)

||V0ft\t—1(Yt§ 90)”%
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where
||V9ft\t—1(yzt;90)”%

J
< Vo ge—1(00) 2 i age—1 (Ve Xit (0i.0), 0i.0) [ Vo ge—1(00)12.f410-1 (Va5 X (v50), v1.0)

i,j=1
J
+2 Z |’vﬁﬂ'i,t\tfl(eO)"2fi,t\t71(y%§Xi,t(vi,O)aUz’,O)ﬂ'j,t\tfl(HO)"vefj,t\tfl(Y;ﬁXj,t(Uj,O)yUj,O)HQ
i,j=1
J
Z i t1t—1(00)|1Va fitje—1(Ye; Xit(vio), vi0)ll2740-1(00) | Vo £e0—1 (Ve Xt (vi0), vj0)ll2,
i,j=1

S0

E [HVG log ft|t71(Yt§ 90)”%]

2
J
Y E[IVom e B3]
7j=1
T 1/2 1/2
+CY S (B [IIVemiye—100)113]) "~ (B [IIVolog £ -1 (Ve Xt (vj0), vi0)113])
=1 j=1

2

J
+ [ ST EIVa108 £ 401 (Vs Xt (v50), v0) 2]) 2

i=1
Moreover, we have that

1
21 (Y6 X50(050), vj0)

IVglog fj4i—1(Ye; Xje(v50), vs0)5 = Vo .01—1 (Yes Xt (v50), v50) 13

where
V0 fj0-1(Ye; Xt (vj.0), v50)13
< |V -1 (Ve X54(050), 030 IV X 0(050)113
+2 Vo fiue1(Ye X50(050),050) | Vo X5 (00l 2 Vo -1 (Yes Xjie(v50), v50) |2
+ IV fage-1(Yas Xj.e(v50), v50) |13
SO

E [|IVolog fiue—1(Ye: Xjt(v5.0), v5.0)113]
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= (E [Wﬂv log fj,t|t_1(ﬁ;Xj,t(Uj,o),vj,o)’%j/(kj_l)})le)/kj (E {||V9ijt(vj70)|,§kj})1/’“1
2 (E [Wx log fjae-1(Ys; Xj,t(vj,o),vj,o)‘%j/(kj_l)D(kjil)/%j (E |:||v0Xj’t(Uj’O)H§kj:|)1/2kj

= 1/2
(B[N0 log f0-1(Vs X0 (050, v30)13])
+E [||Volog fia—1(Ye; Xje(v50), vj0)ll3] -

Hence, E [(C/VQ log ft\t_1(Yt;‘90))2} < oo since, for each j € {1,...,J}, E |:Supv€'rj ||V9X-7t(v)|\§kj} <
oo by Assumption 10, for each j € {1,...,J}, E[supgee]|V97rj7t‘t_1(0)]|§] < oo by Assumption
14, and, for each j € {1,..,J}, E [supveyj ‘@x log fj,tlt_l(Y;g;Xj,t(’U)’U)Fk‘j/(k‘j*l)] < oo and
E [supveyj IV 10g f4e—1 (Y Xj,t(v),v)Hg] < oo by Assumption 15. Thus,

T
1
VT > Volog fiyr—1(Yii o) L SN (0,E [Vlog fuyr—1(Ye:00)Ver log fyr—1(Ye: 60)]) -
t=1

An application of the Crdmer-Wold theorem concludes the proof.
Lemma 9.8. Assume that ... Then,

I(6p) = E [Ve log ft\t—l(Yﬁ to) Ve log ftlt—l(Kf? 90)]
Proof 8. We have that

E [Vee log ft|t—1(Yt; 0o) | Yt:oé] =-KE Veft|t—1(Yt§ Qo)veffﬂt—l(Yt; 0o) | Yt:oé

1
f2 1 (Yi500)
+/yve(9ft|t1(y§ 9)|9:90 dy
= —E [Vglog fy,—1(Ys: 60) Ve log fys—1(Yi; 60) | YL
=+ Vea/ frje—1(y; 0)dy
y 0=069

=-E [VG log ft\tfl(Yﬁ to) Ve log ft\tfl(Y;ﬁ to) | Yt—_oi]

because X and thus that
E [Veo log ft|t—1(Y;€; 90)] =-E [VH log ft\t—l(Yﬁ QO)VG' log ft\t—l(Yts 90)] .
Finally, Condition (vi) follows from Lemmata 9.9 and 9.10 since

sup ||VooLr(0) — (—1(0))||2.2 < sup||VagLr(0) — Voo L1 (0)||2,2 + sup [| Voo L1 (0) — (—1(6))][2,2-
0cO 0cO 0cO
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Lemma 9.9. Assume that ... Then,

sup Voo L7 (0) — Voo Lr(0)||22 “3 0 as T — oo.
c

Proof 9. We have that

T
. 1 ) )
Voo L (6) = Voo Lr(9)ll22 < Z HV9 log fyi—1 Ve 1og fiji—1 — Vg log fyp—1Ver log fyi—1 ‘ }2 )

——Veo i1 —

1
— Voo fiji—1
t|t 1 i1

)
2,2

T

where ft|t—1 denotes ft|t_1(Yt;9) and fy;—1 denotes fy;—1(Yy;0), that
‘ ’V(a log ft\tflvﬁ’ log ft\tq — Vylog fiji—1Ver 1og fiji—1 ‘ ’2 )
. 2 .
< Hve log fij1—1 — Vo log ft|t—1H2 +2||Vglog ft|t—1H2 Hve log fyji—1 — Vg log ft\t—le

since ab’ —cd’ = (a—c)(b' —d’) + (a—c)d’ + c(b’ —d’) for all a,b,c,d € R?, and that

where .... By using the same arguments as in the proof of 9.3, we have that

Voo frji—1 — <

1
- 11— —Voofi1
Jeje—1 f\ |

2,2

sup HV@gﬁT(G) — VoL (0)||2
USS]
1 <& . 2
< 7> sup || Volog fye 1 — Volog fye s |
T ;066 tt—1 te—1],
T
+ 21 Z sup HV@ log ft|t—1H Sup Hva log ft|t—1 — Vylog ft|t—l H
T ~ gco % 6o 2
work in progress

Lemma 9.10. Assume that ... Then,

zug [|VooLr(8) — (—1(0))]]2,2 20 as T — oo.
€
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Proof 10. First, (Veglog fy;—1(Y:;0))iez is stationary and ergodic for all § € © since, in addition to
the arguments used in the proofs of Lemmata 9.4 and 9.7, for each j € {1,....;J}, (Voo X t(vj))tez is
stationary and ergodic for allv; € Y; by Assumption 9, and, for each j € {1,...,J}, (Vagm;4t—1(0))iez
is stationary and ergodic for all € © by Assumption 15. We have that

Ve log fiji—1(Y;0)

Vo fre—1 (Y 0)115 + Voo frji—1(Y2; 0)]l2,2

1 1
< - - -
l22 < ftz|t_1(Yt§9) frji—1(Y2;0)

where
Voo frji—1(Ye; 0)]|2,2
< Z Voo 4¢—1(0) 1Yy X5 e(vg),v5)
"
+23 NIV -1 O|12l Vo f5.0-1 (Ve X (0),0) ]2
jfl
+Z7Tgt\t 1D Voa fjee—1(Ye; Xji(v5),v5)ll2,2,
50

E {Sup Vo9 log fie—1(Y;0)
bco

2,2]

<E [sup Vo log fyu 1 (Vi 0>|r%}

+C’ZE [Eupﬂveeﬁjﬂt 1(0 )”22]
J=1 €0

1/2 1/2
ey ( [SUPHVMmt [0 >|13D (E [glelgHVe logfj,”_lm;xj,t(vj),w)H%D

7=1

J
+3s s [Valog J-1(Yis X))
J

[supuveelogfmt (Vi X0(03), U])Hm} |

Moreover, we have that

1
||V9910gfjt|t 1(Y;va]t(UJ) UJ)H22 = fg

‘ (V5 X; (UJ) ])||v9f]t|t 1(Y;va]t(UJ) UJ)HQ
Gtt—1\ 1t )
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1

+ Voo fj—1(Ye; Xjt(v5),v5)|]2,2
fj,t\t—l(Y;;Xj,t(Uj)avj)” Jotlt 1( t ]t( ]) J)H
where
IV 00.fj.010-1(Yes X5t (v5), vi)l22 < | Vaafjae—1 (Ve Xja(05), 05)|[[Vo Xt (v5)]13
+ I Va fia10-1(Yes X (v), 05)[[ Voo X5t (v5)]2,2
+ 2|V fa1—1(Yes Xj.e(v5), 05)] 2] Vo X (v5)]]2
+ (Voo Fipe—1(Yes Xy (v5), v5) 2,2,
SO

E [gugnvee log fj,tt_lm;Xj,twj),vjmz,z]
(S

<E {3“8 V10 1 (Vi X (05), vjm%]
c

_—_ NN NG Je T\ M/
i (E Sup [V 1og fp01 (Vs Xa(uy), v;) 225/~ >]> (E [supnvaxj,t(vj)b D
LO€O 6cO
1/k;

- (kj—1)/k; ,
+ (E sup |V 1ogfj,t|t_1(n;Xj,t<vj>,vj>\kj/<kj‘”]> (E [supuvexj,t@j)ui’“ﬂ])
L0cO 0cO

1/k;

r (kj—1)/k;
— ) L k;
+ <E sup |V 10g £ 411 (Ye: Xja(v;), v5) [0/ B l)D (E {SUPHVeer,t(Uj)IszzD
LO€O 0cO

) T D2
+2 <E [gugww og 5 -1(Yas X (), vg) |/ )D
S

) 1/2 S T /2
- (E [sup 19, log fj,t.tmxj,t(vj),vm%D (E [sup V60 (07) |1 D
[I=(C) 0c®

- k(1) (kj—=1)/k; 1 MR
2 <E [;ug 902108 Fi 1 (Vs X ;) 0) 157 ]) (E [gug |vexj,t<vj>n2f])
S S

+E {Sug IV log f -1 (Ye; X5 (vg), Uj)l!%}
€

1E bug ¥ 00 108 f01 (Vi Xya(0y). UDM |
S

Hence, E [supgeg ||Voglog fri—1(Ye;0)|[22] < oo since, in addition to the arguments used in
the proof of Lemma 9.7, for each j € {1,..,J}, E[SuPueTj”Vé)GXj,t(U)HSfQ} < oo by
Assumption 10, for each j € {1,..,J}, IE[sup(;e@||V997rj7t|t_1(0)|\2’2] < oo by Assumption
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14, and, for each j € A{1,..,J}, E[supveyj |vx$logijt‘t_l(Y;;Xj7t(v)7v)|k’j/(k’j—1)] < oo,

E [subyer, [IVur 108 01 (Y Xje(0), 0I5/ < <, and

E |sup,er, ||V oo log fj7t|t_1(Yt;Xj,t(v),v)||2,2} < 00 by Assumption 15. The conclusion thus follows
from the uniform law of large numbers by Rao (1962).
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Appendix A. Technical Lemmas

Let C C R be a compact set. Let (Y;(c))iez be a stochastic process taking values in ), C RY
equipped with [[Y (¢)||2 = (X0, [Yi(c)[*)"/? given by

Yir1(e) = ¢4(Yi(c); c)

for all ¢ € C, where (¢¢(+;¢))ez is a sequence of stationary and ergodic Lipschitz functions for all
c € C with Lipschitz coefficient

A(gf)t;c) = sup H(bt(l‘, C) - d)t(y; C)HZ

2 YEVe |z = yll2
TH£Y

for all c € C.

Let ¢1(Yi(c); ) = ¢(Yi(c), Zy; ¢) where Z; takes values in Z. If (y,c) — ¢(y, z; ¢) is continuous on
Ve xC for all z € Z, then (Y}):cz is a stochastic process taking values in C(C, V¢), Yo = Ueec e, that
is, the space of continuous functions from C' to V¢, equipped with ||Y||c = sup.cc ||Y (¢)||2 given by

Y1 = (V)
with
(V) = (Y (4); ),
where (®4(+))ez is a sequence of stationary and ergodic Lipschitz maps with Lipschitz coefficient

A(‘I)t) — sup ||(I)t(X) - (I)t(Y)HC

X,YEC(CYe) X =Yl
XAY

Note that (C(C,Yc),|| - |lc) is a separable Banach space.
Finally, let

R(opc) = sup M2 Zdilyiolla
zyede |z —yll2
Ty
Lemma Appendix A.1l. Assume that

(A) there exists a y € Yo such that E[log™ sup.cc |6t (y; ¢) — yl|2] < oo,
(B) Ellog™ sup.cc A(¢; c)] < oo, and
(C) there exists an v € N such that E[logsup,cco A( gr); c)] <0.
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Then, the stochastic process (Yi)iez is stationary and ergodic and
;= lim &;_j0---0®_,,(Y) a.s,
m—oQ

for allY € C(C,Ve).
Let (Xt¢)ien be another stochastic process taking values in C(C,Yc) equipped with || X||c =
supeec || X (¢)|l2 given by
X1 = u(Xy)

with
D4(X) = ¢e(X(-); ),

where (Py(-))ien is a sequence of stationary and ergodic Lipschitz maps. Then,
1 X —Yillc “B"0 as t— oo

Proof 11. The conclusions follow from Theorem 3.1 in Bougerol (1993) (see also Theorem 2.8 in
Straumann and Mikosch (2006)) if

(a) there exists a Y € C(C,YVc) such that E[log™ ||®:(Y) — Y]|¢] < o0,
(b) Ellogt A(®4)] < o0, and
(c) there exists an r € N such that Ellog A(@ﬁr))] < 0.

(a): Let Y € C(C,Y¢) be given by Y (c) =y. Then,

Ellog™ [|2:(Y) = Y||c] = Ellog™ sup ||¢¢(y; c) — yll2] < o0

ceC
by (A).
We have that
P (X)) — D (Y
Mo 1) - @)
xyecicye) X =Yl
XAY
. [¢e(X(c);c) — de(Y ()0l [|X(c) = Y(c)l2
= p sup
X,Y€C(C,Ve) ceC |X(c) = Y(c)]l2 supeec || X () — Y (o)
XAY
C a0 = (Y (i)l
X,YEC(CYe) ceC [ X () = Y(c)ll2
XAY

< sup  sup sup (x5 ¢) — de(y; )l|2
X,YEC(CYe) ceC yeVe |z =yl
X#Y z#y
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||¢e(;¢) — de(y; 0)|]2

=sup sup = sup A(¢y; ).
ceC z,y€Vo Hx - yH2 ceC
TAY
(b): Then,
E[log™ A(®)] < Eflog™ sup A(¢y; ¢)] < o0
ceC
by (B).

(c): Moreover, there exists an r € N such that

Ellog A(®{")] < Eflogsup A(¢}";¢)] < 0
ceC

by (C).

Lemma Appendix A.2. Assume that

(A) there exists a y € Yo such that E[log™ sup.cc ||6:(y; ¢) — yl|2] < oo,
(B) Ellog™ sup.cc Al ¢)] < oo, and
(C) there exists an r € N such that E[log sup,cc /i(gby); c)] <O0.

Then, the stochastic process (Yi)iez is stationary and ergodic and
;= lim ®; y0---0®_,,(Y) a.s.
m—r0o0

forallY € C(C,)0o).
Assume that E[log™ ||Yi||c] < oo. Let (X¢)ien be another stochastic process taking values in

C(C,Yc) equipped with || X||c = sup.cc || X (¢)||2 given by
Xep1 = &4(Xy)
with X R
Oy (X) = (X (); ),
where (tﬁt(-))teN is a sequence of Lipschitz maps. Assume that

(D) there exists a y € Ve such that sup.ce ||d,(y; ¢) — d:(y; ¢)|l2 S 0 as t — oo, and
(E) supacc Mo, — ¢i;¢) 50 as t — oco.

Then,
1 X; = Yillc “%"0 as t— oo

Proof 12. The first conclusion follows from Lemma Appendiz A.1. The second one follows from
Theorem 2.10 in Straumann and Mikosch (2006) if
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(d) there exists a Y € C(C,Y¢) such that [|®(Y) — ®(Y)||c “S™ 0 as t — oo, and
(e) APy — ®;) “5"0 ast — oco.

(d): Let Y € C(C,Y¢) be given by Y (c) =y. Then,

19:(Y) = ®4(Y)||c = Sup 10e(yi€) = de(y; Iz “" 0 as ¢ —oc
ce

by (D).
As in the proof of Lemma Appendiz A.1, we have that

[1($:(X) — @(X)) — (2e(Y) — 2e(Y))llc

A(D, — @) = sup

XYeC(C.ye) I[X = Yllc
— sup sup 1(3,(X(c);0) — de(X(c);0) = (3(Y(c)ic) = pue(Y (c);oDll2 |IX(c) = Y (0)]]2
XY €C(OYe) ceC [[X(c) = Y(c)ll2 supeec |[X () =Y (c)|2

< sup sup H(gf’t(X(C)Q ¢) — ¢e(X(c);0)) ((%t(Y(c); c) — o (Y(c);0)|l2

X,YEC(C,YVe) ceC [[X(c) = Y(c)ll2

XAY
s s N0 —6(r0) — (@Gi0) — auw)ls
X,Y€EC(C,Ve) ceC zyeVe |z —yll2
X#AY TH#y
up sup MO (o) — Glyie) — ol el xe
ceC z,yiyc ||{IJ - y||2 ceC
(e): Then, R R
A(D; — ®y) <supA(d, — dp;¢) “ B0 as t— o0
ceC
by (E).
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Appendix B. Other Lemmas

A J x 1-dimensional vector x is called stochastic if ; > 0 for all j € {1,...,J} and Z}-le zj =1,

and a J x J-dimensional matrix X is called stochastic if z;; > 0 for all 4, j € {1,..., J} and Z‘jjzl i =1
for all ¢ € {1, ..., J}. The space of J x 1-dimensional stochastic vectors is denoted by S.

Lemma Appendix B.1. Let P be a J x J-dimensional stochastic matriz with generic element p;;.
Assume that there exist an ¢ € (0,1) and a p € S such that

Dij = €Pj
foralli,j € {1,...,J}. Then, there exists an « € (0,1) such that
IPx — P'y|l < allx -yl
forallx,y € S with x #y.

Proof 13. Let P be a J x J-dimensional matriz with generic element pi; = (1 — &)~ (pij — €pj).
Note that P is a stochastic matriz. Thus,

HP,X - P/Y||1 = Z Zpl] yz’

7j=1li=1
J J
(1-¢) Z —Yi)
7j=1]:=1
J J
1_5 Zzpz]’xz yz‘
i=1

<.
—

<

1_52‘371 yil = (1 —g)llx =yl
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