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Abstract

We develop a nonparametric test for deciding whether volatility of an asset follows a standard
semimartingale process, with paths of finite quadratic variation, or a rough process with
paths of infinite quadratic variation. The test utilizes the fact that volatility is rough if and
only if volatility increments are negatively autocorrelated at high frequencies. It is based on
the sample autocovariance of increments of spot volatility estimates computed from high-
frequency asset return data. By showing a feasible CLT for this statistic under the null
hypothesis of semimartingale volatility paths, we construct a test with fixed asymptotic size
and an asymptotic power equal to one. The test is derived under very general conditions
for the data-generating process. In particular, it is robust to jumps with arbitrary activity
and to the presence of market microstructure noise. In an application of the test to SPY
high-frequency data, we find evidence for rough volatility.
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1 Introduction

Most economic and financial time series exhibit time-varying volatility. The standard way of
modeling volatility in continuous time is via stochastic integrals driven by Brownian motions
and/or Lévy jumps, see e.g., the review articles of Ghysels et al. (1996) and Shephard and
Andersen (2009). This way of modeling volatility implies that, while volatility paths can exhibit
discontinuities, they nevertheless remain smooth in squared mean and have finite quadratic
variations in particular. An alternative way of modeling volatility, which has gained significant
popularity recently, is via stochastic integrals driven by a fractional Brownian motion, see Comte
and Renault (1996, 1998) and the more recent work of Gatheral et al. (2018). In this case,
volatility paths can be very rough, with a lot of oscillations at short time scales leading to an
explosive quadratic variation.

Naturally, the degree of roughness of volatility (controlled by the Hurst parameter of the
driving fractional Brownian motion) determines the optimal rate of convergence of nonpara-
metric spot estimators of volatility, with the latter dropping to zero as the degree of roughness
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increases.1 In fact, many of the tools developed for the analysis of high-frequency data, see
e.g., Jacod and Protter (2012), depend critically on volatility being a semimartingale process.
The goal of this paper, therefore, is to develop a general nonparametric test to decide whether
volatility is a standard semimartingale with a finite quadratic variation or is a rough process
with infinite quadratic variation.

If volatility were directly observable, it would be relatively easy to design such a test based on
variance ratios (Faust, 1992). For example, if one were to observe volatility at high frequency,
then one way of testing for roughness of volatility would be by assessing the scaling of the
quadratic variation of the discretized volatility process computed at different frequencies, see
e.g., Barndorff-Nielsen et al. (2011). Volatility is of course not directly observable, and testing
for rough volatility is significantly more challenging when using high-frequency observations of
the underlying process only. This is mainly for three reasons.

First, rough volatility will result in larger increments of spot volatility estimates, but bigger
in size increments can be due to jumps of infinite activity in the price process and/or volatility
jumps as well. In fact, as shown in Jacod and Reiß (2014), the optimal nonparametric rate for
estimating volatility from high-frequency data in the presence of jumps depends on the degree
of jump activity, with the rate becoming significantly worse (and approaching zero) for higher
degree of jump activity. Second, the presence of market microstructure noise in observed prices
further slows down the rate at which volatility can be estimated, making it difficult to evaluate
its behavior over small time scales. For example, the optimal rate of convergence for estimating
integrated volatility from n noisy observations is n1/4 compared to n1/2 in the noise-free setting
(Reiß, 2011). Third, even in the absence of jumps and market microstructure noise in the
observed price, spot volatility estimates contain nontrivial estimation errors. As noted by Cont
and Das (2022) and Wang et al. (2023), this error can make the volatility estimates appear
rough even if the true volatility process is not.2 Therefore, rough volatility, i.e., the roughness
of unobserved spot volatility, has to be distinguished from the roughness of volatility estimates
such as realized variance.

In this paper we show that, in spite of the poor rate of estimating volatility in the presence
of jumps with high jump activity and market microstructure noise, one can nevertheless test for
volatility roughness, with the properties of the test unaffected by the degree of jump activity
and the presence of microstructure noise. We achieve this by relying on a second—equivalent—
characterization of rough volatility in terms of the autocorrelation of its increments. Mainly,
volatility is rough if and only if changes in volatility are negatively correlated at high frequency.
By contrast, high-frequency volatility increments in semimartingale volatility models are asymp-
totically uncorrelated, as they are locally dominated by the martingale component of volatility.3

More specifically, we propose a test based on the sample autocovariance of increments of spot
volatility estimates. The spot volatility estimates are constructed from the empirical characteris-
tic function of price increments in local blocks of high-frequency data. By choosing values of the
characteristic exponent away from zero, we mitigate the impact of finite variation jumps on the
spot volatility estimators. While the latter still contain non-negligible biases due to the infinite
variation jumps and microstructure noise, these biases have increments that are asymptotically

1For nonparametric estimation of spot volatility in various settings, we refer to Foster and Nelson (1996),
Comte and Renault (1998), Kristensen (2010), Liu et al. (2018) and Bollerslev et al. (2021, 2023) among others.

2Previous works that take estimation errors into account when estimating volatility roughness include Benned-
sen et al. (2022), Fukasawa et al. (2022), Bolko et al. (2023) and Chong et al. (2023).

3Rough volatility concerns the negative correlation of volatility moves on short time scales only and has no
implication for the long range behavior of volatility. Therefore, rough volatility models are compatible with the
well-documented long memory of volatility (Andersen et al., 2003). The need to separate volatility roughness
from long memory has also been observed in Bennedsen et al. (2022) and Liu et al. (2020) in parametric settings.
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uncorrelated across different blocks.
Therefore, even in the presence of jumps, noise and estimation errors, the first-order auto-

covariance of increments of spot volatility estimates—computed over non-overlapping blocks—
should be zero asymptotically if volatility follows a standard semimartingale process. On the
other hand, after appropriately scaling down the sample autocovariance, it converges to a strictly
negative number when volatility is rough. The resulting test statistic is a self-normalized quantity
which converges to a standard normal random variable under the null hypothesis of semimartin-
gale volatility and diverges to negative infinity under the rough volatility alternative hypothesis.

The rest of the paper is organized as follows. We start with introducing our setup in Section 2.
The theoretical development of the test is given in Section 3 and its finite sample properties are
evaluated in Section 4. Section 5 contains our empirical application. Section 6 concludes. The
proofs are given in Appendix A with technical details deferred to Appendix B.

2 Model Setup

We denote the logarithmic asset price by x. We assume that x is defined on a filtered probability
space (Ω,F ,F = (Ft)t≥0,P) with the following Itô semimartingale dynamics:

xt = x0 +

∫ t

0
αsds+

∫ t

0
σsdWs +

∫ t

0

∫
E
γ(s, z)(µ− ν)(ds, dz) +

∫ t

0

∫
E

Γ(s, z)µ(ds, dz), (2.1)

where x0 is an F0-measurable random variable, W is a standard F-Brownian motion, µ is an
F-Poisson random measure on [0,∞)×E with intensity measure ν(ds, dz) = λ(dz)ds and λ is a
σ-finite measure on an auxiliary space E. The drift α is a locally bounded predictable process,
while γ and Γ are predictable functions such that the integrals in (2.1) are well defined. We
think of γ and Γ as modeling infinite variation and finite variation jumps, respectively, rather
than modeling small and big jumps. This distinction is important because our assumptions on
the two below will differ. In particular, if x has only finite variation jumps, we can and should
take γ ≡ 0.

The goal of this paper is to develop a statistical test for the fine structure of the spot
(diffusive) variance, ct = σ2

t , with the null and alternative hypotheses being

H0 : {ct is a semimartingale process, with paths of finite quadratic variation on [0, T ]},
H1 : {ct is a rough process, with paths of infinite quadratic variation on [0, T ]},

(2.2)

where T is some fixed number. We say that a general process Z = (Zt)t∈[0,T ] is rough if it is not
constant over [0, T ] and

RV (Z)
n,1/2
T

RV (Z)nT
=

1
2

∑bT/∆nc
i=2 (Zi∆n − Z(i−2)∆n

)2∑bT/∆nc
i=1 (Zi∆n − Z(i−1)∆n

)2

P−→ τ < 1 as ∆n → 0, (2.3)

that is, the realized variance of Z computed at half the frequency, RV (Z)
n,1/2
T , is only a fraction

of the realized variance of Z computed at the original frequency, RV (Z)nT . A smaller value of
τ indicates less regular sample paths of Z. Indeed, it is easy to see that τ = 2 is the largest
possible value in (2.3), and this is attained, for example, if Zt =

∫ t
0 zsds is a pure drift with a

stochastically continuous coefficient z. If Z is a process with a finite and non-zero quadratic
variation (e.g., if Z is a semimartingale which is not a drift), we have τ = 1 in (2.3). If Z is
a fractional Brownian motion with Hurst parameter H ∈ (0, 1), we have τ = 22H−1 and Z is
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rough precisely when H ∈ (0, 1
2). In general, if Z is rough process, its realized variance explodes

as ∆n → 0 and thus, its paths will be of infinite quadratic variation.
For our theoretical analysis, we need to impose some mild structural assumptions on ct (and

other coefficients in (2.1)) under both H0 and H1, as detailed in the following two subsections.
We note that H0 and H1 do not exhaust the whole model space; e.g., ct could have a finite
(possibly zero) quadratic variation without being a semimartingale process. These alternatives
correspond to τ > 1 in (2.3) and in that sense imply smoother paths than our null hypothesis.
Hence they are not going to be rejected by our test, see Remark 3.4 below for more details.

2.1 The Null Hypothesis

Under H0, we further assume that ct is an Itô semimartingale process given by

ct = c0 +

∫ t

0
αcsds+

∫ t

0
(σcsdWs + σcsdW s) +

∫ t

0

∫
E
γc(s, z)(µ− ν)(ds, dz)

+

∫ t

0

∫
E

Γc(s, z)µ(ds, dz),

(2.4)

where W is a standard F-Brownian motion that is independent of W , c0 is F0-measurable and
the requirements for the coefficients of c will be given later. All continuous-time stochastic
volatility models that are solutions to stochastic differential equations are of this form, and (2.4)
is a frequent assumption in the financial econometrics literature, see e.g., Assumption (K-r) in
Aı̈t-Sahalia and Jacod (2014) and Jacod and Protter (2012). In particular, ct can have jumps
and is nowhere differentiable in the presence of a diffusive component. Nevertheless, volatility
is smooth in squared mean in the following sense: There exists a sequence of stopping times τn
increasing to infinity such that for all t ≥ 0,

δ 7→ E[(c(t+δ)∧τn − ct∧τn)2] is differentiable (including at δ = 0). (2.5)

In addition, we need similar structural assumptions on the infinite variation jumps of x.
More precisely, we assume that ϕ(u)t =

∫
E(eiuγ(t,z) − 1 − iuγ(t, z))λ(dz), for every u ∈ R, is a

complex-valued Itô semimartingale of the form

ϕ(u)t = ϕ(u)0 +

∫ t

0
αϕ(u)sds+

∫ t

0
(σϕ(u)sdW

ϕ
s + σϕ(u)sdW

ϕ
s )

+

∫ t

0

∫
E
γϕ(u; s, z)(µ− ν)(ds, dz) +

∫ t

0

∫
E

Γϕ(u; s, z)µ(ds, dz), (2.6)

where Wϕ and W
ϕ

are independent standard F-Brownian motions (jointly Gaussian with and
possibly dependent on W and W ) and the coefficients of ϕ(u) may be complex-valued.

If γ is a deterministic function, ϕ(u)t is simply the spot log-characteristic function of the
infinite variation jump part of x. Condition (2.6) is a rather mild condition and is satisfied, for
example, if x has the same infinite variation jumps as

∫ t
0 Ks−dLs, where K is an Itô semimartin-

gale and L is a time-changed Lévy process with the time change being also an Itô semimartingale,
see Example 1 below. This situation covers the vast majority of parametric jump models con-
sidered in the literature. A condition like (2.6) is needed in order to safeguard our test against
the worst-case scenario (which is possible in theory but perhaps less relevant in practice) where
price jumps are of infinite variation and their intensity is much rougher than diffusive volatility.
The null hypothesis does cover situations where x has infinite variation jumps with non-rough
intensity and/or finite variation jumps with arbitrary degree of roughness.

Our assumption for the process x under the null hypothesis is given by:

4



Assumption H0. We assume that the following conditions are met under the null hypothesis:

1. We have (2.1)–(2.6), where α, γ, Γ, αc, σc, σc, γc, Γc and αϕ(u), σϕ(u), σϕ(u), γϕ(u; ·)
and Γϕ(u; ·) (for every u ∈ R) are predictable and αc, σc and σc are locally bounded,
Moreover, inf{cs : 0 ≤ s ≤ t} > 0 for all t > 0 almost surely.

2. There exist a sequence of stopping times τn increasing to infinity almost surely and non-
negative measurable functions Jn(z) satisfying

∫
E Jn(z)λ(dz) <∞ for all n ∈ N such that

whenever t ≤ τn, we have

(|γ(t, z)|2 + |γc(t, z)|2 + |Γ(t, z)|+ |Γc(t, z)|) ∧ 1 ≤ Jn(z). (2.7)

3. For any compact subset U ⊆ R, the process

t 7→ sup
δ∈(0,1)

sup
u∈U

{
δ|αϕ(u/

√
δ)t|} (2.8)

is locally bounded, while the processes

t 7→ sup
s∈[0,δ]

E[|αt+s − αt| ∧ 1 | Ft], t 7→ sup
s∈[0,δ]

E[|σct+s − σct | ∧ 1 | Ft], (2.9)

t 7→ sup
u∈U

{
|δσϕ(u/

√
δ)t|+ |δσϕ(u/

√
δ)t|
}

(2.10)

converge uniformly on compacts in probability to 0 as δ → 0. Finally, for any n ∈ N, there
are constants Cn(δ) ∈ (0,∞) such that Cn(δ)→ 0 as δ → 0 and

sup
u∈U

{
|δγϕ(u/

√
δ; t, z)|2 + |δΓϕ(u/

√
δ; t, z)|

}
∧ 1 ≤ Cn(δ)Jn(z) (2.11)

for all t ≤ τn and z ∈ E.

The conditions on the coefficients of x, c and ϕ(u)t are only slightly stronger than requiring
them to be Itô semimartingales. In particular, all three processes are allowed to have jumps of
arbitrary activity. The following example shows that the assumptions on ϕ(u)t are mild indeed.

Example 1. Suppose that
∫ t

0

∫
E γ(s, z)(µ − ν)(ds, dz) =

∫ t
0 Ks−dLs, where L is a mean-zero

purely discontinuous martingale whose jump measure has F-compensator λt−dtF (dz), for some
Lévy measure F on R. Further, suppose that K and λ are Itô semimartingales. Then

ϕ(u)t =

∫
R

(eiuKtz − 1− iuKtz)λtF (dz), (2.12)

and (2.8), (2.10) and (2.11) are satisfied. The proof is given in Lemma A.5.

2.2 The Alternative Hypothesis

Under the alternative hypothesis, the stochastic volatility process c ceases to be a semimartingale
and is given by a rough process with a low degree of regularity. More precisely, we assume under
the alternative hypothesis that

ct = f(vt), where vt = v0 +

∫ t

0
g(t− s)(σvsdWs + σvsdW s) + ṽt, (2.13)
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v0 is F0-measurable and f is a C2-function. The kernel g has the semiparametric form

g(t) = K−1
H t

H−1/2
+ + g0(t), KH = Γ(H + 1/2)/

√
sin(πH)Γ(2H + 1), (2.14)

where H ∈ (0, 1
2), xa+ = xa if x > 0 and xa+ = 0 otherwise, and g0 ∈ C1([0,∞)) with g0(0) = 0.

The normalization constant KH is chosen such that in the case σv = 1, σv = 0 and ṽ = 0,
we have E[(vt+∆n − vt)2]/∆2H

n → 1 as ∆n → 0 for any t ∈ (0,∞). The specification in (2.13)
contains the rough volatility models considered in Gatheral et al. (2018), Bennedsen et al. (2022)
and Wang et al. (2023) as special cases.

Since H < 1
2 and g has the same behavior as the fractional kernel K−1

H tH−1/2 at t = 0, the
process v has the same small time scale behavior, and thus the same degree of roughness, as a
fractional Brownian motion BH with Hurst parameter H. However, due to the presence of g0,
there are no restrictions on the asymptotic behavior of g and hence of v as t→∞. In particular,
v can have short-memory behavior or long-memory behavior. This separation of roughness on
the one hand and long memory on the other hand has been found important in practice; see
Bennedsen et al. (2022) and Liu et al. (2020). In addition to a fractional component, v may also
have a regular part ṽ, which can include a (possibly discontinuous) semimartingale component.

We can compare the smoothness of ct under the alternative hypothesis with that under the
null hypothesis. We have the following result for ct in (2.13): There exists a sequence of stopping
times τn increasing to infinity such that for all t ≥ 0,

E[(c(t+δ)∧τn − ct∧τn)2] � δ2H as δ → 0. (2.15)

In particular, (2.15) is not differentiable at δ = 0. This leads to paths of c of infinite quadratic
variation. The parameter H governs the roughness of the volatility path, with lower values
corresponding to rougher volatility dynamics. The limiting case H = 1/2 corresponds to the
standard semimartingale volatility model under the null hypothesis. Figure 1 below visualizes
the difference between a rough volatility path and a semimartingale volatility path.

Our assumption for the process x under the alternative hypothesis is given by:

Assumption H1. We have the following setup under the alternative hypothesis:

1. We have (2.1) and (2.13), where f and g are as specified above and ṽ, α, γ, Γ, σv

and σv are predictable processes. Moreover, α, ṽ, σv and σv are locally bounded and
inf{(f ′(vs))2[(σvs )2 + (σvs)

2] : 0 ≤ s ≤ t} > 0 for all t > 0 almost surely.

2. There exist a sequence of stopping times τn increasing to infinity almost surely and non-
negative measurable functions Jn(z) satisfying

∫
E Jn(z)λ(dz) <∞ for all n ∈ N such that

whenever t ≤ τn, we have

(|γ(t, z)|2 + |Γ(t, z)|) ∧ 1 ≤ Jn(z). (2.16)

3. For any compact subset U of R, the process

t 7→ sup
δ∈(0,1)

sup
u∈U

{
δ|ϕ(u/

√
δ)t|} (2.17)

is locally bounded. Moreover, for any n ∈ N, there is a constant Cn ∈ (0,∞) such that

sup
t≥0

E[|ṽt+δ − ṽt|21{t+δ≤τn}]
1/2 ≤ CnδHh(δ), (2.18)
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sup
t≥0

sup
u∈U

E
[
|δϕ(u/

√
δ)t+δ − δϕ(u/

√
δ)t|21{t+δ≤τn}

]1/2
≤ CnδHh(δ), (2.19)

sup
t≥0

E[(|σvt+δ − σvt |2 + |σvt+δ − σvt |2)1{t+δ≤τn}]
1/2 ≤ Cnh(δ) (2.20)

for all δ ∈ (0, 1) and some h satisfying h(t)→ 0 as t→ 0.

Due to Condition (2.18), ṽ can be any predictable process that is marginally smoother than
v. In particular, ṽ can be another fractional process with H ′ > H or an Itô semimartingale
(possibly with jumps) or a combination thereof.

Example 2. Consider the same setting as in Example 1, except that K and λ can be any
predictable locally bounded process satisfying

sup
s,t≥0

E[|Kt −Ks|21{s,t≤τn}]
1/2 + sup

s,t≥0
E[|λt − λs|21{s,t≤τn}]

1/2 ≤ Cn|t− s|H , (2.21)

for all n ∈ N and where τn and Cn are as in Assumption H1. Then, we still have (2.12) and
both (2.17) and (2.19) are satisfied. This is shown in Lemma A.6. In particular, this example
covers the case where λt = `(ct) for some C1-function `.

3 Testing for Rough Volatility

If volatility were directly observable, testing for rough volatility would be a straightforward mat-
ter based on the variance ratio in (2.3); see Barndorff-Nielsen et al. (2011). Due to the latency
of volatility, however, examining the realized variance of spot volatility estimates at different
frequencies is problematic as a testing strategy, as estimation errors can produce spurious rough-
ness (Cont and Das, 2022) and jumps in price and volatility as well as microstructure noise in
the data can lead to significant biases. To avoid such complications, we base our test on an
equivalent—but more robust—characterization of rough processes. Specifically, expanding the
square in the numerator of (2.3) and neglecting boundary terms, we can write

RV (Z)
n,1/2
T

RV (Z)nT
∼ 1 +

∑bT/∆nc
i=2 (Zi∆n − Z(i−1)∆n

)(Z(i−1)∆n
− Z(i−2)∆n

)∑bT/∆nc
i=1 (Zi∆n − Z(i−1)∆n

)2
. (3.1)

Recognizing the ratio on the right-hand side as the first-order sample autocorrelation of the
increments of Z, we conclude that Z is rough precisely when its increments are negatively
correlated at high frequency.

With this insight, we construct a rough volatility test based on the sample autocovariance
of increments of spot volatility estimates. Such a covariance-based test has one important
advantage over tests relying on variances. Mainly, while statistical errors in estimating spot
volatility and biases from jumps and microstructure noise can heavily distort variance estimates,
they remain largely uncorrelated across non-overlapping blocks of data and, as a result, have a
much smaller impact on autocovariances. For example, our test achieves robustness to jumps
and microstructure noise without any procedure to remove them.

3.1 Formulation of the Test

We assume that we have high-frequency observations of the log-asset price process x at time
points 0,∆n, 2∆n, . . . up to time T , where ∆n → 0 as n → ∞ and T ∈ (0,∞), the number of
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trading days, is fixed. We split the data into blocks of pn increments, where pn is a positive
integer increasing to infinity. Our test statistic is based on estimating spot log-variance (i.e.,
log σ2

t ) on each of the blocks and then computing the first-order autocovariance of the increments
of these volatility estimates. More specifically, following Jacod and Todorov (2014), we estimate
the spot variance using the local empirical characteristic function of the price increments within
each block. These local volatility estimators are given by

ĉnj (u) = − 2

u2
log|L̂nj (u)|, where L̂nj (u) =

1

kn

(j−1)pn+kn∑
i=(j−1)pn+1

eiu∆n
i x/
√

∆n , (3.2)

for j = 1, . . . , bT/(pn∆n)c, some 1 < kn ≤ pn and some u ∈ R \ {0}. For a generic process
X, we write ∆n

i X = Xi∆n −X(i−1)∆n
. If kn < pn, we have time gaps between the blocks used

in computing successive L̂nj (u). This is done to minimize the impact from potential dependent
market microstructure noise in the observed price on the statistic, see Section 3.3 below.

Denoting ĉnj (u) = log ĉnj (u), we next form increments between blocks, that is, ∆n
j ĉ(u) =

ĉnj (u)−ĉnj−1(u). We further difference ∆n
j ĉ(u) between consecutive days and denote this difference

by
∆n
j ĉ(u, u

′) = ∆n
j ĉ(u)−∆n

j−1ĉ(u
′), for u, u′ ∈ R \ {0}. (3.3)

To simplify notation, we assume that T and 1 = (pn∆n)−1 are both even integers. In this
case, 1 is the number of blocks within one trading day, which is asymptotically increasing.
The differencing across days is done to mitigate the effect on the statistic from the presence
of a potentially erratic periodic intraday volatility pattern, which can be quite pronounced as
previous studies have found (Wood et al., 1985; Harris, 1986; Baillie and Bollerslev, 1991).
Indeed, if volatility is a product of a deterministic function of time of the trading day and
a regular stochastic semimartingale, then the intraday periodic component of volatility gets
canceled out in the asymptotic limit of ∆n

j ĉ(u, u
′). Importantly, the daily differencing in (3.3)

has no impact on the power of the test.
Our test statistic is then based on the sample autocovariance of ∆n

j ĉ(u, u
′). More specifically,

it is given by

T̂n =

∑
j∈Jn ∆n

2j ĉ(u
n
j , u

n
j−1/2)∆n

2j−2ĉ(u
n
j−1, u

n
j−1−1/2)√∑

j∈Jn(∆n
2j ĉ(u

n
j , u

n
j−1/2)∆n

2j−2ĉ(u
n
j−1, u

n
j−1−1/2))2

, (3.4)

where Jn =
⋃T/2
k=1{2 + (2k − 1)/(2pn∆n), . . . , 2k/(2pn∆n)}. This choice of Jn avoids including

the covariance between the last volatility increment of a trading day and the first one on the
next trading day. This way, the summands in the numerator of T̂n are asymptotically uncorre-
lated under the null hypothesis and this makes the construction of a feasible estimator of the
asymptotic variance straightforward.

We note that one can easily derive the asymptotic distribution for higher-order sample auto-
covariances and include them in the formulation of the test as they should be all asymptotically
zero under the null hypothesis and all asymptotically negative under the alternative hypothesis.
We do not do this here because one can show that the first-order autocovariance is typically
much higher in magnitude than the higher-order ones under the alternative hypothesis.

The arguments unj of the empirical characteristic functions used in T̂n are chosen in a data-
driven way using information from preceding blocks. Their specification is given in the following
assumption:

8



Assumption U. We have

unj =
θ√
ηnj
, j = 1, . . . , bT/(2pn∆n)c, (3.5)

where θ > 0 and ηnj is an F(2j−2)pn∆n
-measurable random variable with the following properties:

There is an adapted and stochastically continuous process ηt such that inf{ηs : 0 ≤ s ≤ t} > 0
almost surely for all t > 0 and, for every m ∈ N,

sup
j=1,...,bT/(2pn∆n)c

E[|ηnj − η(2j−2)pn∆n
|1{(2j−2)pn∆n≤τm}]→ 0 (3.6)

as n→∞, where (τm)m∈N is the sequence of stopping times from Assumption H0 or H1. More-
over, for every m ∈ N, there is are constants 0 < η−m < η+

m <∞ such that

lim
n→∞

P
(
η−m ≤ ηnj ≤ η+

m for all j = 1, . . . , bT/(2pn∆n)c with (2j − 2)pn∆n ≤ τm
)

= 1. (3.7)

Example 3. As we show in Lemma A.7, a natural choice is ηt = σ2
t together with

ηnj =
1

`2 − `1 + 1

`2∑
`=`1

ĉn2j−`, j = 1, . . . , bT/(2pn∆n)c, (3.8)

for some fixed 3 ≤ `1 ≤ `2 and where

ĉnj =
π

2kn∆n

(j−1)pn+kn∑
i=(j−1)pn+1

|∆n
i x∆n

i−1x| (3.9)

is the bipower spot volatility estimator of Barndorff-Nielsen and Shephard (2004).

3.2 Asymptotic Behavior of the Test

Let F∞ =
∨
t≥0Ft and use

L−s−→ to denote F∞-stable convergence in law, see page 512 of Jacod
and Shiryaev (2003) for the definition. The following theorem characterizes the asymptotic
behavior of T̂n under the null and alternative hypotheses.

Theorem 3.1. Suppose that

kn
√

∆n → 0, kn∆1/2−ι
n →∞ for all ι > 0, pn/kn → κ ∈ [1,∞), (3.10)

and consider the test statistic T̂n as defined in (3.4), where unj satisfies Assumption U.

1. Under the null hypothesis set forth in Assumption H0, we have

T̂n
L−s−→ N(0, 1). (3.11)

2. Under the alternative hypothesis set forth in Assumption H1, we have

T̂n
P−→ −∞ at a rate of

√
1/(pn∆n). (3.12)

9



In particular, a test with critical region

Cn = {T̂n < Φ−1(α)}, α ∈ (0, 1), (3.13)

where Φ is the cumulative distribution function of the standard normal distribution, has asymp-
totic size α under Assumption H0 and is consistent under Assumption H1.

The requirements for the number of elements in a block, kn, in (3.10) is a standard condition
that essentially balances asymptotic bias and variance in the spot volatility estimation. The
limit behavior of the statistic under the null hypothesis is driven by the diffusive component
of x. While infinite variation jumps are of higher asymptotic order, they can nevertheless
have nontrivial effect in finite samples. The estimates of the asymptotic standard error of the
autocovariance used in T̂n should automatically account for such higher order terms. Therefore,
we expect good finite sample behavior of the test statistic even in situations with high jump
activity. We confirm this in the Monte Carlo study in Section 4. This is not the case for
nonparametric estimates of diffusive volatility, which are known to have poor properties in the
presence of infinite variation jumps. Finally, the rate of divergence of the statistic under the
alternative hypothesis is determined by the length of the interval over which local volatility
estimates are formed.

3.3 Robustness to Microstructure Noise

Volatility estimators such as realized variance can be severely impacted by microstructure noise
in observed asset prices, see e.g., Aı̈t-Sahalia et al. (2005), Hansen and Lunde (2006) and Bandi
and Russell (2008). By contrast, we show in this section that the test statistic T̂n from (3.4) is
naturally robust to many forms of microstructure noise considered in the literature, without the
need to employ classical noise-reduction techniques such as two-scale estimation (Zhang et al.,
2005), realized kernels (Barndorff-Nielsen et al., 2008) or pre-averaging (Jacod et al., 2009). The
reason for this is similar to that for the robustness towards infinite variation jumps. Mainly,
the contribution of the noise to the empirical characteristic function gets canceled out in the
differencing of the consecutive volatility estimates in ∆n

j ĉ(u).
We start with stating the counterparts to Assumptions H0, H1 and U in the noisy setting.

Assumption H′0. The observed log-prices are given by

yi∆n = xi∆n + εni , i = 0, . . . , bT/∆nc, (3.14)

where the latent efficient price xt follows (2.1) and satisfies Assumption H0, while the noise
variables εni are of the form

εni = ∆$
n ρi∆nχi. (3.15)

Here, $ ∈ [0,∞) determines the size of the noise, ρ is an adapted locally bounded process and
(χi)i∈Z is a strictly stationary m-dependent sequence of random variables (for some m ≥ 0),
independent of F∞ and with mean 0, variance 1 and finite moments of all orders.

1. If $ ≤ 3
4 , we further assume that ρ is an Itô semimartingale of the form

ρt = ρ0 +

∫ t

0
αρsds+

∫ t

0
(σρsdWs + σ̃ρsdW̃s) +

∫ t

0

∫
E
γρ(s, z)(µ− ν)(ds, dz)

+

∫ t

0

∫
E

Γρ(s, z)µ(ds, dz),

(3.16)
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where W̃ is a standard F-Brownian motion that is independent of W (and jointly Gaussian
and potentially correlated with W , Wϕ and W

ϕ
), ρ0 is an F0-measurable random vari-

able, αρ, σρ and σ̃ρ are locally bounded adapted processes and γρ and Γρ are predictable
functions. Moreover, the process t 7→ sups∈[0,δ] E[|σρt+s − σ

ρ
t | ∧ 1 | Ft] converges uniformly

on compacts in probability to 0 as δ → 0 and we have (|γρ(t, z)|2 + |Γρ(t, z)|) ∧ 1 ≤ Jn(z)
whenever t ≤ τn (where τn is the localizing sequence from Assumption H0).

2. If $ ≤ 1
2 , we have inf{ρt : 0 ≤ s ≤ t} > 0 for all t > 0 almost surely. If $ ≤ 1

2 or if θ0 = 0
in Assumption U′ below, there exists ε > 0 such that (2.7) can be strengthened to

(|γ(t, z)|2−ε + |γc(t, z)|2−ε + |Γ(t, z)|1−ε + |Γc(t, z)|1−ε) ∧ 1 ≤ Jn(z) (3.17)

and the processes in (2.9) and (2.10) as well as the constant Cn(δ) from (2.11) still con-
verge to 0 if divided by δε.

Assumption H′1. We have (3.14), where xt satisfies Assumption H1 and the noise variables
εni satisfy (3.15), where $, ρ and (χi)i∈Z have the properties listed in the sentence immediately
after (3.15).

1. If $ ≤ 1
2 + 1

2H, we further assume that

ρt = F (wt), wt = w0 +

∫ t

0
G(t− s)(σws dWs + σws dW s + σ̂ws dŴs) + w̃t, (3.18)

where F is a C2-function, w0 is F0-measurable and G(t) = K−1
Hρ
t
Hρ−1/2
+ +G0(t) for some

Hρ ∈ (0, 1
2) and G0 ∈ C1([0,∞)) with G0(0) = 0. Moreover, Ŵ is a standard F-Brownian

motion that is independent of W and W and jointly Gaussian (and possibly correlated)

with Wϕ, W
ϕ

and W̃ . The processes w̃, σw, σw and σ̂w are adapted and locally bounded,
and for any n ∈ N (and with τn as in H0 and Cn and h as in H1), we have

sup
t≥0

E[|w̃t+δ − w̃t|21{t+δ≤τn}]
1/2 ≤ CnδHρh(δ), (3.19)

sup
t≥0

E[(|σwt+δ − σwt |2 + |σwt+δ − σwt |2 + |σ̂wt+δ − σ̂wt |2)1{t+δ≤τn}]
1/2 ≤ Cnh(δ). (3.20)

2. If $ ≤ 1
2 or if θ0 = 0 in Assumption U′ below, we have h(t) = O(tε) as t → 0 for some

ε > 0.

3. If $ < 1
2 + 1

2H and (pn∆n)H∆
(1−2$)+
n = o((pn∆n)Hρ∆

(2$−1)+
n ), then almost surely

inf{(ρsF ′(ws))2[(σws )2 + (σws )2 + (σ̂ws )2] : 0 ≤ s ≤ t} > 0 for all t > 0. If $ = 1
2 and

H = Hρ, then almost surely inf{zs : 0 ≤ s ≤ t} > 0 for all t > 0, where

zt = (1
2f
′(vt)σ

v
t + E[(∆χ1)2]ρtF

′(wt)σ
w
t )2 + (1

2f
′(vt)σ

v
t + E[(∆χ1)2]ρtF

′(wt)σ
w
t )2

+ (E[(∆χ1)2]ρtF
′(wt)σ̂

w
t )2

and ∆χi = χi − χi−1.

We consider the case when the noise is asymptotically shrinking ($ > 0) and when this is
not the case ($ = 0). Naturally, the requirements for the process ρ are somewhat stronger for
lower values of $ (which correspond to asymptotically bigger noise). A typical example where
the conditions on ρ are met, irrespective of the size of the noise, is when ρ is a function of
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volatility, in which case we have w = v and Hρ = H. Given evidence for a strong relationship
between noise intensity and volatility (Aı̈t-Sahalia and Yu, 2009), this is also the empirically
relevant case.

To test H′0 against H′1, we use the same test statistic T̂n from (3.4) as before, except that
now

L̂nj (u) =
1

kn

(j−1)pn+kn∑
i=(j−1)pn+1

eiu∆n
i y/
√

∆n , (3.21)

which uses the observed prices y instead of the latent efficient price x. We do not change the
notation of T̂n, ĉnj (u), ĉnj (u) and L̂nj (u) to reflect the fact that (3.2) is a special case of (3.21),
namely when microstructure noise is absent. More importantly, in practice, one does not have
to know or decide whether noise is present or not. We do have to adjust Assumption U in the
presence of noise:

Assumption U′. We have Assumption U with the following modifications:

1. In (3.5), θ = θn is a sequence of positive numbers such that θn → θ0 ∈ [0,∞). If $ ≤ 1
2 ,

we have θ0 = 0. The variables ηnj are F((2j−2)pn−m−1)∆n
-measurable.

2. In (3.6) and (3.7), ηnj is replaced by ηnj /∆
(2$−1)∧0
n , and (3.6) still holds if the left-hand

side is divided by ∆ε
n. The numbers $ and ε are the same numbers as in (3.15) and (3.17).

3. The process t 7→ sups∈[0,δ] E[|ηt+s−ηt|∧1]/δε converges uniformly on compacts in probability
to 0 as δ → 0.

Theorem 3.2. Suppose that Assumption U′ is satisfied. If

kn
√

∆n

θ4
n

→ 0, kn∆1/2−ι
n →∞ for all ι > 0, pn/kn → κ ∈ [1,∞), kn ≤ pn−m−1, (3.22)

then the behavior of the test statistic T̂n remains the same as described in (3.11) or (3.12)
depending on whether we have, respectively, Assumption H′0 or H′1. A test based on the critical
region (3.13) has asymptotic size α under Assumption H′0 and is consistent under H′1.

The rate conditions in (3.22) are slightly stronger than those in (3.10) corresponding to the
case of no market microstructure noise. In particular, the last condition in (3.22) is necessary to
avoid the noise having an asymptotic effect on the statistic. Since one does not typically know
a priori the degree of dependence in the noise, it is better to pick κ slightly above one.

In the noisy case, we need θ = θn → 0 if $ ≤ 1
2 . The consequence of that is that we only

need to assess the characteristic function of the noise for values of the exponent around zero.
Setting ρ ≡ 0 in Theorem 3.2, we can verify that Theorem 3.1 remains true even if we choose
θ = θn → 0 (subject to (3.22) and the strengthened conditions for θ0 = 0). Similarly, as shown in
Lemma A.7, Example 3 can be extended to the noisy case with ηt = σ2

t 1{$≥ 1
2
}+K(χ)ρ2

t1{$≤ 1
2
},

where K(χ) = π
2E[|∆χ2∆χ1|]. Importantly from an applied point of view, in order to implement

the test, we do not need to decide whether microstructure noise is present or not (or know the
value of $).

Finally, the rate of convergence of the statistic is determined either by the noise or by the
diffusive component of the price. This depends on the value of $, i.e., on how big in asymptotic
sense the noise is. The user does not need to know this in implementing the test.
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Remark 3.3. We conjecture that in Theorem 3.2, the m-dependence assumption on χ can be
weakened by requiring χ to be ι-polynomially ρ-mixing for some ι > 1 as in Jacod et al. (2017),
Da and Xiu (2021) and Li and Linton (2022).

Remark 3.4. The hypotheses H0 and H1 in (2.2) do not encompass all possible models, as ct
could also be a non-semimartingale process with finite quadratic variation. This is for instance
the case if ct is a fractional process of the form (2.13) but with H > 1

2 in (2.14) (and Hρ >
1
2

if there is noise). In this case, the volatility paths will have zero quadratic variation and the
high-frequency increments of volatility will have positive autocorrelations. Denoting H∗ = (H+

(1−2$)+)∧(Hρ+(2$−1)+), one can show that if H∗ ∈ (1
2 ,

3
4), then T̂n

P−→∞. This is because
the positive autocovariance of volatility (or noise intensity) increments dominates in this case.

If H∗ ∈ [3
4 , 1), then estimation errors dominate and we have T̂n

L−s−→ N(0, 1). In summary, the
asymptotic rejection rate of a one-sided test based on the critical region in (3.13) will not exceed
the nominal significance level under these zero quadratic variation alternatives. Since we do not
observe any significant and positive values of the test statistic in the empirical application, we
omit a formal proof of the aforementioned fact.

Remark 3.5. As Li et al. (2022) and Shi and Yu (2023) show, there is a weak identification issue
in estimating rough volatility based on discrete-time models. For example, within the class of
ARFIMA models, it is asymptotically impossible to distinguish a near-stationary long-memory
model from a rough model with near unit root dynamics. As our theoretical analysis shows,
this weak identification issue can be resolved by considering an infill asymptotic setting. Our
test can identify rough volatility irrespective of whether volatility has short or long memory
behavior.

4 Monte Carlo Study

In this section, we evaluate the performance of the test on simulated data.

4.1 Setup

We use the following model for x:

dxt =
√
VtdWt +

∫
R
x(µ(dt, dx)− dtνt(dx)), (4.1)

where Wt is a standard Brownian motion, µ is an integer-valued random measure counting the
jumps in x with compensator measure dtνt(dx) and νt(dx) is given by

νt(dx) = c
e−λ|x|

|x|α+1
Vtdx. (4.2)

The volatility under the null hypothesis (corresponding to H = 1/2) follows the standard Heston
model of Heston (1993):

Vt = V0 +

∫ t

0

(
κ(θ − Vs)ds+ ν

√
VsdBs

)
, (4.3)

where Bt is a Brownian motion with corr(dWt, dBt) = ρdt. The volatility under the alternative
hypothesis follows the rough Heston model of Jaisson and Rosenbaum (2016):

Vt = V0 +
1

Γ(H + 1/2)

∫ t

0
(t− s)H−1/2

(
κ(θ − Vs)ds+ ν

√
VsdBs

)
, (4.4)
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where again Bt is a Brownian motion with corr(dWt, dBt) = ρdt.
In the above specification of x, we allow both for stochastic volatility, which can exhibit rough

dynamics, and jumps. The jumps are modeled as a time-changed tempered stable process, with
the time change determined by the diffusive volatility as in Duffie et al. (2000). This is consistent
with earlier empirical evidence for jump clustering. The parameters λ and α control the behavior
of the big and small jumps, respectively. In particular, α coincides with the Blumenthal–Getoor
index of x controlling the degree of jump activity. We fix the value of λ throughout and consider
different values of α. For given λ and α, we set the value of the scale parameter c to

c = 0.1× λ2−α

Γ(2− α)
. (4.5)

With this choice of c, we have
∫
R x

2νt(dx) = 0.2 × Vt, which is roughly consistent with earlier
nonparametric evidence regarding the contribution of jumps to asset price variance.

Turning next to the specification of the volatility dynamics, we set the mean of the diffusive
variance to θ = 0.02 (unit of time corresponds to one year) and the mean reversion parameter to
κ = 8, which corresponds approximately to half-life of a shock to volatility of one month. The
volatility of volatility parameter in the Heston model is set to ν = 0.45 (recall that the Feller
condition puts an upper bound on ν of ν <

√
2κθ). We then set the value of ν for the different

rough specifications (i.e., for the different values of H < 1/2) so that the unconditional second
moment of Vt is the same across all models.

Finally, we assume that the observed log-price is contaminated with noise, i.e., instead of
observing x, we observe

yi∆n = xi∆n + σnoise

√
Vi∆nεi, i = 1, . . . , n, (4.6)

where {εi}i=1,...,n is an i.i.d. sequence of standard normal random variables defined on a product
extension of the sample probability space and independent from F . We set σ2

noise = 0.5× 1
252 ×

(1.0548− 1)/(4620− 77× 1.0548) = 2.40× 10−8. The value 1.0548 corresponds to the median of
the ratio of daily realized volatility from five-second returns over the daily realized volatility from
five-minute returns in the data set used in the empirical application. The numbers 4620 and
77 correspond, respectively, to the number of five-second and five-minute returns for our daily
estimation window, see the discussion below for our sampling scheme. The above calibration of
the noise parameter is based on the fact that in our model, the ratio of daily realized variances

at five seconds versus five minutes is approximately equal to
1/252+2×4620×σ2

noise

1/252+2×77×σ2
noise

, with a business

time convention of 252 trading days per year (which we use as our unit of time here).
The parameter values for all specifications used in the Monte Carlo are given in Table 1. We

consider two different values of the Blumenthal–Getoor index: one corresponds to finite variation
jumps (α = 1/2) and one to infinite variation jumps (α = 3/2). For the volatility specification,
we consider three values of the roughness parameter: H = 0.5 (this is the standard Heston
model), H = 0.3 and H = 0.1, with the first value corresponding to the null hypothesis and the
last two to the alternative hypothesis. Recall that lower values of H imply rougher volatility
paths and the rough volatility literature argues for value of H around 0.1 (Gatheral et al., 2018).

We simulate all models using a standard Euler scheme. Since the rough volatility models
are non-Markovian and because the asymptotic distribution of the test statistic is determined
by the Brownian motion Wt driving the price x, we independently generate blocks of seven days
of daily high-frequency data in order to save computational time. The first five days are used
for determining the value of the characteristic exponent ηnj on the last two days as will become
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Table 1: Parameter Setting for the Monte Carlo

Case Variance Parameters Jump Parameters Noise Parameter
H θ κ ν ρ α λ c σnoise

V1-J1 0.1 0.02 8 0.10 −0.7 0.5 500 1262 1.55× 10−4

V1-J2 0.1 0.02 8 0.10 −0.7 1.5 500 1.26 1.55× 10−4

V2-J1 0.3 0.02 8 0.22 −0.7 0.5 500 1262 1.55× 10−4

V2-J2 0.3 0.02 8 0.22 −0.7 1.5 500 1.26 1.55× 10−4

V3-J2 0.5 0.02 8 0.45 −0.7 0.5 500 1262 1.55× 10−4

V3-J2 0.5 0.02 8 0.45 −0.7 1.5 500 1.26 1.55× 10−4

clear below. For each independent block of data we then keep the products of the differenced
volatility increments over the last day.

The starting value of volatility is set to its unconditional mean. The sampling frequency
is five seconds. As a result, on each day, we have 4680 five-second price increments in a 6.5
hour trading day. This matches exactly the number of high-frequency daily observations in
our empirical application. To further match what we do in the application, we drop the first
5 minutes on each day in the Monte Carlo. This leads to a total of 4620 five-second return
observations per day that we use in the construction of the test.

In the top left panel of Figure 1, we plot a simulated path from the rough volatility specifica-
tion V1-J1 with H = 0.1 over one day. One can clearly notice the sizable short-term oscillations
of the spot volatility which is due to the roughness of the volatility path. In the top right
panel of Figure 1, we display the integrated volatility over intervals of five minutes. Our local
volatility estimators ĉnj (u) can be thought of as estimators of such integrated volatilities over
short windows. The oscillations in the five-minute integrated volatility series are much smaller
than in the spot volatility one. This is not surprising and illustrates the difficulty of the testing
problem at hand. Nevertheless, even when volatility is integrated to five-minute intervals, one
can notice frequent short-term volatility reversals. These reversals lead to negative autocorre-
lation in the first difference of the five-minute integrated volatility and will effectively provide
the power of our test. In the bottom panels of Figure 1, we plot the spot and five-minute
integrated volatilities for a simulation from the specification V3-J1, which corresponds to the
null hypothesis with H = 0.5. The oscillations in spot volatility are now orders of magnitude
smaller. Furthermore, the five-minute integrated volatility from specification V3-J1 does not
exhibit any distinguishable short-term reversals.

The contrast between the spot volatility and the integrated volatility in the two top panels
of Figure 1 further illustrate the difficulty of estimating spot volatility in a rough setting. For
example, the relative absolute bias of five-minute integrated volatility as a proxy for the spot
volatility at the beginning of the interval is around 20% in scenario V1-J1 (corresponding to
H = 0.1) and only 1% in scenario V3-J1 (corresponding to H = 0.5).

We finish this section with explaining our choice of tuning parameters. For computing the
statistic, we use a block size of pn = 60, which leads to 4620/pn = 77 blocks per day. On each
local block, we use the first four minutes to estimate volatility, i.e., we set kn = 48. This implies
a one-minute gap between blocks of increments used in computing the empirical characteristic
functions. Finally, for each day, the characteristic exponent parameter θn is set to

θn =
√
−2 log(Ln), 0 < Ln < 1, (4.7)
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Figure 1: All time series are reported in annualized volatility units. The simulated volatility
paths are from specification V1-J1 (left panels) and V3-J1 (right panels).

and the data dependent scale parameter ηnj is set to4

ηnj =
1

5

5∑
k=1

ĉlj,k , (4.8)

where lj,k correspond to the indices of the blocks of increments over the past five trading days
covering the same time of day as the (2j − 1)-th and 2j-th blocks. With this choice of tuning
parameters, L̂nj (unj ) has a norm of approximately Ln. We experiment with three different values
of Ln of 0.95, 0.75 and 0.50. These correspond to θn = 0.32, 0.76 and 1.18, respectively.

4.2 Results

The Monte Carlo results are reported in Table 2. We can draw several conclusions from them.
First, the test appears correctly sized with only minor deviations from the nominal size level
across the different configurations. Second, the test has very good power against volatility
specification with very rough paths, i.e., against the specification V1 corresponding to H = 0.1.
Earlier work arguing for presence of rough volatility has found the rough parameter H to be
close to zero and below 0.1. As seen from the reported simulation results, our test can easily

4Extending Example 3 to the case where gaps are permitted, one can easily show that this specification of ηnj
satisfies Assumptions U and U′.
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separate such an alternative hypothesis from the null hypothesis of smooth Itô semimartingale
volatility dynamics. Indeed, the empirical rejection rates of the test in scenarios V1-J1 and
V1-J2 is 100%. Third, the power of the test is significantly lower against rough volatility with
H = 0.3. This is not surprising because this case corresponds to significantly less roughness
in the volatility paths and illustrates the difficulty of the testing problem. Fourth, the power
of the test decreases slightly with the decrease in Ln, with the performance for Ln = 0.95 and
0.75 being very similar. Naturally, the power of the test increases when including more data,
i.e., when going from one to four years of data. Finally, we note that neither the size nor the
power properties of the test are affected by the level of jump activity, which is consistent with
our theoretical derivations.

Table 2: Monte Carlo Results

Case n = 4680× 250 n = 4680× 1000

Ln = 0.95 Ln = 0.75 Ln = 0.50 Ln = 0.95 Ln = 0.75 Ln = 0.50

V1-J1 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
V1-J2 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000

V2-J1 0.1640 0.1640 0.1240 0.3280 0.3160 0.2760
V2-J2 0.1360 0.1120 0.0800 0.3480 0.3360 0.2800

V3-J1 0.0570 0.0600 0.0490 0.0510 0.0440 0.0430
V3-J2 0.0580 0.0550 0.0540 0.0480 0.0580 0.0680

Note: Reported results are empirical rejection rates of the test with nominal size of 0.05 based
on 1,000 Monte Carlo replications for the scenarios corresponding to the null hypothesis and on
250 Monte Carlo replications for the scenarios corresponding to the alternative hypothesis.

5 Empirical Application

We apply the test for volatility roughness to high-frequency data for the SPY exchange traded
fund tracking the S&P 500 market index over the period 2012–2022. On each trading day, we
sample the SPY price at five-second frequency from 9:35 AM ET until 4:00 PM ET. We drop
days with more than 20% zero five-minute returns over the entire trading period of 6.5 hours.
This removes from the analysis mostly half-trading days around holidays when liquidity tends
to be lower. We further exclude days with FOMC announcements. The choice of pn and kn as
well as of the characteristic exponents is done exactly as in the Monte Carlo.

The test results are reported in Table 3. They provide evidence for existence of rough
volatility. Indeed, when conducting the test over the different calendar years in our sample, we
reject the null hypothesis in 5 to 7 (depending on the level of Ln) out of a total of 11 years at
a significance level of 5% (indicated with ∗). If we conduct the test over periods equal to or
exceeding 3 years, then we always reject the null hypothesis at the same significance level of
5%. Comparing the performance of the test on the data and in the simulations, we see that the
rejection rates on the data are lower than for the case H = 0.1 in the simulations but higher
than those for the case H = 0.3.

In Figure 2, we plot the autocorrelation of the differenced volatility increments over the
entire sample period 2012–2022. Under the null hypothesis of no rough volatility, the auto-
correlations should be all zero asymptotically. Under the alternative of rough volatility, these
autocorrelations should be negative asymptotically, with the highest in magnitude being the
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Table 3: Empirical Test Results

Year Test Statistic Year Test Statistic

Ln = 0.95 Ln = 0.75 Ln = 0.50 Ln = 0.95 Ln = 0.75 Ln = 0.50

2012 0.26 0.05 -0.12

2012–2015 -2.34∗ -1.81∗ -1.45
2013 -2.88∗ -1.93∗ -1.63
2014 -1.62 -1.24 -0.82
2015 -0.17 -0.59 -0.95

2016 -1.04 -1.66∗ -1.75∗

2016–2019 -3.67∗ -3.18∗ -2.59∗
2017 -2.02∗ -2.08∗ -2.61∗

2018 -1.61 -1.40 -1.87∗

2019 -3.10∗ -2.31∗ -0.79

2020 -1.92∗ -2.07∗ -2.03∗

2020–2022 -2.17∗ -3.01∗ -4.06∗2021 -1.74∗ -2.47∗ -3.44∗

2022 -1.17 -1.74∗ -1.84∗

2012–2022 -5.27∗ -5.04∗ -4.57∗

first one. The reported autocorrelations up to lag 7 are all negative, with the highest in mag-
nitude being the first one. This is consistent with existence of rough volatility. We note that
the reported autocorrelations are small in absolute value. This is at least in part due to the
nontrivial measurement error in the volatility estimates.
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Figure 2: The plot displays autocorrelation in ∆n
2j ĉ(u

n
j , u

n
j−1/2) for the S&P 500 index.

6 Concluding Remarks

We develop a nonparametric test for rough volatility based on high-frequency observations of
the underlying asset price process over an interval of fixed length. The test is based on the
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sample autocovariance of increments of local volatility estimates formed from blocks of high-
frequency observations with asymptotically shrinking time span. The autocovariance, after
suitable normalization, converges to a standard normal random variable under the null hypoth-
esis if volatility is not rough and to negative infinity in the case of rough volatility. The proposed
test is robust to the presence of price and volatility jumps with arbitrary degree of jump activity
and to observation errors in the underlying process.

Implementing the test on SPY transaction data, we find evidence in support of rough volatil-
ity throughout the past eleven years. As a consequence of this finding, nonparametric estimation
of spot volatility is much more difficult in reality than what is implied by standard models with
Itô semimartingale volatility dynamics used in economics and finance. Indeed, the rate of con-
vergence for estimating spot variance ct at a fixed time point t becomes arbitrarily slow as
volatility roughness increases. In spite of this observation, classical spot variance estimators
based on sums of squared increments retain their usual rates of convergence in a rough volatility
setting when viewed as estimators of local averages 1

∆

∫ t+∆
t csds of spot variance, where ∆ is

the length of the estimation window. Therefore, regardless of how rough volatility is, practi-
cally feasible inference is possible for local averages of spot variance rather than spot variance
itself, a situation which bears similarities with that of Imbens and Angrist (1994) in a different
econometric setting.

That said, many estimators in high-frequency financial econometrics, other than the standard
realized variance, rely on volatility being a semimartingale process, see e.g., the book of Jacod
and Protter (2012). We leave a detailed investigation of the implications of rough volatility on
the properties of such estimators for future work.

A Proof of Main Results

A.1 Proof of Theorems 3.1 and 3.2

Since the noise-free case is obtained from the noisy one by choosing $ = 1, ρ = 0 and m = −1
(which we formally allow in the proof below), Theorem 3.1 is just a special case of Theorem 3.2.
We sketch the main steps in the proof of the latter, with technical details deferred to Section B.
By a classical localization procedure, it suffices to prove Theorem 3.2 under Assumptions SH′0,
SH′1 and SU′, which are strengthened versions of Assumptions H′0, H′1 and U′, respectively, and
are delineated in Section B.1.

We first consider the behavior of the test statistic under the null hypothesis and suppose
that Assumptions SH′0 and SU′ are satisfied. Using the notations

ũnj =
θn√
η̃nj

, η̃nj =
ηnj

∆
(2$−1)∧0
n

, c̃nj (u) = − log|L̃nj (u)|, L̃nj (u) =
1

kn

(j−1)pn+kn∑
i=(j−1)pn+1

eiu∆n
i y/∆

$∧1/2
n ,

c̃nj (u) = log c̃nj (u), ∆n
j c̃(u) = c̃nj (u)− c̃nj−1(u), ∆n

j c̃(u, u
′) = ∆n

j c̃(u)−∆n
j−1c̃(u

′),

we can write the test statistic T̂n as

T̂n =

∑
j∈Jn ∆n

2j c̃(ũ
n
j , ũ

n
j−1/2)∆n

2j−2c̃(ũ
n
j−1, ũ

n
j−1−1/2)√∑

j∈Jn
(
∆n

2j c̃(ũ
n
j , ũ

n
j−1/2)∆n

2j−2c̃(ũ
n
j−1, ũ

n
j−1−1/2)

)2 =
V n

√
Wn

, (A.1)

where

V n =
kn√
|Jn|

∑
j∈Jn

∆n
2j c̃(ũ

n
j , ũ

n
j−1/2)∆n

2j−2c̃(ũ
n
j−1, ũ

n
j−1−1/2), (A.2)
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Wn =
k2
n

|Jn|
∑
j∈Jn

(
∆n

2j c̃(ũ
n
j , ũ

n
j−1/2)∆n

2j−2c̃(ũ
n
j−1, ũ

n
j−1−1/2)

)2
. (A.3)

Since log|z| = <(Log z), where Log is the principal branch of the complex logarithm, a first-order
expansion gives

∆n
2j c̃(ũ

n
j ) = <

{
∆n

2jL̃(ũnj )/L(L̃n2j−1(ũnj ))
}

+ higher-order terms, (A.4)

where ∆n
i L̃(u) = L̃nj (u) − L̃nj−1(u) and L(z) = z log|z| for z ∈ C. Noting that L̃nj (u) is a local

estimator of the conditional characteristic function of ∆n
i y/∆

$∧1/2
n , we can decompose

L̃nj (u) = L̃n,vj (u)︸ ︷︷ ︸
variance

+ L̃n,bj (u)︸ ︷︷ ︸
bias

+ L̃n,sj (u)︸ ︷︷ ︸
signal

, (A.5)

where

L̃n,vj (u) =
1

kn

(j−1)pn+kn∑
i=(j−1)pn+1

{
eiun∆n

i y − E[eiun∆n
i y | F(i−1)∆n

]
}
,

L̃n,bj (u) =
1

kn

(j−1)pn+kn∑
i=(j−1)pn+1

E[eiun∆n
i y − eiun∆n

i,i−1y | F(i−1)∆n
],

L̃n,sj (u) =
1

kn

(j−1)pn+kn∑
i=(j−1)pn+1

E[eiun∆n
i,i−1y | F(i−1)∆n

], un = u/∆$∧1/2
n ,

and ∆n
i,jy = ∆n

i,jx+ ∆n
i,jε with

∆n
i,jx = αj∆n∆n + σj∆n∆n

iW +

∫ i∆n

(i−1)∆n

∫
E
γ(j∆n, z)(µ− ν)(ds, dz)

+

∫ i∆n

(i−1)∆n

∫
E

Γ(j∆n, z)µ(ds, dz)

and ∆n
i,jε = ∆$

n ρj∆n∆χi. The next lemma is a key technical step in the proofs and shows that

in the limit as n → ∞, only the variance term in ∆n
2jL̃(ũnj ) and the signal term in L̃n2j−1(ũnj )

have to be retained in (A.4) for the asymptotic analysis of V n. In particular, the signal part of
∆n

2jL̃(ũnj ) has no asymptotic contribution to V n. To understand the intuition behind, consider

the noise-free case where the signal part of ∆n
2jL̃(ũnj ) is essentially given by an increment of

exp(−1
2(ũnj )2ct + ∆nϕ(ũnj /∆n)t). Since this is an Itô semimartingale in t under the null hy-

pothesis, it has asymptotically uncorrelated increments with variances dominated by ∆n
2jL̃

v(ũnj )
because of (3.22).

Lemma A.1. Under Assumptions SH′0 and SU′, we have V n − Ṽ n P−→ 0 as n→∞, where

Ṽ n =
kn√
|Jn|

∑
j∈Jn

<
{

∆n
2j−2L̃

v(ũnj−1)

L(Lnj−1(ũnj−1))
−

∆n
2j−2−1L̃

v(ũnj−1−1/2)

L(Lnj−1−1/2(ũnj−1−1/2))

}

×<
{

∆n
2jL̃

v(ũnj )

L(Lnj (ũnj ))
−

∆n
2j−1L̃

v(ũnj−1/2)

L(Lnj−1/2(ũnj−1/2))

} (A.6)

and Lnj (u) = exp(−1
2u

2c((2j−2)pn−m−1)∆n
∆

(1−2$)+
n )Ψ(u∆

($−1/2)+
n ρ((2j−2)pn−m−1)∆n

).
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The asymptotic distribution of Ṽ n can now be established by an application of the martingale
central limit theorem. Recall that by assumption, θ0 = 0 if $ ≤ 1

2 , while for $ > 1
2 , both θ0 = 0

and θ0 > 0 are allowed.

Lemma A.2. Under Assumptions SH′0 and SU′, we have

Ṽ n L−s−→ Q1/2Z, (A.7)

where Z is a standard normal random variable that is defined on a very good extension of the
original probability space and independent of F∞. The asymptotic F∞-conditional variance Q
is given by

Q =
1

T

∫
IT

(qt + qt−1)2dt, (A.8)

where IT =
⋃T/2
k=1[(2k − 1), 2k],

qt =


16η2

t

θ4
0c

2
t

sinh2(1
2θ

2
0ct/ηt) if θ0 > 0,

4q1(ct1{$≥ 1
2
}, ρt1{$≤ 1

2
})

q2(ct1{$≥ 1
2
}, ρt1{$≤ 1

2
})

if θ0 = 0

(A.9)

and

q1(c, ρ) = c2 + 2cρ2E[(∆χ1)2] + ρ4

(
1

2
Var((∆χ1)2) +

m+1∑
r=1

Cov((∆χr+1)2, (∆χ1)2)

)
,

q2(c, ρ) = (c+ ρ2E[(∆χ1)2])2.

Correspondingly, the denominator Wn in (A.1) is a consistent estimator of Q.

Lemma A.3. Under Assumptions SH′0 and SU′, we have Wn P−→ Q as n→∞.

Proof of Theorem 3.1 under H0. By localization, we can suppose that Assumptions SH′0 and
SU′ are in force. Since Q is F∞-measurable, (3.11) immediately follows from Lemmas A.1–A.3,
the relation T̂n = V n/

√
Wn and property (2.2.5) in Jacod and Protter (2012).

For the proof of Theorem 3.1 under the alternative hypothesis, we can suppose that Assump-
tions SH′1 and SU′ hold true. A key difference between a semimartingale and a rough volatility
process is that the latter has asymptotically correlated increments. So, instead of V n and Wn,
the correctly normalized quantities are now

V n,alt =
1

π2
n|Jn|

∑
j∈Jn

∆n
2j c̃(u

n
j , u

n
j−1/2)∆n

2j−2c̃(u
n
j−1, u

n
j−1−1/2) (A.10)

and

Wn,alt =
1

π4
n|Jn|

∑
j∈Jn

(
∆n

2j c̃(u
n
j , u

n
j−1/2)∆n

2j−2c̃(u
n
j−1, u

n
j−1−1/2)

)2
, (A.11)

where πn = (pn∆n)H∆
(1−2$)+
n + (pn∆n)Hρ∆

(2$−1)+
n and Hρ = 0 by convention if $ > 1

2 + 1
2H.
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Lemma A.4. Recall from (3.22) that κ is the asymptotic ratio of pn/kn. Furthermore, let

Λ = limn→∞(pn∆n)H∆
(1−2$)+
n /πn.5 Under Assumptions SH′1 and SU′, there are finite constants

Cκ,H and Cκ,H that only depend on κ and H such that

V n,alt P−→ 1

T
(Cκ,H1{Λ∈{ 1

2
,1}} + Cκ,Hρ1{Λ=0})

∫
IT

(A(t) +A(t− 1))dt,

Wn,alt P−→ 2

T
[1 + 2(Cκ,H1{Λ∈{ 1

2
,1}} + Cκ,Hρ1{Λ=0})

2]

∫
IT

A(t)A(t− 1)dt

+
1

T
[Cκ,H1{Λ∈{ 1

2
,1}} + Cκ,Hρ1{Λ=0}]

∫
IT

(B(t) +B(t− 1))dt,

(A.12)

where

A(t) = ς−4
t

[
(f ′(vt)σ

v
t 1{Λ∈{ 1

2
,1}} + 2E[(∆χ1)2]ρtF

′(wt)σ
w
t 1{Λ∈{0, 1

2
}})

2

+ (f ′(vt)σ
v
t1{Λ∈{ 1

2
,1}} + 2E[(∆χ1)2]ρtF

′(wt)σ
w
t 1{Λ∈{0, 1

2
}})

2

+ (2E[(∆χ1)2]ρtF
′(wt)σ̂

w
t 1{Λ∈{0, 1

2
}})

2
]

and

B(t) = ς−4
t

[
(f ′(vt)σ

v
t 1{Λ∈{ 1

2
,1}} + 2E[(∆χ1)2]ρtF

′(wt)σ
w
t 1{Λ∈{0, 1

2
}})

2

+ (f ′(vt)σ
v
t1{Λ∈{ 1

2
,1}} + 2E[(∆χ1)2]ρtF

′(wt)σ
w
t 1{Λ∈{0, 1

2
}})

2

+ (2E[(∆χ1)2]ρtF
′(wt)σ̂

w
t 1{Λ∈{0, 1

2
}})

2
]2

and ς2
t = ct1{$≥ 1

2
}+ρ2

tE[(∆χ1)2]1{$≤ 1
2
}. Moreover, Cκ,H < 0 for all κ ∈ [1,∞) and H ∈ (0, 1

2).

Proof of Theorem 3.1 under H1. By localization, we may assume the stronger Assumptions SH′1
and SU′. Since T̂n =

√
|Jn|V n,alt/

√
Wn,alt, we obtain (3.12) from Lemma A.4 and our assump-

tions (in particular, A(t) is strictly negative and B(t) is strictly positive).

A.2 Proofs for Examples 1–3

Lemma A.5. In the setting of Example 1, ϕ(u)t from (2.12) satisfies (2.8), (2.10) and (2.11).

Proof. We only prove (2.10); the other two properties can be shown similarly. We can assume
that K and λ are driven by Wϕ and W

ϕ
and by symmetry, it suffices to analyze σϕ. Using Itô’s

formula, we have that

σϕ(u)t =

∫
R

(
λt(e

iuKtz − 1)iuzσKt + (eiuKtz − 1− iuKtz)σ
λ
t

)
F (dz),

where σK and σλ are the coefficients of K and λ with respect to W . Therefore

sup
t∈[0,T ]

sup
u∈U
|δσϕ(u/

√
δ)t|

≤
∫
R
δ sup
t∈[0,T ]

sup
u∈U

∣∣∣λt(eiuKtz/√δ − 1)iuzσKt /
√
δ + (eiuKtz/

√
δ − 1− iuKtz/

√
δ)σλt

∣∣∣F (dz).
(A.13)

5By our choice of pn in (3.22), we either have Λ = 0, Λ = 1 or Λ = 1
2
. The last case happens precisely when

H = Hρ and $ = 1
2
.
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As δ → 0, the integrand in the last line converges to 0 pointwise in z for all ω. Moreover, it is
bounded by (

sup
u∈U

u2

)(
sup
t∈[0,T ]

|λtKtσ
K
t |+

1

2
sup
t∈[0,T ]

|K2
t σ

λ
t |
)
z2,

which does not depend on δ and is integrable with respect to F almost surely. Therefore, the
dominated convergence theorem shows that (A.13) tends to 0 as δ → 0.

Lemma A.6. In the setup of Example 2, the process ϕ(u)t from (2.12) satisfies (2.17) and
(2.19).

Proof. Property (2.17) follows immediately from (2.12) and dominated convergence. For (2.19),
we can assume τ1 =∞ by localization and that |λt|, |Kt| ≤ C. Then, because

δϕ(u/
√
δ)t − δϕ(u/

√
δ)s =

∫
R
δ
(
eiuKsz/

√
δ(eiu(Kt−Ks)z/

√
δ − 1− iu(Kt −Ks)z/

√
δ)

+ (eiuKsz/
√
δ − 1)iu(Kt −Ks)z/

√
δ
)
λtF (dz)

+

∫
R
δ
(
eiuKsz/

√
δ − 1− iuKsz/

√
δ
)

(λt − λs)F (dz),

we have

δ−H sup
s,t≥0,|t−s|≤δ

sup
u∈U

E
[∣∣δϕ(u/

√
δ)t − δϕ(u/

√
δ)s
∣∣2]

≤
∫
R
δ1−H sup

s,t≥0,|t−s|≤δ
sup
u∈U

E
[∣∣∣(eiuKsz/√δ(eiu(Kt−Ks)z/

√
δ − 1− iu(Kt −Ks)z/

√
δ)

+ (eiuKsz/
√
δ − 1)iu(Kt −Ks)z/

√
δ
)
λt + (eiuKsz/

√
δ − 1− iuKsz/

√
δ)(λt − λs)

∣∣∣2]1/2
F (dz).

Clearly, the integrand tends to 0 pointwise in z as δ → 0. Moreover, we can use the estimates
|eiux − 1| ≤ |ux|, |eiux − 1− iux| ≤ 1

2u
2x2 and |Kt −Ks|2 ≤ 2C|Kt −Ks| to bound it by

δ−H sup
s,t≥0,|t−s|≤δ

sup
u∈U

E
[(

1

2
u2|Kt −Ks|2|λt|z2 + u2|Ksλt||Kt −Ks|z2 +

1

2
u2K2

s z
2|λt − λs|

)2]1/2

≤ δ−H sup
s,t≥0,|t−s|≤δ

(
2C2E[|Kt −Ks|2]1/2 +

1

2
C2E[|λt − λs|2]1/2

)(
sup
u∈U

u2

)
z2

≤ 5

2
C1C

2

(
sup
u∈U

u2

)
z2,

which is integrable with respect to F . The claim now follows by dominated convergence.

Lemma A.7. If ηnj is chosen according to (3.8)6, then Assumption U is satisfied under both H0

and H1, while Assumption U′ is satisfied under both H′0 and H′1.

Proof. It suffices to show that Assumption U′ is satisfied, as Assumption U follows by consid-
ering the special case $ = 1 and ρ ≡ 0. To simplify notation, we further restrict ourselves
to the case `1 = `2 = 2 (i.e., ηnj = ĉn2j−2). The general case is similar but more cumber-
some to write. With this choice, ηnj is clearly F(2j−2)pn∆n

-measurable. In order to show (3.6)

6In the noisy case, ĉnj from (3.9) is computed from the observed prices y.
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and (3.7), we can work under the strengthened conditions of Assumption SH′0 and SH′1 by lo-
calization. In particular, we can assume τm = ∞ for all m ∈ N. Introducing the notation

cnj = (π/2kn∆n)
∑(j−1)pn+kn

i=(j−1)pn+1|∆
n
i x

c + ∆n
i ε||∆n

i−1x
c + ∆n

i−1ε|, where xc =
∫ t

0 σsdWs, we have

ĉnj − cnj =
π

2kn∆n

(j−1)pn+kn∑
i=(j−1)pn+1

[
(|∆n

i y| − |∆n
i x

c + ∆n
i ε|)|∆n

i−1y|

+ |∆n
i x

c + ∆n
i ε|(|∆n

i−1y| − |∆n
i−1x

c + ∆n
i−1ε|)

]
.

Therefore,

E[|ĉnj − cnj |/∆(2$−1)∧0
n ] ≤ π

2kn∆2$∧1
n

(j−1)pn+kn∑
i=(j−1)pn+1

E
[
|∆n

i−1y|Eni−1

[∣∣|∆n
i y| − |∆n

i x
c + ∆n

i ε|
∣∣]

+ Eni−1

[
|∆n

i x
c + ∆n

i ε|
]∣∣|∆n

i−1y| − |∆n
i−1x

c + ∆n
i−1ε|

∣∣]. (A.14)

Since Eni−1

[∣∣|∆n
i y| − |∆n

i x
c + ∆n

i ε|
∣∣] ≤ E[|∆n

i y − ∆n
i x

c − ∆n
i ε|] ≤ (K +

∫
E J(z)λ(dz))∆n +

√
∆nh3(∆n) by Lemma B.3, we obtain E[|ĉnj −cnj |/∆

(2$−1)∧0
n ] ≤ Ch3(∆n)/∆

(2$−1)∧0
n , which goes

to 0 uniformly in j. With jumps and drift removed, it is now easy to show that we can replace

∆n
i−`x

c by σ(i−2)∆n
∆n
i−`W and ∆n

i−`ε by ∆$
n ρ((i−2)∆n

∆n
i−`χ (` = 0, 1) in cnj /∆

(2$−1)∧0
n , incurring

only an Op(
√

∆n)- or Op(∆
H
n )-error (depending on whether we have H′0 or H′1) that is uniform in

j. Using a martingale argument and writing K(χ) = π
2E[|∆χ2∆χ1|], one can prove that the re-

sulting expression approaches, at a rate of
√
kn, the term k−1

n

∑(j−1)pn+kn
i=(j−1)pn+1(σ2

(i−2)∆n
∆

(1−2$)∨0
n +

K(χ)ρ2
(i−2)∆n

∆
(1−2$)∧0
n ), which approximates σ2

(j−1)pn∆n+1{$≥ 1
2
}+K(χ)ρ2

(j−1)pn∆n
1{$≤ 1

2
} with

a uniform Op(
√
pn∆n)- or Op((pn∆n)H)-error. This shows (3.6) and its extension mentioned in

Assumption U′.
Next, we consider (3.7) and observe that ĉnj = c̃n,1j + c̃n,2j , where

c̃n,1j =
π

2kn∆n

(j−1)pn+kn∑
i=(j−1)pn+1

Eni−2

[
|∆n

i y∆n
i−1y|

]
,

c̃n,2j =
π

2kn∆n

(j−1)pn+kn∑
i=(j−1)pn+1

{
|∆n

i y∆n
i−1y| − Eni−2

[
|∆n

i y∆n
i−1y|

]}
.

In c̃n,2j , the ith term is Fi∆n-measurable and has a zero expectation conditionally on F(i−2)∆n
.

So if we split the sum over i into two, one taking only even and one only taken odd values of
i, both will be martingale sums. Taking pth moments for p ≥ 2 and using the BDG inequality
and (B.15) or (B.16), we obtain

E[|c̃n,2j /∆(2$−1)∧0
n |p] ≤ C

kpn∆
(2$∧1)p
n

E

[(
(j−1)pn+kn∑
i=(j−1)pn+1

Eni−2[|∆n
i y∆n

i−1y|2]

)p/2]

=
C

kpn∆
(2$∧1)p
n

E

[(
(j−1)pn+kn∑
i=(j−1)pn+1

Eni−2

[
Eni−1[|∆n

i y|2]|∆n
i−1y|2

])p/2]
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≤ C

kpn∆
($∧1/2)p
n

E

[(
(j−1)pn+kn∑
i=(j−1)pn+1

Eni−2[|∆n
i−1y|2]

)p/2]
≤ C

k
p/2
n

.

Markov’s inequality with p = 4 implies that for any sequence an → 0,

bT/(2pn∆n)c∑
j=1

P(|ηnj − c̃
n,1
(2j−2)pn∆n

|/∆(2$−1)∧0
n ≥ an) ≤ Cn

a4
nk

2
npn

. (A.15)

By (3.22), the last line tends to 0 if an → 0 slowly enough. In this case, it follows that

lim
n→∞

P(|ηnj − c̃
n,1
(2j−2)pn∆n

|/∆(2$−1)∧0
n ≤ an for all j = 1, . . . , bT/(2pn∆n)c) = 1.

This implies (3.7) (with ηnj /∆
(2$−1)∧0
n instead of ηnj ) provided that c̃n,1(2j−2)pn∆n

/∆
(2$−1)∧0
n is

bounded from above and below, uniformly in ω and j. Thanks to (B.15) or (B.16), we have
Eni−1[|∆n

i y|2] ≤ C∆1∧2$
n , which readily gives the upper bound. For the lower bound, observe

that for a general random variable X, we have E[|X|3/2] = E[|X|1/2|X|] ≤ E[|X|]1/2E[|X|2]1/2

by the Cauchy–Schwarz inequality, which implies

E[|X|] ≥ E[|X|3/2]2

E[|X|2]
. (A.16)

We want to apply this to Eni−1[|∆n
i y|] in Eni−2

[
|∆n

i y∆n
i−1y|

]
= Eni−2

[
|∆n

i−1y|Eni−1[|∆n
i y|]

]
. The

denominator satisfies the bound Eni−1[|∆n
i y|2] ≤ C∆1∧2$

n . For the numerator, we distinguish

whether $ ≥ 1
2 or $ < 1

2 . In the first case, Jensen’s inequality applied to the function x 7→ |x|3/2

for the conditional expectation E[· | F∞] yields Eni−1[|∆n
i y|3/2] = Eni−1[E[|∆n

i x+∆n
i ε|3/2 | F∞]] ≥

Eni−1[|∆n
i x|3/2]. Recalling (B.19), we further have Eni−1[|∆n

i x|3/2]2/3 ≥ Eni−1[|∆n
i x
′|3/2]2/3 −

Eni−1[|∆n
i x
′′|3/2]2/3 ≥ Eni−1[|∆n

i x
′|3/2]2/3− (K +

∫
E J(z)λ(dz))∆n by the reverse triangle inequal-

ity. Moreover, combining Doob’s martingale inequality with the BDG inequality, we get

Eni−1[|∆n
i x
′|3/2] ≥ CEni−1

[
sup

s∈[(i−1)∆n,i∆n]
|x′s − x′(i−1)∆n

|3/2
]

≥ CE

[(∫ i∆n

(i−1)∆n

σ2
sds+

∫∫ i∆n

(i−1)∆n

(γ(s, z) + Γ(s, z))2µ(ds, dz)

)3/4]
≥ CK−3/4∆3/4

n .

Therefore, if n is sufficiently large, Eni−1[|∆n
i x|3/2] ≥ CK−3/4∆

3/4
n and consequently, by (A.16),

Eni−1[|∆n
i y|] ≥ C∆

1/2
n , where C does not depend on i or ω. If $ < 1

2 , we instead bound

Eni−1[|∆n
i y|] ≥ Eni−1[|∆n

i ε|] − Eni−1[|∆n
i x|] ≥ ∆$

n ρ(i−1)∆n
E[|∆χi|] − C∆

$+1/2
n − C∆

1/2
n ≥ C∆$

n .

So in both cases, it follows that c̃n,1j /∆
(2$−1)∧0
n ≥ C where C is independent of ω and j, which

concludes the proof of (3.7).

B Proof of Auxiliary Results

Throughout this section, C denotes a deterministic constant in (0,∞), whose value does not de-
pend on any important parameters and may change from line to line. If θ0 = 0 in Assumption U′,
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we write an = o′(bn) to denote an/(bn∆ι
n)→ 0 for some ι > 0 (that can vary from one place to

another); if θ0 > 0, an = o′(bn) shall mean the same as an = o(bn). Given random variables Xn

and Yn and a deterministic sequence an, we write Xn = Yn +O(an) if |Xn − Yn| ≤ Can, where
C neither depends on n nor ω. If Xn and Yn further depend on indices such as i or j, then C
does not depend on i or j, either. The notations Xn = Yn + o(an) and Xn = Yn + o′(an) are

used analogously. We also abbreviate
∫ b
a

∫
E as

∫∫ b
a and Eni = E[· | Fi∆n ].

B.1 Localization Procedure

By a classical localization argument (see e.g., Chapter 4.4.1 in Jacod and Protter (2012)), there
is no loss of generality to work under strengthened versions of Assumptions H′0, H′1 and U′,
which are denoted with an “S” in the following.

Assumption SH′0. For any compact subset U of R and with the notation 0/0 = 0, the following
holds in addition to Assumption H′0.7

1. We have Γc ≡ Γρ ≡ 0 and the processes x, α, c, αc, σc, σc, ρ, αρ, σρ, σ̃ρ and

t 7→ sup
δ∈(0,1)

sup
u∈U

{
δ|αϕ(u/

√
δ)t|} (B.1)

are uniformly bounded by a constant K ∈ (0,∞). Moreover, ct ≥ K−1 and, if $ ≤ 1
2 ,

|ρt| ≥ K−1 for all t > 0 almost surely.

2. There is a nonnegative measurable function J(z) satisfying J(z) ≤ K and
∫
E J(z)λ(dz) ≤

K such that

sup
ω∈Ω

sup
t∈[0,∞)

{
|γ(t, z)|2 + |γc(t, z)|2 + |γρ(t, z)|2 + |Γ(t, z)|

}
≤ J(z), z ∈ E. (B.2)

3. As δ → 0, the following sequences all converge to 0:

w(δ) = sup
ω∈Ω,0≤s≤t,|t−s|≤δ

{
E[|αt − αs| | Fs] + E[|σct − σcs| | Fs] + E[|σρt − σρs | | Fs]

}
, (B.3)

C1(δ) = sup
ω∈Ω

sup
t∈[0,∞)

sup
u∈U

{
|δσϕ(u/

√
δ)t|2 + |δσϕ(u/

√
δ)t|2

}
, (B.4)

C2(δ) = sup
ω∈Ω

sup
t∈[0,∞)

sup
z∈E

sup
u∈U

{
|δγϕ(u/

√
δ; t, z)|2/J(z)

}
, (B.5)

C3(δ) = sup
ω∈Ω

sup
t∈[0,∞)

sup
z∈E

sup
u∈U

{
|δΓϕ(u/

√
δ; t, z)|/J(z)

}
. (B.6)

4. If $ ≤ 1
2 or if θ0 = 0, we have

sup
ω∈Ω

sup
t∈[0,∞)

{
|γ(t, z)|2−ε + |γc(t, z)|2−ε + |Γ(t, z)|1−ε

}
≤ J(z), z ∈ E, (B.7)

and the constants in (B.3)–(B.6) still converge to 0 after division by δε.

Assumption SH′1. The following holds in addition to Assumption H′1.8

7The assumptions on αρ, σρ, σ̃ρ, γρ and Γρ only apply if $ ≤ 3
4
.

8The assumptions on w̃, σw, σw, σ̂w, F and G0 only apply if $ ≤ 1
2

+ 1
2
H.

26



1. We have g0 ≡ G0 ≡ 0.9 The functions f and F are bounded and twice differentiable with
uniformly continuous and bounded derivatives and the processes x, α, v, σv, σv, ṽ, w, σw,
σw and σ̂w and w̃ are uniformly bounded by a constant K ∈ (0,∞).

2. We have |γ(t, z)|2 + |Γ(t, z)| ≤ J(z), and if $ ≤ 1
2 or if θ0 = 0, we have |γ(t, z)|2−ε +

|Γ(t, z)|1−ε ≤ J(z) for all t ≥ 0 and z ∈ E (with ε and J as in Assumptions H′0 and SH′0).

3. For any compact subset U of R, we have

sup
t∈(0,∞)

sup
δ∈(0,1)

sup
u∈U

{
δ|ϕ(u/

√
δ)t|} <∞. (B.8)

With the same h as in Assumption H′1 and for all t ≥ 0 and δ > 0, we have

E[|ṽt+δ − ṽt|2]1/2 ≤ δHh(δ), E[|w̃t+δ − w̃t|2]1/2 ≤ δHρh(δ), (B.9)

sup
u∈U

E[|δϕ(u/
√
δ)t+δ − δϕ(u/

√
δ)t|2]1/2 ≤ δHh(δ), (B.10)

E[|σvt+δ − σvt |2 + |σvt+δ − σvt |2

+ |σwt+δ − σwt |2 + |σwt+δ − σwt |2 + |σ̂wt+δ − σ̂wt |2]1/2 ≤ h(δ).
(B.11)

Assumption SU′. In addition to Assumption U′, the following conditions are satisfied:

1. There is K ∈ (0,∞) such that ηt ≥ K−1 for all t ≥ 0.

2. We have
sup

j=1,...,bT/(2pn∆n)c
E[|ηnj /∆(2$−1)∧0

n − η(2j−2)pn∆n
|] = o′(1) (B.12)

3. We have
sup
t≥0

E[|ηt+δ − ηt|] = o′(1). (B.13)

4. There are constants 0 < η−0 < η+
0 <∞ such that

lim
n→∞

P
(
η−0 ≤ η

n
j /∆

(2$−1)∧0
n ≤ η+

0 for all j = 1, . . . , bT/(2pn∆n)c
)

= 1. (B.14)

B.2 Preliminary Estimates

Lemma B.1. Let φ(u)t =
∫
E e

iuγ(s,z)(eiuΓ(s,z) − 1)λ(dz) and U ⊆ R be a compact set.

1. Under Assumption SH′0, there is C ∈ (0,∞) such that for all i,

Eni−1[(∆n
i x)2] + Eni−1[(∆n

i c)
2] + Eni−1[(∆n

i ρ)21{$≤ 3
4
}] ≤ C∆n,

sup
u∈U

∆2
nEni−1[(∆n

i ϕ(u/
√

∆n))2] ≤ C∆nh1(∆n), Eni−1[(∆n
i ε)

2] ≤ C∆2$
n .

(B.15)

In the last line, h1 is a function that satisfies h1(∆n) = o′(1).

9We can assume g0 ≡ 0 because
∫ t

0
g0(t− s)(σvsdWs + σvdW s) =

∫ t
0

∫ s
0
g′0(r − s)(σvsdWs + σvsdW s)dr is just a

drift that can be absorbed into ṽ. A similar argument shows that G0 only contributes a drift that can be absorbed
into w̃, if $ ≤ 1

2
+ 1

2
H.
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2. Under Assumption SH′1, there is C ∈ (0,∞) (possibly depending on H) such that for all i,

Eni−1[(∆n
i x)2] ≤ C∆n, Eni−1[(∆n

i c)
2] ≤ C∆2H

n ,

Eni−1[(∆n
i ρ)2] ≤ C∆

2Hρ
n , Eni−1[(∆n

i ε)
2] ≤ C∆2$

n .
(B.16)

3. Under both Assumptions SH′0 and SH′1,

ϕ(n) = sup
ω∈Ω

sup
t∈[0,∞)

sup
u∈U

∆n|ϕ(u/
√

∆n)t| = o′(1),

φ(n) = sup
ω∈Ω

sup
t∈[0,∞)

sup
u∈U

∆1/2
n |φ(u/

√
∆n)t| = o′(1).

(B.17)

4. Let Ψ be the characteristic function of ∆χ1 = χ1 − χ0. Then, for all u, u′ ∈ R,

|Ψ(u)−1| ≤ 1
2u

2E[(∆χ1)2], |Ψ(u)−Ψ(u′)| ≤ (|u(u−u′)|+ 1
2(u−u′)2)E[(∆χ1)2]. (B.18)

Proof. Writing

x′′t =

∫ t

0
αsds+

∫∫ t

0
Γ(s, z)λ(dz)ds, x′t = xt − x′′t , (B.19)

we have Eni−1[(∆n
i x)2]1/2 ≤ Eni−1[(∆n

i x
′)2]1/2 + Eni−1[(∆n

i x
′′)2]1/2. Since |αt| ≤ K and |Γ(t, z)| ≤

J(z), we have Eni−1[(∆n
i x
′′)2]1/2 ≤ (K +

∫
E J(z)λ(dz))∆n ≤ 2K∆n. Similarly, because σ2

t ≤ C
and |γ(t, z)|2 ≤ J(z), Itô’s isometry gives Eni−1[(∆n

i x
′)2] ≤ (C +

∫
E J(z)λ(dz))∆n ≤ C∆n, show-

ing the bound on ∆n
i x in both (B.15) and (B.16). And because ρt ≤ K, we have Eni−1[(∆n

i ε)
2] ≤

4K2∆2$
n , which is the last inequality in both (B.15) and (B.16). Under Assumption SH′0, the

processes c and ρ (if $ ≤ 3
4) are Itô semimartingales with bounded coefficients, so the bounds on

∆n
i c and ∆n

i ρ in (B.15) follow by applying the bound for ∆n
i x to x ∈ {c, ρ}. A similar argument,

combined with (B.1) and (B.4)–(B.6), yields the bound on ∆n
i ϕ(u/

√
∆n). Under Assump-

tion SH′1, the derivative f ′ is bounded by some constant C, so the mean-value theorem implies
that Eni−1[(∆n

i c)
2] ≤ C2Eni−1[(∆n

i v)2] ≤ 2C2Eni−1[(∆n
i ṽ)2 + (∆n

i v)2], where vt = vt − v0 − ṽt. By
(B.9), we have Eni−1[(∆n

i ṽ)2] ≤ ∆2H
n (h(∆n))2 ≤ C∆2H

n . Since σv and σv are uniformly bounded
by K and g0 ≡ 0, Itô’s isometry shows that

Eni−1[(∆n
i v)2] =

∫ i∆n

0
[g(i∆n − s)− g((i− 1)∆n − s)]2[(σvs )2 + (σvs)

2]ds

≤ 2K2

K2
H

∫ i∆n

0
[(i∆n − s)H−1/2

+ − ((i− 1)∆n − s)H−1/2
+ ]2ds

=
2K2

K2
H

∫ i∆n

0
[sH−1/2 − (s−∆n)

H−1/2
+ ]2ds

=
2K2∆2H

n

K2
H

∫ i

0
[sH−1/2 − (s− 1)

H−1/2
+ ]2ds

≤ 2K2∆2H
n

K2
H

∫ ∞
0

[sH−1/2 − (s− 1)
H−1/2
+ ]2ds.

(B.20)

The last integral is finite (in fact, equal to K2
H by Theorem 1.3.1 of Mishura (2008)), which

yields the bound on ∆n
i c in (B.16). The bound on ∆n

i ρ in (B.16) follows analogously.
For the third part of the lemma, the dominated convergence theorem shows ϕ(n)→ 0 because

ϕ(n) ≤
∫
E

sup
ω∈Ω

sup
t∈[0,∞)

sup
u∈U

∆n|eiuγ(t,z)/
√

∆n − 1− iuγ(t, z)/
√

∆n|λ(dz)
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and the integrand tends to 0 pointwise in z and is bounded by 1
2(supu∈U u

2)J(z), which is
integrable with respect to λ and independent of n. If θ0 = 0, we can use the estimate |eix − 1−
ix| ≤ C|x|2−ε and (B.7) to upgrade the previous bound to

ϕ(n) ≤ C∆ε/2
n sup

u∈U
|u|2−ε

∫
E
J(z)λ(dz) = o′(1).

A similar argument shows φ(n) = o′(1).
For the last part of the lemma, we deduce the first inequality from the bound |eiux−1−iux| ≤

1
2(ux)2 and the assumption that E[∆χ1] = 0. To get the second inequality, we bound

|Ψ(u′)−Ψ(u)| = |E[eiu∆χ1(ei(u
′−u)∆χ1 − 1)]| ≤ |E[eiu∆χ1(u′ − u)∆χ1]|+ 1

2(u′ − u)2E[(∆χ1)2].

Since |eiu∆χ1 − 1| ≤ |u∆χ1| and ∆χ1 is centered, we obtain the desired inequality.

Next, we recall (A.5) and introduce the notations Gi = σ(χj : j ≤ i), Hni = Fi∆n ∨ Gi
and Eni [X] = E[X | Hni ]. The next lemma gathers estimates for the increments ∆n

i L̃
v(u) =

L̃n,vj (u)− L̃n,vj−1(u), ∆n
i L̃

b(u) = L̃n,bj (u)− L̃n,bj−1(u) and ∆n
i L̃

s(u) = L̃n,sj (u)− L̃n,sj−1(u).

Lemma B.2. Grant Assumption SH′0 and let U ⊆ R be a compact set. There are constants
C ∈ (0,∞) and, for any p ≥ 2, Cp ∈ (0,∞) such that the following holds for any n ∈ N,
j = 2, . . . , bT/(2pn∆n)c, ` ∈ {0, 1} and Hn((2j−2)pn−m−1)-measurable random variable U with
values in U :

1. Let [j]mn = jpn −m− 1. Then

En[2j−2]mn

[
|L̃n,v2j−`(U)|p

]
≤ Cp/kp/2n , En[2j−2]mn

[
|∆n

2jL̃
v(U)|p

]
≤ Cp/kp/2n . (B.21)

2. For some function h2(t) satisfying h2(∆n) = o′(1), we have

En[2j−2]mn

[
|L̃n,b2j−`(U)|p

]
≤ Cp∆p/2

n , En[2j−2]mn

[
|∆n

2jL̃
b(U)|p

]
≤ Cp(∆nh2(∆n))p/2. (B.22)

3. Let Θ(u)t = iu
∫ t

0 αrdr −
1
2u

2
∫ t

0 σ
2
rdr +

∫ t
0 ϕ(u)rdr +

∫ t
0 φ(u)rdr and

∆n
i Θ(u) = Θ(u)i∆n −Θ(u)(i−1)∆n

,

∆Θ(u)ni = iuαi∆n∆n − 1
2u

2σ2
i∆n

∆n + ∆nϕ(u)i∆n + ∆nφ(u)i∆n .

Then

L̃n,s2j−`(U) =
1

kn

(2j−`−1)pn+kn∑
i=(2j−`−1)pn+1

e∆Θ(Un)ni−1Ψ(Un∆$
n ρ(i−1)∆n

), (B.23)

and
En[2j−2]mn

[
|∆n

2jL̃
s(U)|2

]
= En[2j−2]mn

[
|∆n

2jL̃
s(U)|2

]
≤ Cpn∆n. (B.24)

Proof. The identity (B.23) is a simple consequence of the Lévy–Khintchine formula and the
independence of (χi)i∈Z from F∞. For all other statements, there is no loss of generality to
assume that U = [0, u∗] for some u∗ ∈ (0,∞). Let Y n(u)t = eX

n(u)t , Y ′n(u)t = eX
′n(u)t ,

Y
n
(u)t = Y n(u)tY

′n(u)t and

Xn(u)t = −1
2u

2∆(1−2$)+
n σ2

t + ∆nϕt(u/∆
$∧1/2
n ) + X̃n(u)t1{$≤ 3

4
},

X ′n(u)t = iu∆(1−$)∨1/2
n αt + ∆nφ(u/∆$∧1/2

n )t + X̃n(u)t1{$> 3
4
},

X̃n(u)t = Log Ψ(u∆($−1/2)+
n ρt).

(B.25)
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By (B.23), we can decompose

∆n
2jL̃

s(U) =
1

kn

(2j−1)pn+kn∑
i=(2j−1)pn+1

(Y
n
(U)(i−1)∆n

− Y n
(U)(i−pn−1)∆n

)

=
1

kn

(2j−1)pn+kn∑
i=(2j−1)pn+1

{
Y n(U)(i−1)∆n

(Y ′n(U)(i−1)∆n
− Y ′n(U)(i−pn−1)∆n

)

+ (Y n(U)(i−1)∆n
− Y n(U)(i−pn−1)∆n

)Y ′n(U)(i−1)∆n

}
.

(B.26)

Since ρ takes the form (3.16) if $ ≤ 3
4 , the mean-value theorem combined with (B.15) yields

En[2j−2]mn
[|Y n(U)(i−1)∆n

− Y n(U)(i−pn−1)∆n
|2] ≤ Cpn∆n. (B.27)

By assumption, α is continuous (if θ0 = 0, ε-Hölder continuous) in L2, so by (B.17) and (B.18),

En[2j−2]mn
[|Y ′n(U)(i−1)∆n

− Y ′n(U)(i−pn−1)∆n
|2] = o′(∆n) = o′(pn∆n). (B.28)

Because Y n and Y ′n are bounded by 1, we obtain (B.24).
For (B.21), note that ξni = eiUn∆n

i y−Eni−1[eiUn∆n
i y] is Hni -measurable and Eni−m−2[eiUn∆n

i y] =
Eni−m−2[eiUn∆n

i y] because (∆χi)i∈Z is (m + 1)-dependent and independent of F∞. This shows

that Eni−m−2[ξni ] = 0. Upon writing

L̃n,v2j−`(U) =
m+2∑
i=1

L̃n,v2j−`,i(U), L̃n,v2j−`,i(U) =
1

kn

∑
k≥0

ξn(2j−`−1)pn+i+k(m+2)1{i+k(m+2)≤kn},

we realize that L̃n,v2j−`,i(U) is a martingale sum for each i, relative to the discrete-time filtration

(Hn(2j−`−1)pn+i+k(m+2) : k ≥ −1). Also, L̃n,v2j−`,i(U) sums over at most kn/(m+ 2) nonzero terms

and |ξni | ≤ 2. Therefore, combining the Minkowski and the Burkholder–Davis–Gundy (BDG)
inequalities, we obtain

En[2j−2]mn
[|L̃n,v2j−`(U)|p]1/p = En[2j−2]mn

[|L̃n,v2j−`(U)|p]1/p ≤
m+2∑
i=1

En[2j−2]mn
[|L̃n,v2j−`,i(U)|p]1/p

≤ Cpk−1
n

m+2∑
i=1

En[2j−2]mn

[( ∑
k:i+k(m+2)≤kn

En[2j−`−1]mn +i+k(m+2)−1[|ξn(2j−`−1)pn+i+k(m+2)|
2]

)p/2]1/p

≤ 2Cp
√

(m+ 2)/kn, (B.29)

which is the first inequality in (B.21). The second one then follows by the triangle inequality.
Next, we decompose

Eni−1[eiUn∆n
i y − eiUn∆n

i,i−1y]

= Eni−1[eiUn∆n
i,i−1x(eiUn∆n

i ε − eiUn∆n
i,i−1ε)] + Eni−1[eiUn∆n

i,i−1ε(eiUn∆n
i x − eiUn∆n

i,i−1x)]

+ Eni−1[(eiUn∆n
i x − eiUn∆n

i,i−1x)(eiUn∆n
i ε − eiUn∆n

i,i−1ε)].

(B.30)

By Lemma B.1 and the Cauchy–Schwarz inequality, the last term is o′(
√

∆n) and can therefore
be neglected in the proof of (B.22). Similarly,

Eni−1[eiUn∆n
i,i−1x(eiUn∆n

i ε − eiUn∆n
i,i−1ε)]
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= iUnEni−1[eiUn∆n
i,i−1xeiUn∆n

i,i−1ε(∆n
i ε−∆n

i,i−1ε)] +O(∆n1{$≤ 3
4
} + ∆(2$−1)

n 1{$> 3
4
})

= iU∆($−1/2)+
n Eni−1[eiUn∆n

i,i−1xeiUn∆n
i,i−1ε(ρi∆n − ρ(i−1)∆n

)χi] + o′(
√

∆n).

Since (χi)i∈Z is independent of F∞, we obtain

Eni−1[eiUn∆n
i,i−1x(eiUn∆n

i ε − eiUn∆n
i,i−1ε)]

= iU∆($−1/2)+
n Ψ̂(U∆($−1/2)+

n ρ(i−1)∆n
)Eni−1[eiUn∆n

i,i−1x∆n
i ρ] + o′(

√
∆n),

(B.31)

where Ψ̂(u) = E[eiu∆χ1χ1] and the o′(
√

∆n)-term is independent of ω. If $ > 3
4 , the mean-

value theorem implies |<Ψ̂(U∆
($−1/2)+
n ρ(i−1)∆n

) − <Ψ̂(0)| ≤ | ddu<Ψ̂(ρ̂n)|U∆
$−1/2
n |ρ(i−1)∆n

| ≤
u∗K|E[χ1∆χ1]|∆$−1/2

n for some intermediate value ρ̂n and an analogous bound for the imaginary

part. Since Ψ̂(0) = E[χ1] = 0 and we have another factor ∆
$−1/2
n in front of Ψ̂ in (B.31), it

follows that (B.31) is o′(
√

∆n) if $ > 3
4 . If $ ≤ 3

4 , the last line in (B.31) is O(
√

∆n) because of
(B.15). Therefore, any additional modification that yields an extra o′(1)-term can be absorbed

into the o′(
√

∆n)-bin in (B.31). There are two cases: If 1
2 < $ ≤ 3

4 , then the ∆
$−1/2
n -factor in

front of Ψ̂ renders (B.31) an o′(
√

∆n)-term. If $ ≤ 1
2 , we note that |αρ| ≤ K and Γρ ≡ 0, so by

Lemma B.3,∣∣∣∣Eni−1[eiUn∆n
i,i−1x∆n

i ρ]− Eni−1

[
eiUn∆n

i,i−1x
∫ i∆n

(i−1)∆n

(σρsdWs + σ̃ρsdW̃s)

]∣∣∣∣ ≤ K∆n +
√

∆nh3(∆n)

almost surely, for some h3 that satisfies h3(∆n) = o′(1). In addition, because W̃ is independent
of W and w(∆n), ϕ(n), φ(n) = o′(1), we have

Eni−1

[
eiUn∆n

i,i−1x
∫ i∆n

(i−1)∆n

(σρsdWs + σ̃ρsdW̃s)

]
= Eni−1

[
eiUn∆n

i,i−1x
∫ i∆n

(i−1)∆n

σρsdWs

]
= σρ(i−1)∆n

Eni−1[eiUn∆n
i,i−1x∆n

iW ] +O(
√

∆nw(∆n))

= σρ(i−1)∆n
eiUnα(i−1)∆n∆n+∆nϕ(Un)+∆nφ(Un)Eni−1[eiUnσ(i−1)∆n∆n

i W∆n
iW ] + o′(

√
∆n)

= −i−1e
− 1

2
U2∆1−2$

n σ2
(i−1)∆nUσ(i−1)∆n

σρ(i−1)∆n
∆1−$
n + o′(

√
∆n),

where the last step follows from the fact that Un = U/∆$
n when $ ≤ 1

2 and E[eiuXX] =

i−1 d
duE[eiuX ]. Since the last line above is o′(

√
∆n) except when $ = 1

2 , we have shown that

Eni−1[eiUn∆n
i,i−1x(eiUn∆n

i ε − eiUn∆n
i,i−1ε)]

= −U2e
− 1

2
U2σ2

(i−1)∆n Ψ̂(Uρ(i−1)∆n
)σ(i−1)∆n

σρ(i−1)∆n

√
∆n1{$= 1

2
} + o′(

√
∆n).

(B.32)

We pause here and move to the second term on the right-hand side of (B.30), that is,

Eni−1[eiUn∆n
i,i−1ε(eiUn∆n

i x − eiUn∆n
i,i−1x)] = Ψ(Un∆$

n ρ(i−1)∆n
)Eni−1[eiUn∆n

i x − eiUn∆n
i,i−1x].

Writing Λ(u)t = iu
∫ t

0 σrdWr +
∫ t

0

∫
E(eiu(γ(r,z)+Γ(r,z)) − 1)(µ− ν)(dr, dz) and using Itô’s formula

(see Theorem I.4.57 in Jacod and Shiryaev (2003)), one can verify that for any fixed u and
s, the process Z(u, s)t = eiu(xt−xs)−(Θ(u)t−Θ(u)s) satisfies the stochastic differential equation
dZ(u, s)t = Z(u, s)t−dΛ(u)t with Z(u, s)s = 1. In particular, since Λ(u) is a martingale, so is
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Z(u, s). Combining this with the Lévy–Khintchine formula and using the notation Zni (u)t =
Z(u, (i− 1)∆n)t, we obtain

Eni−1[eiUn∆n
i x − eiUn∆n

i,i−1x] = Eni−1[e∆n
i Θ(Un)Zni (Un)i∆n ]− e∆Θ(Un)ni−1

= Eni−1[(e∆n
i Θ(Un) − e∆Θ(Un)ni−1)Zni (Un)i∆n ]

= e∆Θ(Un)ni−1Eni−1[(e∆n
i Θ(Un)−∆Θ(Un)ni−1 − 1)Zni (Un)i∆n ].

(B.33)

As a consequence of our assumptions on α, σ2, γ and Γ and the elementary inequalities |Un| ≤
u∗/
√

∆n, |eix − 1| ≤ |x| and |eix − 1− ix| ≤ 1
2x

2, we have

|∆n
i Θ(Un)| ∨ |∆Θ(Un)ni−1| ≤ u∗

√
∆nK +

1

2
u2
∗K +

1

2
u2
∗

∫
E
J(z)λ(dz) + |U |

√
∆n

∫
E
J(z)λ(dz)

≤ 2K(u∗ + 1
2u

2
∗).

Denote the last line by M . Then |e∆Θ(Un)ni−1 | ≤ eM and |Zni (Un)i∆n | = e−<∆n
i Θ(Un) ≤ eM , which

implies∣∣∣Eni−1[eiUn∆n
i x − eiUn∆n

i,i−1x]− e∆Θ(Un)ni−1Eni−1[(∆n
i Θ(Un)−∆Θ(Un)ni−1)Zni (Un)i∆n ]

∣∣∣
≤ 1

2e
2MEni−1[|∆n

i Θ(Un)−∆Θ(Un)ni−1|2].
(B.34)

Defining

ξn,i1 = −1

2
U2
n

∫ i∆n

(i−1)∆n

∫ s

(i−1)∆n

σcrdWrds, ξn,i2 = −1

2
U2
n

∫ i∆n

(i−1)∆n

∫ s

(i−1)∆n

σcrdW rds, (B.35)

and recalling φ(n) from (B.17), we have

Eni−1[|∆n
i Θ(Un)−∆Θ(Un)ni−1 − ξ

n,i
1 − ξ

n,i
2 |] ≤

u∗√
∆n

∫ i∆n

(i−1)∆n

Eni−1[|αs − α(i−1)∆n
|]ds

+ 2
√

∆nφ(n) + ∆n sup
s∈[(i−1)∆n,i∆n]

Eni−1[|ϕ(Un)s − ϕ(Un)(i−1)∆n
|]

+
1

2
u2
∗

∫ i∆n

(i−1)∆n

Eni−1[|αcr|]dr +
1

2
u2
∗E
[

sup
s∈[(i−1)∆n,i∆n]

∣∣∣∣∫∫ s

(i−1)∆n

γc(r, z)(µ− ν)(dr, dz)

∣∣∣∣].
(B.36)

The first term on the right-hand side is bounded by u∗
√

∆nw(∆n), where w(∆n) = o′(1). For
the second term, note that φ(n) = o′(1) by (B.17). The third term is bounded by

sup
s∈[0,∞)

(
∆2
nEni−1[|αϕ(Un)s|] + ∆3/2

n Eni−1[σϕ(Un)2
s + σϕ(Un)2

s]
1/2

+ ∆3/2
n sup

z∈E

(
Eni−1[γϕ(Un; s, z)2]/J(z)

)1/2(∫
E
J(z)λ(dz)

)1/2

+ ∆2
n sup
z∈E
|Γϕ(Un; s, z)/J(z)|

∫
E
J(z)λ(dz)

)
≤ K∆n +

√
C1(∆n)∆n +

√
KC2(∆n)∆n +KC3(∆n)∆n

(B.37)

due to (B.1), (B.4), (B.5) and (B.6). Thanks to the bound |αcr| ≤ K and Lemma B.3, the last
two terms in (B.36) are bounded by C∆n and C

√
∆nh3(∆n), respectively. Altogether, we have
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shown that the right-hand side of (B.36) is o′(
√

∆n). In a similar fashion, one can further show
that the right-hand side of (B.34) is O(∆n), which implies

Eni−1[eiUn∆n
i,i−1ε(eiUn∆n

i x − eiUn∆n
i,i−1x)]

= Ψ(Un∆$
n ρ(i−1)∆n

)e∆Θ(Un)ni−1Eni−1[(ξn,i1 + ξn,i2 )Zni (Un)i∆n ] + o′(
√

∆n)

= Ψ(Un∆$
n ρ(i−1)∆n

)e∆Θ(Un)ni−1Eni−1[ξn,i1 Zni (Un)i∆n ] + o′(
√

∆n),

almost surely. The last step holds because Zni (Un)t is a martingale driven by W and µ − ν

(without any component driven by W ), so Zni (Un)t and ξn,i2 are uncorrelated conditionally on
F(i−1)∆n

. Since σc satisfies (B.3), we further have

Eni−1[ξn,i1 Zni (Un)i∆n ]

= −U
2
n

2
σc(i−1)∆n

Eni−1

[∫ i∆n

(i−1)∆n

∫ s

(i−1)∆n

dWsdsZ
n
i (Un)i∆n

]
+ o′(

√
∆n)

= −U
2
n

2
σc(i−1)∆n

Eni−1

[∫ i∆n

(i−1)∆n

(i∆n − r)dWr

∫ i∆n

(i−1)∆n

Zni (Un)r−dΛ(Un)r

]
+ o′(

√
∆n)

= − iU
3
n

2
σc(i−1)∆n

Eni−1

[∫ i∆n

(i−1)∆n

(i∆n − r)dWr

∫ i∆n

(i−1)∆n

Zni (Un)rσrdWr

]
+ o′(

√
∆n)

= − iU
3
n

2
σ(i−1)∆n

σc(i−1)∆n

∫ i∆n

(i−1)∆n

(i∆n − r)Eni−1[Zni (Un)r]dr + o′(
√

∆n)

= −1

4
iU3∆(3/2−3$)+

n σ(i−1)∆n
σc(i−1)∆n

√
∆n + o′(

√
∆n).

Recalling (B.30) and (B.32), we arrive at

Eni−1[eiUn∆n
i y − eiUn∆n

i,i−1y]

= −U2e
− 1

2
U2σ2

(i−1)∆n Ψ̂(Uρ(i−1)∆n
)σ(i−1)∆n

σρ(i−1)∆n

√
∆n1{$= 1

2
}

− iU3

4
e
− 1

2
U2σ2

(i−1)∆nΨ(U∆$−1/2
n ρ(i−1)∆n

)σ(i−1)∆n
σc(i−1)∆n

√
∆n1{$≥ 1

2
} + o′(

√
∆n),

(B.38)

where the o′-term does not depend on i or ω. This yields the first estimate in (B.22).
To prove the second estimate, denote the right-hand side of (B.38) (without the o′-term)

by Ani and note that ∆n
2jL̃

b(U) = 1
kn

∑(2j−1)pn+kn
i=(2j−1)pn+1(Ani − Ani−pn) + o′(

√
∆n) by what we have

shown so far. If $ > 3
4 , (B.18) implies that |Ψ(U∆

$−1/2
n ρ(i−1)∆n

)−Ψ(U∆
$−1/2
n ρ(i−pn−1)∆n

)| ≤
C∆2$−1

n = o′(
√

∆n). Because σ, σc and, if $ ≤ 3
4 , ρ and σρ are continuous (if θ0 = 0, at least

ε-Hölder continuous) in Lp and both Ψ and Ψ̂ are differentiable (as χ has moments of all orders),
it follows that En[2j−2]mn

[|Ani −Ani−pn |
p]1/p = o′(

√
∆n), proving the second estimate in (B.22).

Lemma B.3. Let Xt =
∫∫ t

0 γ
X(s, z)(µ − ν)(ds, dz), where γX is a predictable function and

satisfies |γX(s, z)|2−ε1{θ0=0} ≤ J(z) for all s ≥ 0, z ∈ E and some measurable nonnegative
function J(z) with

∫
E J(z)λ(dz) <∞. Then, for any p ∈ [1, 2),

E
[

sup
t∈[s,s+∆n]

|Xt −Xs|p
]1/p

≤
√

∆nh3(∆n),

where h3 does not depend on γX or s and satisfies h3(∆n) = o′(1).
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Proof. Let q = 1 if θ0 > 0 and q = 2
2−ε if θ0 = 0. There is no loss of generality to assume that

qp/2 < 1. By the BDG inequality,

E
[

sup
t∈[s,s+∆n]

|Xt −Xs|p
]
≤ CE

[(∫∫ i∆n

(i−1)∆n

(γX(s, z))2µ(ds, dz)

)p/2]

≤ C

{
E
[(∫∫ i∆n

(i−1)∆n

J(z)q1{J(z)≤∆n}µ(ds, dz)

)p/2]

+ E
[(∫∫ i∆n

(i−1)∆n

J(z)q1{J(z)>∆n}µ(ds, dz)

)p/2]}

≤ C

{
∆p/2
n

(∫
E
J(z)q1{J(z)≤∆n}λ(dz)

)p/2
+ ∆n

∫
E
J(z)qp/21{J(z)>∆n}λ(dz)

}
.

For the last step, we applied Jensen’s inequality to the first expectation and the bound (a +
b)p/2 ≤ ap/2 + bp/2 to the second. Concerning the first term, note that J(z)q ≤ ∆q−1

n J(z) if
J(z) ≤ ∆n. Moreover, since J is integrable, h31(t) =

∫
E J(z)1{J(z)≤t}λ(dz) satisfies h31(t) → 0

as t→ 0. Concerning the second term, we use Hölder’s inequality to bound

∆1−qp/2
n

∫
E
J(z)qp/21{J(z)>∆n}λ(dz) ≤

(∫
E
J(z)λ(dz)

)qp/2
(∆nλ(J(z) > ∆n))1−qp/2.

Again, because J is integrable and t1{J(z)>t} ≤ t(J(z)/t) = J(z), the dominated convergence
theorem implies that h32(t) = tλ(J(z) > t) satisfies h32(t) → 0 as t → 0. Thus, the lemma is
proved by choosing h3(t) = C1/pt(q−1)/2[

√
h31(t) + C1/p(

∫
E J(z)λ(dz))q/2(h32(t))1/p−q/2].

The moment estimates derived in the Lemma B.2 translate into pathwise bounds for the
variance and bias terms L̃n,vj (u) and L̃n,bj (u) that hold with high probability.

Lemma B.4. Under Assumptions SH′0 and SU′, if we are given a compact set U , we have

P(Ωn)→ 1, where Ωn = Ω
(1)
n ∩ Ω

(2)
n and

Ω(1)
n =

{
|L̃n,v2j−`(ũ

n
j )| ∨ |L̃n,b2j (ũnj )| ≤ ∆1/9

n for all ` ∈ {0, 1} and j = 1, . . . , bT/(2pn∆n)c
}
,

Ω(2)
n =

{
θn/
√
η+

0 ≤ ũ
n
j ≤ θn/

√
η−0 for all j = 1, . . . , bT/(2pn∆n)c

}
.

In particular, there are deterministic constants C1, C2 ∈ (0,∞) such that for sufficiently large
n, we have the following bounds on Ωn for all j = 1, . . . , bT/(2pn∆n)c:

C1 ≤ |L̃n2j(ũnj )|, |L̃n2j−1(ũnj )|, |L̃n,s2j (ũnj )|, |L̃n,s2j−1(ũnj )| ≤ C2,

C1θ
2
n ≤ log|L̃n,s2j (ũnj )|−1, log|L̃n,s2j−1(ũnj )|−1 ≤ C2θ

2
n.

(B.39)

Proof. Note that P(Ω
(2)
n )→ 1 by (B.14). On Ω

(2)
n , we have ũnj ≤ θ/

√
η−0 , where θ = supn∈N θn.

Therefore, by Lemma B.2 (note that ũnj is Hn[2j−2]mn
-measurable) and Markov’s inequality,

bT/(2pn∆n)c∑
j=1

P
(
|L̃n,v2j−`(ũ

n
j )| ∨ |L̃n,b2j−`(ũ

n
j )| > ∆1/9

n for ` ∈ {0, 1}
)
≤ C∆−4/9

n bT/(2pn∆n)ck−2
n ,
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which implies P((Ω
(1)
n )c ∩Ω

(2)
n )→ 0 by (3.22). This yields the first statement of the lemma. For

the first set of bounds in (B.39), observe from (B.17) that

<(∆Θ(ũnj /∆
$∧1/2
n )ni−1) ≤ 1

2(ũnj )2K + ϕ(n) + φ(n) ≤ C2
2K,

|=(∆Θ(ũnj /∆
$∧1/2
n )ni−1)| ≤ Kunj

√
∆n + ϕ(n) + φ(n) = o(1)

for large n. This implies that <e∆Θ(ũnj /∆
$∧1/2
n )ni−1 = e<(∆Θ(ũnj /∆

$∧1/2
n )ni−1) cos=(∆Θ(ũnj /∆

$∧1/2
n ))

and |=e∆Θ(ũnj /∆
$∧1/2
n )ni−1 | = e<(∆Θ(ũnj /∆

$∧1/2
n )ni−1)|sin=(∆Θ(ũnj /∆

$∧1/2
n )ni−1)| satisfy

1
2e
−C2

2K ≤ <e∆Θ(ũnj /∆
$∧1/2
n )ni−1 ≤ 1, |=e∆Θ(ũnj /∆

$∧1/2
n )ni−1 | ≤ KC2

√
∆n + ϕ(n) + φ(n)

if n is large. Moreover, |ũnj ∆
($−1/2)+
n ρ(i−1)∆n

| ≤ K∆
($−1/2)+
n θn/

√
η−0 → 0 on Ω

(2)
n , which

implies Ψ(ũnj ∆
($−1/2)+
n ρ(i−1)∆n

) → 1. By (B.23), this gives 1
4e
−C2

2K ≤ |L̃n,s2j (ũnj )| ≤ 1, which in

turn shows 1
8e
−C2

2K ≤ |L̃n2j(ũnj )| ≤ 1 on Ωn. The bounds for |L̃n2j−1(ũnj )| and |L̃n,s2j−1(ũnj )| can

be derived in the same way. For the second set of inequalities in (B.39), note that L̃n,s2j (ũnj ) =

k−1
n

∑(2j−`−1)pn+kn
i=(2j−`−1)pn+1 Y

n
(ũnj )(i−1)∆n

= k−1
n

∑(2j−`−1)pn+kn
i=(2j−`−1)pn+1 Y

n(ũnj )(i−1)∆n
+ O(

√
∆n) by (B.25).

Since Xn(ũnj )(i−1)∆n
= −1

2(ũnj )2c(i−1)∆n
1{$≥ 1

2
}+ Log Ψ(ũnj ρ(i−1)∆n

)1{$≤ 1
2
}+ o(θ2

n), we can use

(B.18) to derive the bounds 1
4(θ2

n/η
+
0 )[K−11{$≥ 1

2
}+K

−2E[(∆χ1)2]1{$≤ 1
2
}] ≤ |Xn(ũnj )(i−1)∆n

| ≤
(θ2
n/η
−
0 )[K−11{$≥ 1

2
} +K−2E[(∆χ1)2]1{$≤ 1

2
}]. This completes the proof of (B.39).

B.3 Proof of Technical Results in Section A

Proof of Lemma A.1. Expanding the product, we can decompose V n − Ṽ n into the sum of
four differences, all of which can be treated similarly. Therefore, we only detail the proof that

V ′n − Ṽ ′n P−→ 0, where

V ′n =
kn√
|Jn|

∑
j∈Jn

∆n
2j c̃(ũ

n
j )∆n

2j−2c̃(ũ
n
j−1),

Ṽ ′n =
kn√
|Jn|

∑
j∈Jn

<
{

∆n
2j−2L̃

v(ũnj−1)

L(Lnj−1(ũnj−1))

}
<
{

∆n
2jL̃

v(ũnj )

L(Lnj (ũnj ))

}
.

(B.40)

To this end, we further introduce

V
′n

=
kn√
|Jn|

∑
j∈Jn

∆n
2jc(ũ

n
j )∆n

2j−2c(ũ
n
j−1), (B.41)

where ∆n
j c(u) = cnj (u)− cnj−1(u) and

cnj (u) = log log|L̃n,sj (u)|−1 + <
{
L̃n,vj (u) + L̃n,bj (u)

L(L̃n,sj (u))

}

− 1

2
<
{

(L̃n,vj (u) + L̃n,bj (u))2

L̃n,sj (u)L(L̃n,sj (u))

}
− 1

2

(
<
{
L̃n,vj (u) + L̃n,bj (u)

L(L̃n,sj (u))

})2

.

(B.42)
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Recalling the set Ωn from Lemma B.4, we decompose V ′n = V
′n

+Bn
1 +Bn

2 +Bn
3 , where

Bn
1 =

kn√
|Jn|

∑
j∈Jn

(∆n
2j c̃(ũ

n
j )−∆n

2jc(ũ
n
j ))∆n

2j−2c̃(ũ
n
j−1)1Ωn ,

Bn
2 =

kn√
|Jn|

∑
j∈Jn

∆n
2jc(ũ

n
j )(∆n

2j−2c̃(ũ
n
j−1)−∆n

2j−2c(ũ
n
j−1))1Ωn

and Bn
3 = (V ′n − V

′n
)1Ωcn . By Lemma B.4, we have Bn

3 → 0 in probability. For the other
two terms, we may assume that we are on the set Ωn. In fact, we will tacitly do so for the
remainder of this section and write E[X1Ωn ] for E[X]. Also, we will often use the fact that

o′(1)/θ4
n → 0 by (3.22). On Ωn, we have |L(L̃n,s2j−`(ũ

n
j ))| ≥ Cθ2

n and |L̃n,v2j−`(ũ
n
j )| ∨ |L̃n,b2j−`(ũ

n
j )| ≤

∆
1/9
n for all ` ∈ {0, 1} and j = 1, . . . , bT/(2pn∆n)c. So if n is large, we have |(L̃n,v2j−`(ũ

n
j ) +

L̃n,b2j−`(ũ
n
j ))/L(L̃n,s2j−`(ũ

n
j ))| ≤ 1

2 . Upon realizing that cnj (u) is a second-order expansion of c̃nj (u) =

log log|L̃nj (u)|−1 = log<Log L̃nj (u)−1 around L̃n,sj (u), we can use Lemma B.2 to derive

En[2j−2]mn

[
|̃cn2j−`(ũnj )− cn2j−`(ũ

n
j )|p

]
≤ CEn[2j−2]mn

[∣∣∣∣ L̃n,v2j−`(ũ
n
j ) + L̃n,b2j−`(ũ

n
j )

L(L̃n,s2j−`(ũ
n
j ))

∣∣∣∣3p
]

≤ C(k−3p/2
n + ∆3p/2

n )/θ6p
n ≤ Ck−3p/2

n /θ6p
n .

(B.43)

Similarly, for large enough n and because pn∆n ≤ 1/kn by (3.22), we have

En[2j−2]mn

[
|∆n

2j c̃(ũ
n
j )|2

]
≤ En[2j−2]mn

[( |∆n
2jL̃(ũnj )|∧

`=0,1|L(L̃n2j−`(ũ
n
j ))|

)2]
≤ Ck−1

n /θ4
n.

Analogously, En[2j−2]mn

[
|∆n

2jc(ũ
n
j )|2

]
≤ Ck−1

n /θ4
n. Hence, by the Cauchy–Schwarz inequality, we

have E[|Bn
1 |] ∨ E[|Bn

2 |] ≤ C × kn
√
pn∆n × 1/(pn∆n) × k−1/2

n /θ2
n × k

−3/2
n /θ6

n ≤ C/
√
k3
n∆nθ16

n ,
which converges to 0 by (3.22).

Next, we want to replace ∆n
2jc(ũ

n
j ) by a simpler expression ∆n

2jc(ũ
n
j )s (s for “simplified”), to

be determined in several steps in the following, and accordingly replace V
′n

by

V
′n
s =

kn√
|Jn|

∑
j∈Jn

∆n
2jc(ũ

n
j )s∆

n
2j−2c(ũ

n
j−1)s, (B.44)

Clearly,

V
′n − V ′ns =

kn√
|Jn|

∑
j∈Jn

[
(∆n

2jc(ũ
n
j )−∆n

2jc(ũ
n
j )s)∆

n
2j−2c(ũ

n
j−1)

+ ∆n
2jc(ũ

n
j )s(∆

n
2j−2c(ũ

n
j−1)−∆n

2j−2c(ũ
n
j−1)s)

]
,

where ∆n
2j−2c(ũ

n
j−1) is and ∆n

2j−2c(ũ
n
j−1)s will be chosen as Hn(2j−3)pn+kn

-measurable. Since

En[2j−2]mn
[|∆n

2jc(ũ
n
j )|] = O(k

−1/2
n /θ2

n) and (2j − 3)pn + kn ≤ [2j − 2]mn by (3.22), we only have

to make sure ∆n
2jc(ũ

n
j )s is chosen such that En[2j−2]mn

[|∆n
2jc(ũ

n
j )s|] ≤ Ck

−1/2
n /θ2

n on the one hand

and En[2j−2]mn
[|∆n

2jc(ũ
n
j )−∆n

2jc(ũ
n
j )s|] = o(

√
∆nθ

2
n) on the other hand. Then the last display will

converge to 0 in L1.
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To get the first version of ∆n
2jc(ũ

n
j )s, we expand the increment ∆n

2jc(ũ
n
j ) using (B.42) and

omit all terms that are o(
√

∆nθ
2
n). Simplifying terms, we arrive at ∆n

2jc(ũ
n
j )s = ∆n

2jc(ũ
n
j )I

s +

∆n
2jc(ũ

n
j )II

s −∆n
2jc(ũ

n
j )III

s −∆n
2jc(ũ

n
j )IV

s −∆n
2jc(ũ

n
j )V

s , where

∆n
j c(u)I

s = <

{
∆n
j L̃

s(u)

L(L̃n,sj−1(u))

}
, ∆n

j c(u)II
s = <

{
∆n
j L̃

v(u)

L(L̃n,sj−1(u))

}
,

∆n
j c(u)III

s = <

{
(L̃n,vj (u))2 − (L̃n,vj−1(u))2

2L̃n,sj−1(u)L(L̃n,sj−1(u))

}
, ∆n

j c(u)IV
s = <

{
∆n
j L̃

s(u)L̃n,vj (u)

(L(L̃n,sj−1(u)))2

}
,

∆n
j c(u)V

s =
1

2

[(
<
{

L̃n,vj (u)

L(L̃n,sj−1(u))

})2

−
(
<
{

L̃n,vj−1(u)

L(L̃n,sj−1(u))

})2]
.

We investigate the contribution of ∆n
2jc(ũ

n
j )I

s. Our goal is to show that

Dn
1 =

kn√
|Jn|

∑
j∈Jn

∆n
2j−2c(ũ

n
j−1)s∆

n
2jc(ũ

n
j )I

s

is negligible. To this end, it suffices to show that

D̃n
1 =

kn√
|Jn|

∑
j∈Jn

∆n
2j−2c(ũ

n
j−1)sE

n
(2j−2)pn [∆n

2jc(ũ
n
j )I

s]

vanishes asymptotically. Indeed, since ∆n
2j−2c(ũ

n
j−1)s is Hn(2j−2)pn

-measurable, the jth term that

appears in the difference Dn
1 − D̃n

1 will be Hn2jpn-measurable with a zero Hn(2j−2)pn
-conditional

expectation. Therefore, Dn
1−D̃n

1 is a martingale sum and consequently, we have E[|Dn
1−D̃n

1 |2] =
O(k2

npn∆n × 1/(pn∆n) × k−1
n /θ4

n × pn∆n/θ
4
n) = O(k2

n∆n/θ
8
n) = o(1) by (3.22). Next, consider

the term En(2j−2)pn [∆n
2jc(ũ

n
j )I

s] = En(2j−2)pn
[∆n

2jc(ũ
n
j )I

s]. Recalling (B.25), we can use (B.17) and

(B.18) to show that

1− Y ′n(ũnj )(i−1)∆n
= O(

√
∆n). (B.45)

Moreover, Y n is 1
2 -Hölder continuous in squared mean, so we have En(2j−2)pn [|L̃n,s2j−1(ũnj ) −

Y n(ũnj )(2j−2)pn∆n
|2] ≤ Cpn∆n. Therefore, instead of D̃n

1 , it is enough to consider

D̂n
1 =

kn√
|Jn|

∑
j∈Jn

∆n
2j−2c(ũ

n
j−1)s<

{En(2j−2)pn
[∆n

2jL̃
s(ũnj )]

L(Y n(ũnj )(2j−2)pn∆n
)

}
.

Note that Xn(u) from (B.25) is an Itô semimartingale with bounded coefficients (uniformly in
sufficiently small u such that Ψ(uK) ≥ 1

2). Thus, by (B.26), (B.28) and a first-order expansion,

En(2j−2)pn
[∆n

2jL̃
s(ũnj )]

=
Y n(ũnj )(2j−2)pn∆n

kn

(2j−1)pn+kn∑
i=(2j−1)pn+1

En(2j−2)pn
[(Xn(ũnj )(i−1)∆n

−Xn(ũnj )(i−pn−1)∆n
)] +Op(pn∆n)

= Op(pn∆n),

where Op(pn∆n) signifies a term whose F(2j−2)pn∆n
-conditional L1-norm is O(pn∆n) = o′(

√
∆n),

uniformly in ω. This shows that D̂n
1 is negligible.
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We proceed to ∆n
2j−2c(ũ

n
j−1)I

s and consider

kn√
|Jn|

∑
j∈Jn

<
{

∆n
2j−2L̃

s(ũnj−1)

L(L̃n,s2j−3(ũnj−1))

}
∆n

2jc(ũ
n
j )s. (B.46)

Revisiting the proof of (B.24), one can actually show that En[2j−2]mn
[|∆n

2jL̃
s(ũnj )|2] ≤ Cpn∆nθ

2
n.10

Since E[|∆n
2jc(ũ

n
j )IV

s |2]1/2 ≤ C
√
pn∆n/(knθ8

n) ≤ C
√

∆n/θ
4
n, its contribution to (B.46) is a term

whose L1-norm is O(kn
√
pn∆n×1/(pn∆n)×

√
pn∆n×

√
∆n/θ

4
n) = O(

√
k2
n∆n/θ8

n), which is neg-
ligible by (3.22). Since ∆n

2jc(ũ
n
j )I

s can be omitted as we have shown, we can replace ∆n
2jc(ũ

n
j )s in

(B.46) by ∆n
2jc(ũ

n
j )II

s + ∆n
2jc(ũ

n
j )III

s . As above, because Y n(u) is an Itô semimartingale with

bounded coefficients (for u sufficiently small) and 1 − Y ′n(ũnj )(i−1)∆n
= O(

√
∆n), we have

En[2k−2]mn
[|L̃n,s2k−`(ũ

n
k)− Y n(ũnk)[2k−2]mn ∆n

|2]1/2 ≤ C
√
pn∆n for ` ∈ {0, 1} and k ∈ {j − 1, j}. As a

consequence, instead of (B.46), it is sufficient to further analyze

kn√
|Jn|

∑
j∈Jn

<
{

∆n
2j−2L̃

s(ũnj−1)

L(Y n(ũnj−1)[2j−4]mn ∆n
)

}

×

(
<
{

∆n
2jL̃

v(ũnj )

L(Y n(ũnj )[2j−2]mn ∆n
)

+
(L̃n,v2j−1(ũnj ))2 − (L̃n,v2j (ũnj ))2

2Y n(ũnj )[2j−2]mn ∆n
L(Y n(ũnj )[2j−2]mn ∆n

)

}

+
1

2

[(
<
{

L̃n,v2j (ũnj )

L(Y n(ũnj )[2j−2]mn ∆n
)

})2

−
(
<
{

L̃n,v2j−1(ũnj )

L(Y n(ũnj )[2j−2]mn ∆n
)

})2])
.

(B.47)

Since En[2j−2]mn ∆n
[∆n

2jL̃
v(ũnj )] = 0, a martingale argument (along the lines of the analysis of Dn

1 )
reduces (B.47) to

kn√
|Jn|

∑
j∈Jn

<
{

∆n
2j−2L̃

s(ũnj−1)

L(Y n(ũnj−1)[2j−4]mn ∆n
)

}(
<
{ En[2j−2]mn

[(L̃n,v2j−1(ũnj ))2 − (L̃n,v2j (ũnj ))2]

2Y n(ũnj )[2j−2]mn ∆n
L(Y n(ũnj )[2j−2]mn ∆n

)

}

+
1

2
En[2j−2]mn

[(
<
{

L̃n,v2j (ũnj )

L(Y n(ũnj )[2j−2]mn ∆n
)

})2

−
(
<
{

L̃n,v2j−1(ũnj )

L(Y n(ũnj )[2j−2]mn ∆n
)

})2])
. (B.48)

Now, recall the notation un = u/∆
$∧1/2
n and observe that for ` ∈ {0, 1},

En[2j−2]mn
[(L̃n,v2j−`(ũ

n
j ))2] =

1

k2
n

(2j−`−1)pn+kn∑
i=(2j−`−1)pn+1

En[2j−2]mn

[(
ei(ũ

n
j )n∆n

i y − Eni−1[ei(ũ
n
j )n∆n

i y]
)2]

+
2

k2
n

∑
i′<i

En[2j−2]mn

[(
ei(ũ

n
j )n∆n

i y − Eni−1[ei(ũ
n
j )n∆n

i y]
)(
ei(ũ

n
j )n∆n

i′y − Eni−1[ei(ũ
n
j )n∆n

i′y]
)]
,

(B.49)

where the second sum is taken over all (2j − ` − 1)pn + 1 ≤ i′ < i ≤ (2j − ` − 1)pn + kn. The
covariance term in (B.49) is zero whenever |i− i′| ≥ m+ 2. Recalling the definition of Z(u, s)t
from the proof of Lemma B.2, we want to replace ei(ũ

n
j )n∆n

i y = e∆n
i Θ((ũnj )n)Zni ((ũnj )n)i∆ne

i(ũnj )n∆n
i ε

everywhere in (B.49) by ξ̂n,ij = e
∆Θ((ũnj )n)n

[2j−2]mn Zni ((ũnj )n)i∆ne
i(ũnj )n∆n

i,[2j−2]mn
ε
, and similarly for

10This is because we can improve the right-hand side of (B.27) to Cpn∆nθ
2
n if U = ũnj .
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the terms indexed by i′. As

En[2j−2]mn

[∣∣(e∆n
i Θ((ũnj )n) − e∆Θ((ũnj )n)n

[2j−2]mn )Zni ((ũnj )n)i∆ne
i(ũnj )n∆n

i ε
∣∣2] ≤ Cpn∆n,

En[2j−2]mn

[∣∣e∆Θ((ũnj )n)n
[2j−2]mn Zni ((ũnj )n)i∆n(ei(ũ

n
j )n∆n

i ε − ei(ũ
n
j )n∆n

i,[2j−2]mn
ε
)
∣∣2] ≤ Cpn∆n

(B.50)

with some C that is uniform in ω and j,11 we have

En[2j−2]mn
[(L̃n,v2j−`(ũ

n
j ))2] =

1

k2
n

(2j−`−1)pn+kn∑
i=(2j−`−1)pn+1

En[2j−2]mn

[(
ξ̂n,ij − Eni−1[ξ̂n,ij ]

)2]
+

2

k2
n

∑
i′<i

En[2j−2]mn

[(
ξ̂n,ij − Eni−1[ξ̂n,ij ]

)(
ξ̂n,i

′

j − Eni−1[ξ̂n,i
′

j ]
)]

+O(
√

∆n/kn).

(B.51)

Since Eni−1[ξ̂n,ij ] = e
∆Θ((ũnj )n)n

[2j−2]mn Ψ(ũnj ∆
($−1/2)+
n ρ[2j−2]mn ∆n

), we have

En[2j−2]mn
[(ξ̂n,ij − Eni−1[ξ̂n,ij ])2] = e

2∆Θ((ũnj )n)n
[2j−2]mn En[2j−2]mn

[e
2i(ũnj )n∆n

i,[2j−2]mn
ε
(Zni ((ũnj )n)i∆n − 1)2]

+ e
2∆Θ((ũnj )n)n

[2j−2]mn En[2j−2]mn
[(e

i(ũnj )n∆n
i,[2j−2]mn

ε −Ψ(ũnj ∆($−1/2)+
n ρ[2j−2]mn ∆n

))2]

+ e
2∆Θ((ũnj )n)n

[2j−2]mn En[2j−2]mn
[e
i(ũnj )n∆n

i,[2j−2]mn
ε
(Zni ((ũnj )n)i∆n − 1)

× (e
i(ũnj )n∆n

i,[2j−2]mn
ε −Ψ(ũnj ∆($−1/2)+

n ρ[2j−2]mn ∆n
))].

(B.52)

Recall that Z(u, s)t = eiu(xt−xs)−(Θ(u)t−Θ(u)s) is a martingale. By taking conditional expectation
with respect to F[2j−2]mn ∆n

∨G∞ and using En[2j−2]mn
[Zni ((ũnj )n)i∆n ] = En[2j−2]mn

[Zni ((ũnj )n)i∆n ] = 1,

one can show that the third term is zero, while the first one on the right-hand side of (B.52) is

equal to e
2∆Θ((ũnj )n)n

[2j−2]mn Ψ(2ũnj ∆
($−1/2)+
n ρ[2j−2]mn ∆n

) times

En[2j−2]mn
[(Zni ((ũnj )n)i∆n − 1)2] = En[2j−2]mn

[(Zni ((ũnj )n)i∆n)2 + 1− 2Zni ((ũnj )n)i∆n ]

= En[2j−2]mn
[e2i(ũnj )n∆n

i x−2∆n
i Θ((ũnj )n)] + 1− 2En[2j−2]mn

[Zni ((ũnj )n)i∆n ]

= e
−2∆Θ((ũnj )n)n

[2j−2]mn En[2j−2]mn
[e2i(ũnj )n∆n

i x]− 1 +O(
√
pn∆n)

= e
−2∆Θ((ũnj )n)n

[2j−2]mn En[2j−2]mn
[e∆n

i Θ(2(ũnj )n)Zni (2(ũnj )n)i∆n ]− 1 +O(
√
pn∆n)

= e
∆Θ(2(ũnj )n)n

[2j−2]mn
−2∆Θ((ũnj )n)n

[2j−2]mn − 1 +O(
√
pn∆n),

(B.53)

where the O-term is uniform in ω and j. Note that the last line (apart from the O(
√
pn∆n)-

term) is independent of i (and hence, of `), and so is the second term on the right-hand side of
(B.52) since χ is a stationary sequence. A similar argument shows that the same is true for the
nondiagonal terms in (B.49), which means that

sup
ω∈Ω

sup
j=2,...,bT/(2pn∆n)c

∣∣∣En[2j−2]mn

[
(L̃n,v2j−1(ũnj ))2 − (L̃n,v2j (ũnj ))2

]∣∣∣ = O(
√

∆n/kn). (B.54)

A similar argument proves that

sup
ω∈Ω

sup
j=2,...,bT/(2pn∆n)c

∣∣∣∣En[2j−2]mn

[(
<
{

L̃n,v2j (ũnj )

L(Y n(ũnj )[2j−2]mn ∆n
)

})2

−
(
<
{

L̃n,v2j−1(ũnj )

L(Y n(ũnj )[2j−2]mn ∆n
)

})2]∣∣∣∣
11If $ ≤ 3

4
, the second bound follows from the assumption that ρ is an Itô semimartingale with bounded

coefficients. If $ > 3
4
, we use the fact that un∆$

n = ∆
$−1/2
n = o(

√
pn∆n) by (3.22).
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= O(
√

∆n/kn/θ
4
n). (B.55)

Therefore, the L1-norm of (B.48) is O(
√
kn∆n/θ8

n), which shows that ∆n
2j−2c(ũ

n
j−1)I

s has no

asymptotic contribution. In other words, we have E[|V ′n − V
′n
s |] → 0 where V

n
s is given by

(B.44) and ∆n
2jc(ũ

n
j )s = ∆n

2jc(ũ
n
j )II

s −∆n
2jc(ũ

n
j )III

s −∆n
2jc(ũ

n
j )IV

s −∆n
2jc(ũ

n
j )V

s .

Our next goal is to show that ∆n
2jc(ũ

n
j )IV

s and ∆n
2j−2c(ũ

n
j−1)IV

s can also be omitted, that is,

kn√
|Jn|

∑
j∈Jn

<

{
L̃n,v2j−2(ũnj )∆n

2j−2L̃
s(ũnj−1)

(L(L̃n,s2j−3(ũnj )))2

}
(∆n

2jc(ũ
n
j )II

s + ∆n
2jc(ũ

n
j )III

s + ∆n
2jc(ũ

n
j )V

s )

+
kn√
|Jn|

∑
j∈Jn

∆n
2j−2c(ũ

n
j−1)s<

{
L̃n,v2j (ũnj )∆n

2jL̃
s(ũnj )

(L(L̃n,s2j−1(ũnj )))2

}

is asymptotically negligible. By Lemma B.2, one can readily see that ∆n
2jc(ũ

n
j )III

s + ∆n
2jc(ũ

n
j )V

s

do not contribute in the limit as n → ∞. Furthermore, similarly to how we obtained (B.47),
we can replace L̃n,s2k−`(ũ

n
k) (for ` ∈ {0, 1} and k ∈ {j − 1, j}) by Y n(ũnk)[2k−2]mn ∆n

. A martingale

argument further allows us to take En[2j−2]mn
[·] inside the sum over j, which also eliminates

∆n
2jc(ũ

n
j )II

s . Hence, only

kn√
|Jn|

∑
j∈Jn

∆n
2j−2c(ũ

n
j−1)s<

{
En[2j−2]mn

[L̃n,v2j (ũnj )∆n
2jL̃

s(ũnj )]

(L(Y n(ũnj )[2j−2]mn ∆n
)2

}

remains to be studied further. Here, we only need to keep the dominating part of ∆n
2j−2c(ũ

n
j−1)s

(all higher-order terms only have negligible contributions). Thus, we need to analyze

kn√
|Jn|

∑
j∈Jn

<

{
∆n

2j−2L̃
v(ũnj−1)

L(Y n(ũnj−1)[2j−4]mn ∆n
)

}
<

{
En[2j−2]mn

[L̃n,v2j (ũnj )∆n
2jL̃

s(ũnj )]

(L(Y n(ũnj )[2j−2]mn ∆n
)2

}
. (B.56)

We decompose ∆n
j L̃

s(u) = ∆n
j L̃

s
1(u) + ∆n

j L̃
s
2(u) + ∆n

j L̃
s
3(u), where

∆n
j L̃

s
1(u) =

1

kn

(j−1)pn+kn∑
i=(j−1)pn+1

e∆nϕ(un)(i−1)∆n

{
e−

1
2
u2
nc(i−1)∆n∆n+(Log Ψ(un∆$

n ρ(i−1)∆n ))1{$≤3/4}

− e−
1
2
u2
nc(i−pn−1)∆n∆n+(Log Ψ(un∆$

n ρ(i−pn−1)∆n ))1{$≤3/4}
}
,

∆n
j L̃

s
2(u) =

1

kn

(j−1)pn+kn∑
i=(j−1)pn+1

e−
1
2
u2
nc(i−pn−1)∆n∆n+(Log Ψ(un∆$

n ρ(i−pn−1)∆n ))1{$≤3/4}

× (e∆nϕ(un)(i−1)∆n − e∆nϕ(un)(i−pn−1)∆n ),

∆n
j L̃

s
3(u) = ∆n

j L̃
s(u)−∆n

j L̃
s
1(u)−∆n

j L̃
s
2(u).

Since ∆n
j L̃

s
3(u) contains the contributions of drift, finite variation jumps and noise (if $ > 3

4),

we have En(2j−2)pn
[|∆n

2jL̃
s
3(ũnj )|2]1/2 = O(

√
∆n) by (B.18). By (B.15), we further have the bound

En(2j−2)pn
[|∆n

2jL̃
s
2(ũnj )|2]1/2 = o′(

√
pn∆n). Therefore, in (B.56), it suffices to keep ∆n

2jL̃
s
1(ũnj ) in-

stead of ∆n
2jL̃

s(ũnj ). Writing Ln(u; c, ρ) = e−
1
2
u2
n∆nc+(Log Ψ(un∆$

n ρ))1{$≤3/4} and using o′p(
√
pn∆n)

to denote a term whose En(2j−2)pn
[(·)2]1/2-norm is o′(

√
pn∆n), we can expand

∆n
2jL̃

s
1(ũnj )
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=
1

kn

(2j−1)pn+kn∑
i=(2j−1)pn+1

(
Ln(ũnj ; c(i−1)∆n

, ρ(i−1)∆n
)− Ln(ũnj ; c(i−pn−1)∆n

, ρ(i−pn−1)∆n
)
)

+ o′p(
√
pn∆n)

=
1

kn

(2j−1)pn+kn∑
i=(2j−1)pn+1

(∫ (i−1)∆n

(i−pn−1)∆n

∂
∂cL

n(ũnj ; cs, ρs)(σ
c
sdWs + σcsdW s)

+

∫ (i−1)∆n

(i−pn−1)∆n

∂
∂ρL

n(ũnj ; cs, ρs)(σ
ρ
sdWs + σ̃ρsdW̃s)

+

∫∫ (i−1)∆n

(i−pn−1)∆n

(
Ln(ũnj ; cs− + γc(s, z), ρs− + γρ(s, z))− Ln(ũnj ; cs−, ρs−)

)
(µ− ν)(ds, dz)

)
+ o′p(

√
pn∆n),

where the second step follows from Itô’s formula and putting all drift terms into the o′p(
√
pn∆n)-

bin. At the same time, because ∆
$−1/2
n = o′(

√
pn∆n) by (3.22) for all $ > 3

4 and c, ∆nϕ(un)
and ρ (if $ ≤ 3

4) are Itô semimartingales with bounded coefficients, we have

ei(ũ
n
j )n∆n

i y = e∆n
i Θ((ũnj )n)+i(ũnj )n∆n

i εZni ((ũnj )n)i∆n

= e
∆Θ((ũnj )n)n

(2j−2)pn
+i(ũnj )n∆n

i,(2j−2)pn
ε
Zni ((ũnj )n)i∆n + o′p(

√
pn∆n),

where ∆Θ(u)ni = −1
2u

2ci∆n∆n + ∆nϕ(u)i∆n . Hence,

L̃n,v2j (ũnj ) =
1

kn

(2j−1)pn+kn∑
i=(2j−1)pn+1

{
e

∆Θ((ũnj )n)n
[2j−2]mn

+i(ũnj )n∆n
i,[2j−2]mn

ε
(Zni ((ũnj )n)i∆n − 1)

+ e
∆Θ((ũnj )n)n

[2j−2]mn (e
i(ũnj )n∆n

i,[2j−2]mn
ε −Ψ((ũnj )n∆$

n ρ[2j−2]mn ∆n
))
}

+ o′p(
√
pn∆n).

By conditioning on F∞ ∨ G[2j−2]mn
, it is easy to see that the second part does not contribute to

En[2j−2]mn
[L̃n,v2j (ũnj )∆n

2jL̃
s
1(ũnj )]. By definition, Zni ((ũnj )n)i∆n−1 =

∫ i∆n

(i−1)∆n
Zni ((ũnj )n)sdΛ((ũnj )n)s,

where Λ(u)t = iu
∫ t

0 σrdWr +
∫∫ t

0 (eiu(γ(r,z)+Γ(r,z)) − 1)(µ− ν)(dr, dz), so a straightforward com-

putation shows that up to an o′p(
√
pn∆n)-error, En[2j−2]mn

[L̃n,v2j (ũnj )∆n
2jL̃

s
1(ũnj )] is equal to

1

k2
n

(2j−1)pn+kn∑
i=(2j−1)pn+1

pni e
∆Θ((ũnj )n)n

[2j−2]mn Ψ((ũnj )n∆$
n ρ[2j−2]mn ∆n

)

×
(∫ i∆n

(i−1)∆n

i(ũnj )nEn[2j−2]mn

[
Zni ((ũnj )n)sσs

(
∂
∂cL

n(ũnj ; cs, ρs)σ
c
s + ∂

∂ρL
n(ũnj ; cs, ρs)σ

ρ
s

)]
ds

+

∫∫ i∆n

(i−1)∆n

En[2j−2]mn

[
(· · · )Zni ((ũnj )n)s(e

i(ũnj )n(γ(s,z)+Γ(s,z)) − 1)
]
λ(dz)ds

)
, (B.57)

where pni are integers satisfying 0 ≤ pni ≤ pn and (· · · ) stands for the integrand of the (µ − ν)-

integral in the expansion of ∆n
2jL̃

s
1(ũnj ) above. After a moment of thought, one realizes that

|(· · · )| ≤ CJ(z), where C does not depend on n, ω, i or j. Since |Zni ((ũnj )n)s| ≤ C (as we have
shown right below (B.33)), it follows by dominated convergence that the λ(dz)ds-integral in the

display above is o′(
√

∆n). Since the ds-integral in (B.57) is of order ∆
1−($∧1/2)
n , we only need to

further consider the case where $ ≥ 1
2 . Then the ds-integral is of size O(

√
∆n), which implies
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that we are free to make any additional modification of order o′(1). Because of the L2-continuity
properties of σ and σc, and of ρ and σρ if $ ≤ 3

4 , and because En[2j−2]mn
[Zni ((ũnj )n)s] = 1, it suffices

to consider

kn√
|Jn|

∑
j∈Jn

<

{
∆n

2j−2L̃
v(ũnj−1)

L(Y n(ũnj−1)[2j−4]mn ∆n
)

}
<

{
βnj

(L(Y n(ũnj )[2j−2]mn ∆n
))2

}
(B.58)

instead of (B.56), where βnj = iũnj
√

∆nσ[2j−4]mn ∆n
( ∂∂cL

n(ũnj ; c[2j−4]mn ∆n
, ρ[2j−4]mn ∆n

)σc[2j−4]mn ∆n
+

∂
∂ρL

n(ũnj ; c[2j−4]mn ∆n
, ρ[2j−4]mn ∆n

)σρ[2j−4]mn ∆n
). In fact, we can further replace Y n(ũnj )[2j−2]mn ∆n

in (B.58) first by exp(−1
2(ũnj )2c[2j−2]mn ∆n

∆
(1−2$)+
n )Ψ(ũnj ∆

($−1/2)+
n ρ[2j−2]mn ∆n

) and then, in a

second step, by exp(−1
2(ũnj )2c[2j−4]mn ∆n

∆
(1−2$)+
n )Ψ(ũnj ∆

($−1/2)+
n ρ[2j−4]mn ∆n

). Thanks to (B.12)
and (B.13), we can also substitute ũnj−1 for ũnj in the last expression and in the definition of
βnj . After all these modifications, the jth term in (B.58) will have a zero Hn[2j−4]mn

-conditional

expectation, so a martingale argument shows that (B.58) is asymptotically negligible. Hence, in
(B.44), we can choose ∆n

2jc(ũ
n
j )s = ∆n

2jc(ũ
n
j )II

s −∆n
2jc(ũ

n
j )III

s −∆n
2jc(ũ

n
j )V

s .

The next reduction is to remove ∆n
2j−2`c(ũ

n
j−`)

III
s + ∆n

2j−2`c(ũ
n
j−`)

V
s (` ∈ {0, 1}), for which we

have to show that

kn√
|Jn|

∑
j∈Jn

(∆n
2j−2c(ũ

n
j−1)III

s + ∆n
2j−2c(ũ

n
j−1)V

s )<

{
∆n

2jL̃
v(ũnj )

L(L̃n,s2j−1(ũnj ))

}

+
kn√
|Jn|

∑
j∈Jn

∆n
2j−2c(ũ

n
j−1)s(∆

n
2jc(ũ

n
j )III

s + ∆n
2jc(ũ

n
j )V

s )

is asymptotically negligible. As before, we can replace L̃n,s2k−`(ũ
n
k) by Y n(ũnk)[2k−2]mn ∆n

(k ∈ {j −
1, j}, ` ∈ {0, 1}). By a martingale argument, we can further take conditional expectation with
respect to Hn[2j−2]mn

, which eliminates the first part of the sum above, while it renders the second

part negligible by (B.54) and (B.55). This shows that we can choose ∆n
2jc(ũ

n
j )s = ∆n

2jc(ũ
n
j )II

s .

Lastly, we want to show that we can replace V
′n
s as defined in (B.44) (with ∆n

2jc(ũ
n
j )s =

∆n
2jc(ũ

n
j )II

s ) by Ṽ ′n from (B.40), which will conclude the proof. We proceed in three steps by

decomposing V
′n
s −Ṽ ′n = Dn

2 +Dn
3 +Dn

4 , where (recall the definition of Lnj (u) from the statement
of the lemma)

Dn
2 = V

′n
s −

kn√
|Jn|

∑
j∈Jn

<

{
∆n

2j−2L̃
v(ũnj−1)

L(Y
n
(ũnj−1)[2j−4]mn ∆n

)

}
<

{
∆n

2jL̃
v(ũnj )

L(Y
n
(ũnj )[2j−2]mn ∆n

)

}
,

Dn
3 =

kn√
|Jn|

∑
j∈Jn

<

{
∆n

2j−2L̃
v(ũnj−1)

L(Y
n
(ũnj−1)[2j−4]mn ∆n

)

}
<

{
∆n

2jL̃
v(ũnj )

L(Y
n
(ũnj )[2j−2]mn ∆n

)
−

∆n
2jL̃

v(ũnj )

L(Lnj (ũnj ))

}
,

Dn
4 =

kn√
|Jn|

∑
j∈Jn

<

{
∆n

2jL̃
v(ũnj )

L(Lnj (ũnj ))

}
<

{
∆n

2j−2L̃
v(ũnj−1)

L(Y
n
(ũnj−1)[2j−4]mn ∆n

)
−

∆n
2j−2L̃

v(ũnj−1)

L(Lnj−1(ũnj−1))

}
and Y

n
(u)t was defined right before (B.25). SinceDn

3 is a martingale sum and |Y n
(ũnj )[2j−2]mn ∆n

−
Lnj (ũnj )| = o′(1) by (B.17) and (B.45), we readily obtain E[|Dn

3 |2]→ 0. The same argument shows

that E[|Dn
4 |2]→ 0. Regarding Dn

2 , we use the expansion 1/L(z) = 1/L(z0)− ((z − z0) log|z0|+
z0<{(z − z0)/z0})/(L(z0))2 +O(|z − z0|2/(|L(z)| ∧ |L(z0)|)3) to bound

En[2j−2]mn

[∣∣∣∣ 1

L(L̃n,s2j−1(ũnj ))
− 1

L(Y
n
(ũnj )[2j−2]mn ∆n

)
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+
log|Y n

(ũnj )[2j−2]mn ∆n
|

(L(Y
n
(ũnj )[2j−2]mn ∆n

))2kn

(2j−2)pn+kn∑
i=(2j−2)pn+1

(
Y
n
(ũnj )(i−1)∆n

− Y n
(ũnj )[2j−2]mn ∆n

)

+
1

L(Y
n
(ũnj )[2j−2]mn ∆n

)kn

(2j−2)pn+kn∑
i=(2j−2)pn+1

<
{
Y
n
(ũnj )(i−1)∆n

− Y n
(ũnj )[2j−2]mn ∆n

L(Y
n
(ũnj )[2j−2]mn ∆n

)

}∣∣∣∣
]
≤ Cpn∆n

θ6
n

.

As Y
n
(ũnj )[2j−2]mn ∆n

= Lnj (ũnj )+o′(1) and Y
n
(ũnj )(i−1)∆n

−Y n
(ũnj )[2j−2]mn ∆n

= ψn,ji +o′(
√
pn∆n),

where

ψn,ji = ∂
∂cL

n(ũnj ; c[2j−2]mn ∆n
, ρ[2j−2]mn ∆n

)(c(i−1)∆n
− c[2j−2]mn ∆n

)

+ ∂
∂ρL

n(ũnj ; c[2j−2]mn ∆n
, ρ[2j−2]mn ∆n

)(ρ(i−1)∆n
− ρ[2j−2]mn ∆n

),

the previous bound implies that instead of Dn
2 , it suffices to study

Dn
21 =

kn√
|Jn|

∑
j∈Jn

<

{
∆n

2j−2L̃
v(ũnj−1)

L(L̃n,s2j−3(ũnj−1))

}(
<

{
∆n

2jL̃
v(ũnj ) log|Lnj (ũnj )|

(L(Lnj (ũnj )))2kn

(2j−2)pn+kn∑
i=(2j−2)pn+1

ψn,ji

}

+ <

{
∆n

2jL̃
v(ũnj )

L(Lnj (ũnj ))

}
1

kn

(2j−2)pn+kn∑
i=(2j−2)pn+1

<
{

ψn,ji
L(Lnj (ũnj ))

})
,

Dn
22 =

kn√
|Jn|

∑
j∈Jn

(
<

{
∆n

2j−2L̃
v(ũnj−1) log|Lnj−1(ũnj−1)|

(L(Lnj−1(ũnj−1)))2kn

(2j−4)pn+kn∑
i=(2j−4)pn+1

ψn,j−1
i

}

+ <

{
∆n

2j−2L̃
v(ũnj−1)

L(Lnj−1(ũnj−1))

}
1

kn

(2j−4)pn+kn∑
i=(2j−4)pn+1

<
{

ψn,j−1
i

L(Lnj−1(ũnj−1))

})
<

{
∆n

2jL̃
v(ũnj )

L(Y
n
(ũnj )[2j−2]mn ∆n

)

}
.

Since the jth term in Dn
22 has a zero Hn[2j−2]mn

-conditional expectation, we can argue as in

the analysis of Dn
3 to show that Dn

22 converges to 0 in L2. For Dn
21, by the same argument,

we can take conditional expectation with respect to Hn[2j−2]mn
for the jth term, which can be

computed similarly to (B.56). The final result after a tedious computation is that Dn
21 vanishes

asymptotically.

Proof of Lemma A.2. Let ζn,vj = <{∆n
2jL̃

v(ũnj )/L(Lnj (ũnj ))}. Then we can decompose Ṽ n =

Ṽ n
1 + Ṽ n

2 − Ṽ n
3 − Ṽ n

4 , where

Ṽ n
1 =

kn√
|Jn|

∑
j∈Jn

ζn,vj−1ζ
n,v
j , Ṽ n

2 =
kn√
|Jn|

∑
j∈Jn

ζn,vj−1−1/2ζ
n,v
j−1/2,

Ṽ n
3 =

kn√
|Jn|

∑
j∈Jn

ζn,vj−1−1/2ζ
n,v
j , Ṽ n

4 =
kn√
|Jn|

∑
j∈Jn

ζn,vj−1/2ζ
n,v
j−1

In each of the five sums, the jth term isHn(2j−1)pn+kn
-measurable with a zeroHn[2j−2]mn

-conditional

expectation. Therefore, (Ṽ n
1 , . . . , Ṽ

n
4 ) is a four-dimensional martingale array and we can use The-

orem 2.2.15 in Jacod and Protter (2012) to prove its convergence, from which (A.7) can be easily
deduced. Verifying the assumptions of Theorem 2.2.15 in Jacod and Protter (2012) is straight-
forward, so we only derive the asymptotic covariance and leave the remaining conditions to the
reader. A moment’s thought reveals that the limits of Ṽ n

1 , . . . , Ṽ
n

4 are F∞-conditionally inde-
pendent, so all we are left to show is that their F∞-conditional variances are given, respectively,

43



by 1
T

∫
IT
q2
t dt,

1
T

∫
IT
q2
t−1dt and, for both Ṽ n

3 and Ṽ n
4 , by 1

T

∫
IT
qtqt−1dt. As the proof is almost

identical, we only determine the F∞-conditional variance of Ṽ n
1 , which we denote by Q(1) and

is given by the limit as n→∞ of

Qn =
k2
n

|Jn|
∑
j∈Jn

En[2j−2]mn
[(ζn,vj−1ζ

n,v
j )2] =

k2
n

|Jn|
∑
j∈Jn

(ζn,vj−1)2En[2j−2]mn
[(ζn,vj )2]. (B.59)

By a martingale argument,12 this is asymptotically equivalent to

k2
n

|Jn|
∑
j∈Jn

En[2j−4]mn
[(ζn,vj−1)2En[2j−2]mn

[(ζn,vj )2]]. (B.60)

To determine the limit of (B.60), we start with the following a priori estimate, which follows
from the bounds in (B.29):13

En[2j−2]mn
[|∆n

2jL̃
v(ũnj )|2] = En[2j−2]mn

[|∆n
2jL̃

v(ũnj )|2] ≤ Cθ2
n/kn, (B.61)

where C does not depend on ω or j. Moreover, L̃n,v2j (ũnj ) and L̃n,v2j−1(ũnj ) are uncorrelated and
Lnj (ũnj ) is Hn[2j−2]mn

-measurable, so

En[2j−2]mn
[(ζn,vj )2] = En[2j−2]mn

[(
<
{
L̃n,v2j (ũnj )

L(Lnj (ũnj ))

})2

+

(
<
{
L̃n,v2j−1(ũnj )

L(Lnj (ũnj ))

})2]
.

For ` ∈ {0, 1}, we have the identity(
<
{
L̃n,v2j−`(ũ

n
j )

L(Lnj (ũnj ))

})2

=
(<L̃n,v2j−`(ũ

n
j ))2(<L(Lnj (ũnj )))2

|L(Lnj (ũnj ))|4
+

(=L̃n,v2j−`(ũ
n
j ))2(=L(Lnj (ũnj )))2

|L(Lnj (ũnj ))|4

+
2(<L̃n,v2j−`(ũ

n
j ))(<L(Lnj (ũnj )))(=L̃n,v2j−`(ũ

n
j ))(=L(Lnj (ũnj )))

|L(Lnj (ũnj ))|4
.

(B.62)

Since |cosx− 1| ≤ 1
2x

2 and |sinx| ≤ x, one can argue as in (B.29) to derive the bounds

En[2j−2]mn
[|<L̃n,v2j−`(ũ

n
j )|2] ≤ Cθ4

n/kn, En[2j−2]mn
[|=L̃n,v2j−`(ũ

n
j )|2] ≤ Cθ2

n/kn. (B.63)

For L(Lnj (ũnj )), there are C,C1, C2 > 0 such that

C1θ
2
n ≤ |<L(Lnj (ũnj ))|, |L(Lnj (ũnj ))| ≤ C2θ

2
n, |=L(Lnj (ũnj ))| ≤ Cθ5

n∆3($−1/2)+
n , (B.64)

where the first set of bounds follows as in Lemma B.4 and the last bound holds because |eix −
1 − ix + 1

2x
2| ≤ C|x|3 and E[∆χ1] = 0. In conjunction with (B.61), these bounds show that

the second term on the right-hand side of (B.62) is negligible for computing the limit of Qn.
Regarding the last term in (B.62), note that (B.63) and the Cauchy–Schwarz inequality imply

12The difference between (B.59) and (B.60) can be split into two martingale sums, one summing over even and
one summing over odd values of j.

13Note that one can replace eiUn∆n
i y in ξni by 1−eiUn∆n

i y without changing anything, where U = ũnj in our case.

Then the claim follows from the bound En[2j−2]mn
[|1− ei(ũ

n
j )n∆n

i y|2] ≤ (ũnj )2
nE

n
[2j−2]mn

[(∆n
i y)2] ≤ C(ũnj )2 ≤ Cθ2

n.
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En[2j−2]mn
[(<L̃n,v2j−`(ũ

n
j ))(=L̃n,v2j−`(ũ

n
j ))] ≤ Cθ3

n/kn. Therefore, En[2j−2]mn
of the last term in (B.62) is

bounded by Cθ2
n/kn and does not contribute to Q(1). Thus, Qn is asymptotically equivalent to

k2
n

|Jn|
∑
j∈Jn

En[2j−4]mn

[
[(<L̃n,v2j−2(ũnj−1))2 + (<L̃n,v2j−3(ũnj−1))2](<L(Lnj−1(ũnj−1)))2

|L(Lnj−1(ũnj−1))|4

× En[2j−2]mn

[
[(<L̃n,v2j (ũnj ))2 + (<L̃n,v2j−1(ũnj ))2](<L(Lnj (ũnj )))2

|L(Lnj (ũnj ))|4

]]
.

In fact, by (B.63) and (B.64), the previous display is Op(1), so we are allowed to make any further
o(1)-modification. For example, we can ignore the imaginary part of Lnj−`(ũnj−`) (` = 0, 1) and
replace Lnj (ũnj ) by Lnj−1(ũnj−1). This shows that Qn is asymptotically equivalent to

k2
n

|Jn|
∑
j∈Jn

1

(<L(Lnj−1(ũnj−1)))4
En[2j−4]mn

[[
(<L̃n,v2j−2(ũnj−1))2 + (<L̃n,v2j−3(ũnj−1))2

]
× En[2j−2]mn

[(<L̃n,v2j (ũnj ))2 + (<L̃n,v2j−1(ũnj ))2]
]
.

(B.65)

Regarding the denominator, we have

<L(Lnj−1(ũnj−1)) = −1
2(ũnj )2(c[2j−2]mn ∆n

1{$≥ 1
2
} + ρ2

[2j−2]mn ∆n
E[(∆χ1)2]1{$≤ 1

2
})

× exp(−1
2(θ2

0/η̃
n
j )2c[2j−2]mn ∆n

) + o(θ2
n).

(B.66)

At the same time, because (χi)i∈Z is m-dependent and cos(x) cos(y) = 1
2(cos(x+y)+cos(x−y)),

En[2j−2]mn
[(<L̃n,v2j−`(ũ

n
j ))2] = En[2j−2]mn

[(<L̃n,v2j−`(ũ
n
j ))2]

=
1

k2
n

∑
i,i′

En[2j−2]mn

[
cos((ũnj )n∆n

i y) cos((ũnj )n∆n
i′y)− Eni−1[cos((ũnj )n∆n

i y)]Eni′−1[cos((ũnj )n∆n
i′y)]

]
=

1

2k2
n

∑
i,i′

En[2j−2]mn

[
Eni∧i′−1[cos((ũnj )n(∆n

i y + ∆n
i′y))] + Eni∧i′−1[cos((ũnj )n(∆n

i y −∆n
i′y))]

− 2Eni−1[cos((ũnj )n∆n
i y)]Eni′−1[cos((ũnj )n∆n

i′y)]
} (B.67)

for ` ∈ {0, 1}, where the sum ranges over all i, i′ ∈ {(2j − `− 1)pn + 1, . . . , (2j − `− 1)pn + kn}
such that i− i′ ∈ {−m− 1, . . . ,m+ 1}. Using (B.50) for the second step, (B.17) for the fourth
one and (B.12) and (B.13) for the last one, we have

Eni−1[cos((ũnj )n∆n
i y)] = <Eni−1[ei(ũ

n
j )n∆n

i y]

= <Eni−1[e
∆Θ((ũnj )n)n

[2j−2]mn Zni ((ũnj )n)i∆ne
i(ũnj )n∆n

i,[2j−2]mn
ε
] +O(pn∆n)

= <Eni−1[e
∆Θ((ũnj )n)n

[2j−2]mn Zni ((ũnj )n)i∆nΨ((ũnj )n∆$
n ρ[2j−2]mn ∆n

)] +O(pn∆n)

= exp(−1
2(ũnj )2c[2j−2]mn ∆n

∆(1−2$)+
n )<Ψ(ũnj ∆($−1/2)+

n ρ[2j−2]mn ∆n
) + o′(1)

= exp(−1
2(ũnj−1)2c[2j−4]mn ∆n

∆(1−2$)+
n )<Ψ(ũnj−1∆($−1/2)+

n ρ[2j−4]mn ∆n
) + o′(1).

Similarly, with the notations Ψ±r (u) = E[eiu(∆χr+1±∆χ1)] and r = i− i′, we can deduce

Eni∧i′−1[cos((ũnj )n(∆n
i y ±∆n

i′y))]
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= exp(−(1± 1{r=0})(ũ
n
j−1)2c[2j−4]mn ∆n

∆(1−2$)+
n )<Ψ±r (ũnj−1∆($−1/2)+

n ρ[2j−4]mn ∆n
) + o′(1).

Now, if $ > 1
2 , then the contributions of Ψ and Ψ± are o′(1) and only the terms where r = 0

remain, which via (B.67) shows that for ` ∈ {0, 1},

En[2j−2`−2]mn
[(<L̃n,v2j−2`(ũ

n
j−`))

2 + (<L̃n,v2j−2`−1(ũnj−`))
2] =

(1− exp(−(ũnj−1)2c[2j−4]mn ∆n
))2

kn
+ o′(1).

If $ < 1
2 , the contributions of Ψ and Ψ± dominate asymptotically. Moreover, we have

θn → 0 by assumption, so expanding cos(x) = 1− 1
2x

2 + 1
24x

4 +O(x6), we get

Eni−1[cos((ũnj )n∆n
i y)] = <Ψ(ũnj−1ρ[2j−4]mn ∆n

) + o′(1)

= 1− 1
2(ũnj−1)2ρ2

[2j−4]mn ∆n
E[(∆χ1)2] + 1

24(ũnj−1)4ρ4
[2j−4]mn ∆n

E[(∆χ1)4] +O(θ6
n)

and

Eni∧i′−1[cos((ũnj )n(∆n
i y ±∆n

i′y))] = <Ψ±r (ũnj−1ρ[2j−4]mn ∆n
) + o′(1)

= 1− 1
2(ũnj−1)2ρ2

[2j−4]mn ∆n
E[(∆χr+1 ±∆χ1)2] + 1

24(ũnj−1)4ρ4
[2j−4]mn ∆n

E[(∆χr+1 ±∆χ1)4] +O(θ6
n),

which inserted in (B.67) and after simplifications yields

En[2j−2`−2]mn
[(<L̃n,v2j−2`(ũ

n
j−`))

2 + (<L̃n,v2j−2`−1(ũnj−`))
2]

=
(ũnj−1)4

2kn
ρ4

[2j−4]mn ∆n

(
Var((∆χ1)2) + 2

m+1∑
r=1

Cov((∆χr+1)2, (∆χ1)2)

)
+O(θ6

n).

If $ = 1
2 , we also have θn → 0, so combining the previous results, we obtain

Eni−1[cos((ũnj )n∆n
i y)] = 1− 1

2(ũnj−1)2(c[2j−4]mn ∆n
+ ρ2

[2j−4]mn ∆n
E[(∆χ1)2])

+ 1
24(ũnj−1)4(3c2

[2j−4]mn ∆n
+ 6c(2j−4)pn∆n

ρ2
[2j−4]mn ∆n

E[(∆χ1)2] + ρ4
[2j−4]mn ∆n

E[(∆χ1)4]) +O(θ6
n)

and

Eni∧i′−1[cos((ũnj )n(∆n
i y ±∆n

i′y))]

= 1− (ũnj−1)2
(
(1± 1{r=0})c[2j−4]mn ∆n

+ 1
2ρ

2
[2j−4]mn ∆n

E[(∆χr+1 ±∆χ1)2]
)

+ (ũnj−1)4
(

1
2(1± 1{r=0})

2c2
[2j−4]mn ∆n

+ 1
2(1± 1{r=0})c[2j−4]mn ∆n

ρ2
[2j−4]mn ∆n

E[(∆χr+1 ±∆χ1)2]

+ 1
24ρ

4
[2j−4]mn ∆n

E[(∆χr+1 ±∆χ1)4]
)

+O(θ6
n).

Thus, if $ = 1
2 , we have

En[2j−2`−2]mn
[(<L̃n,v2j−2`(ũ

n
j−`))

2 + (<L̃n,v2j−2`−1(ũnj−`))
2]

=
(ũnj−1)4

2kn

(
2c2

[2j−4]mn ∆n
+ 4c[2j−4]mn ∆n

ρ2
[2j−4]mn ∆n

E[(∆χ1)2]

+ ρ4
[2j−4]mn ∆n

(
Var((∆χ1)2) + 2

m∑
r=1

Cov((∆χr+1)2, (∆χ1)2)

))
+O(θ6

n).

Inserting the expansions obtained so far in (B.65) and noting that E[|(ũnj−1)2−θ2
n/η(2j−4)pn∆n

|] ≤
θ2
n(K ∨ η−1

0 )2E[|ηnj − η(2j−2)pn∆n
|] = o(θ2

n) by (B.13) and log|Ψ(u)| = <Log Ψ(u) = <Log(1 −
1
2u

2E[(∆χ1)2] + O(u3)) = −1
2u

2E[(∆χ1)2] + O(u3), we obtain Q(1) = 1
T

∫
IT
q2
t dt from classical

Riemann approximation results (distinguishing the cases $ > 1
2 , $ = 1

2 and $ < 1
2 , and in the

first case, further whether θ0 = 0 or not).
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Proof of Lemma A.3. We decompose Wn = W ′n +W ′′n, where

W ′n =
k2
n

|Jn|
∑
j∈Jn

[(∆n
2j c̃(ũ

n
j ))2 + (∆n

2j−1c̃(ũ
n
j−1/2))2][(∆n

2j−2c̃(ũ
n
j−1))2 + (∆n

2j−2−1c̃(ũ
n
j−1−1/2))2],

W ′′n =
2k2

n

|Jn|
∑
j∈Jn

{
2∆n

2j c̃(ũ
n
j )∆n

2j−2c̃(ũ
n
j−1)∆n

2j−1c̃(ũ
n
j−1/2)∆n

2j−2−1c̃(ũ
n
j−1−1/2)

− [(∆n
2j c̃(ũ

n
j ))2 + (∆n

2j−1c̃(ũ
n
j−1/2))2]∆n

2j−2c̃(ũ
n
j−1)∆n

2j−2−1c̃(ũ
n
j−1−1/2)

− [(∆n
2j−2c̃(ũ

n
j−1))2 + (∆n

2j−2−1c̃(ũ
n
j−1−1/2))2]∆n

2j c̃(ũ
n
j )∆n

2j−1c̃(ũ
n
j−1/2)

}
.

As seen in the proof of Lemma A.1, we have En[2j−2]mn
[∆n

2j c̃(ũ
n
j )] = En[2j−2]mn

[∆n
2jc(ũ

n
j )I

s+∆n
2jc(ũ

n
j )II

s ]+

o′(1/
√
kn) = o′(1/

√
kn). Therefore, invoking a martingale argument, we can apply En[2j−2]mn

to
the jth term defining W ′′n, after which only

− 2k2
n

|Jn|
∑
j∈Jn

En[2j−2]mn
[(∆n

2j c̃(ũ
n
j ))2]∆n

2j−2c̃(ũ
n
j−1)∆n

2j−2−1c̃(ũ
n
j−1−1/2)

remains to be analyzed. Similarly to how we eliminated ∆n
2j−2c(ũ

n
j−1)I

s in the paragraph following
(B.46), one can verify that the last display converges in probability to 0.

Therefore, only W ′n contributes asymptotically. By our analysis of ∆n
2j c̃(ũ

n
j ) in the proof of

Lemma A.1, we have

W ′n =
k2
n

|Jn|
∑
j∈Jn

[(ζn,vj )2 + (ζn,vj−1/2)2][(ζn,vj−1)2 + (ζn,vj−1−1/2)2] + op(1). (B.68)

Analogously to the decomposition of Ṽ n at the beginning of the proof of Lemma A.2, we can
split the last line (without the op(1)-term) into four terms, say, W ′n1 , . . . ,W

′n
4 , each of which is

asymptotically equivalent to the F∞-conditional variance of the corresponding Ṽ n
i -term. To see

this, consider W ′n1 for example, which is given by

W ′n1 =
k2
n

|Jn|
∑
j∈Jn

(ζn,vj−1ζ
n,v
j )2.

As usual, by a martingale argument, we can take En[2j−4]mn
-conditional expectation, which turns

the previous line exactly into (B.60). This shows that W ′n1 converges in probability to Q(1).
Repeating this argument for W ′n2 , W ′n3 and W ′n4 completes the proof of the lemma.

Proof of Lemma A.4. Throughout this proof, we use Op(an) to signify a term whose L2-norm
is bounded by Can, where C is a constant independent of ω, i and j. The notations op(an) and
o′p(an) are used similarly. Also, recall that Hρ = 0 by convention if $ > 1

2 + 1
2H.

Our analysis of L̃n,v2j−`(U), ` = 0, 1, in the proof of Lemma B.2 was independent of whether

we are under SH′0 or SH′1. In particular, we still have (B.21). Regarding ∆n
2jL̃

b(ũnj ), we argue
as in (B.30) and use (B.16) and (B.10) to obtain

Eni−1[ei(ũ
n
j )n∆n

i y − ei(ũ
n
j )n∆n

i,i−1y] = Eni−1[ei(ũ
n
j )n∆n

i,i−1x(ei(ũ
n
j )n∆n

i ε − ei(ũ
n
j )n∆n

i,i−1ε)]

+ Eni−1[ei(ũ
n
j )n∆n

i,i−1ε(ei(ũ
n
j )n∆n

i x − ei(ũ
n
j )n∆n

i,i−1x)] + o′p(∆
H
n ).
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Similarly to (B.31), we have Eni−1[ei(ũ
n
j )n∆n

i,i−1x(ei(ũ
n
j )n∆n

i ε − ei(ũ
n
j )n∆n

i,i−1ε)] = Op(∆
Hρ+(2$−1)+
n ),

while Eni−1[ei(ũ
n
j )n∆n

i,i−1ε(ei(ũ
n
j )n∆n

i x−ei(ũ
n
j )n∆n

i,i−1x)] = Op(∆
H+(1−2$)+
n ), which shows ∆n

2jL̃
b(ũnj ) =

Op(∆
H∗
n ) with H∗ = (H + (1− 2$)+) ∧ (Hρ + (2$ − 1)+).

By the Lévy–Khintchine formula, the mean-value theorem and (B.17) and (B.10), we further
have that

∆n
2jL̃

s(ũnj ) =
1

kn

(j−1)pn+kn∑
i=(j−1)pn+1

{
e−

1
2

(ũnj )2
nc(i−1)∆n∆nΨ((ũnj )n∆$

n ρ(i−1)∆n
)

− e−
1
2

(ũnj )2
nc(i−pn−1)∆n∆nΨ((ũnj )n∆$

n ρ(i−pn−1)∆n
)
}

+ o′p((pn∆n)H∆(1−2$)+
n ).

Since the last display is Op(πnθ
2
n) by (B.18), 1/

√
kn = o′((pn∆n)H) = o′(πn) by (3.22), ∆H∗

n =

o′(πn) and log|L̃n,s2j−1(ũnj )|−1 ≥ Cθ2
n by (B.39), we conclude that

∆n
2j c̃(ũ

n
j ) = <

{
∆n

2jL̃
s(ũnj )

L(L̃n2j−1(ũnj ))

}
+ o′p(πn) = <

{
∆n

2jL̃
s(ũnj )

L(Lnj (ũnj ))

}
+ o′p(πn),

where the second step follows from L̃n2j−1(ũnj ) = Lnj (ũnj )+o′p(1) (recall the definition after (A.6)).

Then V n,alt = V n,alt
1 + V n,alt

2 − V n,alt
3 − V n,alt

4 + op(1), where

V n,alt
1 =

1

|Jn|π2
n

∑
j∈Jn

ζn,sj−1ζ
n,s
j , V n,alt

2 =
1

|Jn|π2
n

∑
j∈Jn

ζn,sj−1−1/2ζ
n,s
j−1/2,

V n,alt
3 =

1

|Jn|π2
n

∑
j∈Jn

ζn,sj−1−1/2ζ
n,s
j , V n,alt

4 =
1

|Jn|π2
n

∑
j∈Jn

ζn,sj−1/2ζ
n,s
j−1

and ζn,sj = <{∆n
2jL̃

s(ũnj )/L(Lnj (ũnj ))}.
Next, a first-order expansion shows that ∆n

2jL̃
s(ũnj ) is given by14

−
(ũnj )2∆

(1−2$)+
n

2kn

(2j−1)pn+kn∑
i=(2j−1)pn+1

e−
1
2

(ũnj )2
nc(i−pn−1)∆n∆nΨ((ũnj )n∆$

n ρ(i−pn−1)∆n
)f ′(v(i−pn−1)∆n

)

×
∫ (i−1)∆n

0
[g((i− 1)∆n − s)− g((i− pn − 1)∆n − s)](σvsdWs + σvsdW s)

+
ũnj ∆

($−1/2)+
n

kn

(2j−1)pn+kn∑
i=(2j−1)pn+1

e−
1
2

(ũnj )2
nc(i−pn−1)∆n∆nΨ′((ũnj )n∆$

n ρ(i−pn−1)∆n
)F ′(w(i−pn−1)∆n

)

×
∫ (i−1)∆n

0
[G((i− 1)∆n − s)−G((i− pn − 1)∆n − s)](σws dWs + σws dW s + σ̂ws dŴs)

plus an o′p(πn)-error. Note that

Ψ((ũnj )n∆$
n ρ(i−pn−1)∆n

) = 1 +O(∆(2$−1)+
n θ2

n),

Ψ′((ũnj )n∆$
n ρ(i−pn−1)∆n

) = −ũnj ∆($−1/2)+
n ρ(i−pn−1)∆n

E[(∆χ1)2] +O(∆(2$−1)+
n θ2

n).

14The second term is set to zero if $ > 1
2

+ 1
2
H.
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Besides, given an increasing integer sequence λn such that λ−1
n = o′(1), we have

E

[(∫ ((i−1)∆n−λn∆n)+

0
[g(s− r)− g((i− 1)∆n − r)](σvrdWr + σvrdW r)

)2
]

≤ 2K2K−2
H

∫ ((i−1)∆n−λn∆n)+

0
[(s− r)H−1/2 − ((i− 1)∆n − r)H−1/2]2dr

≤ 2K2K−2
H

∫ ∞
λn∆n

[(r + ∆n)H−1/2 − rH−1/2]2dr

= 2K2K−2
H ∆2H

n

∫ ∞
λn

[(u+ 1)H−1/2 − uH−1/2]2du = o′(∆2H
n )

for all s ∈ ((i − 1)∆n, i∆n], since u 7→ [(u + 1)H−1/2 − uH−1/2]2 is integrable. The same type
of estimate applies to the integral involving G. Together with (B.66) (which continues to hold
under the alternative hypothesis), it follows that

ζn,sj = Λn2j + op(πn), (B.69)

where Λnj = Λn,1j 1{Λ>0} + Λn,2j 1{1−Λ>0} and

Λn,1j =
∆

(1−2$)+
n f ′(v(j−λn−1)pn∆n

)

kn
(
c(j−λn−1)pn∆n

1{$≥ 1
2
} + ρ2

(j−λn−1)pn∆n
E[(∆χ1)2]1{$≤ 1

2
}
)

×
(j−1)pn+kn∑
i=(j−1)pn+1

∫ (i−1)∆n

(i−λnpn−1)∆n

[g((i− 1)∆n − s)

− g((i− pn − 1)∆n − s)](σv(j−λn−1)pn∆n
dWs + σv(j−λn−1)pn∆n

dW s),

Λn,2j =
2∆

(2$−1)+
n E[(∆χ1)2]ρ(j−λn−1)pn∆n

F ′(w(j−λn−1)pn∆n
)

kn
(
c(j−λn−1)pn∆n

1{$≥ 1
2
} + ρ2

(j−λn−1)pn∆n
E[(∆χ1)2]1{$≤ 1

2
}
)

×
(j−1)pn+kn∑
i=(j−1)pn+1

∫ (i−1)∆n

(i−λnpn−1)∆n

[G((i− 1)∆n − s)−G((i− pn − 1)∆n − s)]

× (σw(j−λn−1)pn∆n
dWs + σw(j−λn−1)pn∆n

dW s + σ̂w(j−λn−1)pn∆n
dŴs).

This shows that V n,alt
1 = Mn

1 +An1 + op(1), where

Mn
1 =

1

|Jn|π2
n

∑
j∈Jn

{
Λn2jΛ

n
2j−2 − E[Λn2jΛ

n
2j−2 | F(2j−λn−3)pn∆n

]
}
,

An1 =
1

|Jn|π2
n

∑
j∈Jn

E[Λn2jΛ
n
2j−2 | F(2j−λn−3)pn∆n

].

The jth term in Mn
1 is F2jpn∆n-measurable with a zero F(2j−3−λn)pn∆n

-conditional expectation
by construction. Therefore, if j and j′ are at least (3+λn)/2 apart, the two corresponding terms
are uncorrelated. Thus, a second moment analysis shows that Mn

1 is negligible. On the other
hand, An1 converges: after shifting the coefficients c, ρ, v, σv, σv, ρ, w, σw, σw and σ̂w that appear
in Λn2j from (2j−λn−1)pn∆n to (2j−λn−3)pn∆n, the resulting term is conditionally Gaussian
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given F(2j−λn−3)pn∆n
. Therefore, a tedious but entirely straightforward calculation shows that

An1
P−→ 1

T (Cκ,H1{Λ∈{ 1
2
,1}} + Cκ,Hρ1{Λ=0})

∫
IT
A(t)dt, where A(t) is defined after (A.12) and

Cκ,H = K−2
H

∫ 1

0

∫ 1

0

∫ ∞
0

[(v−wκ + r + 2)H−1/2 − (v−wκ + r + 1)H−1/2]

× [rH−1/2 − (r − 1)
H−1/2
+ ]drdwdv.

Similarly, V n,alt
2

P−→ 1
T (Cκ,H1{Λ∈{ 1

2
,1}} + Cκ,Hρ1{Λ=0})

∫
IT
A(t − 1)dt. And because ζn,sj−`1 and

ζn,sj−`2−1/2 are asymptotically uncorrelated for `1, `2 ∈ {0, 1}, we have V n,alt
3 +V n,alt

4
P−→ 0, which

completes the proof of the first convergence in (A.12).
To see that Cκ,H < 0, we change variables from r to 1− s to get

Cκ,H = K−2
H

∫ 1

0

∫ 1

0

∫
R

[(v−wκ + 3− s)H−1/2
+ − (v−wκ + 2− s)H−1/2

+ ]

× [(1− s)H−1/2
+ − (−s)H−1/2

+ ]dsdwdv

=

∫ 1

0

∫ 1

0
E[(BH

v−w
κ

+3
−BH

v−w
κ

+2
)(BH

1 −BH
0 )]dvdw,

where BH is a standard fractional Brownian motion with Hurst parameter H (see Theorem 1.3.1
in Mishura (2008) for the last equation). Since |(v − w)/κ| ≤ 1, the expectation above is the
covariance of two non-overlapping increments of fractional Brownian motion with a Hurst index
H < 1

2 , and such a covariance is known to be negative. This shows Cκ,H < 0.
Finally, let us determine the limit of Wn,alt in (A.11). Similarly to the proof of Lemma A.3

(cf. (B.68)), we have Wn,alt = W ′n,alt +W ′′n,alt + op(1), where

W ′n,alt =
1

π4
n|Jn|

∑
j∈Jn

[(ζn,sj )2 + (ζn,sj−1/2)2][(ζn,sj−1)2 + (ζn,sj−1−1/2)2]

W ′′n,alt =
2

π4
n|Jn|

∑
j∈Jn

{
2ζn,sj ζn,sj−1ζ

n,s
j−1/2ζ

n,s
j−1−1/2

− [(ζn,sj )2 + (ζn,sj−1/2)2]ζn,sj−1ζ
n,s
j−1−1/2 − [(ζn,sj−1)2 + (ζn,sj−1−1/2)2]ζn,sj ζn,sj−1/2

}
.

Note that (ζn,sj−1, ζ
n,s
j ) and (ζn,sj−1−1/2, ζ

n,s
j−1/2) are asymptotically uncorrelated. Together with

the fact that E[X2Y 2] = E[X2]E[Y 2] + 2E[X1X2]2 and E[X2Y ] = 0 for a centered bivari-
ate Gaussian random vector (X,Y ), we deduce, similarly to the analysis of An1 above, that

W ′n,alt P−→ 2
T

∫
IT
A(t)A(t − 1)dt + 1

T (Cκ,H1{Λ∈{ 1
2
,1}} + Cκ,Hρ1{Λ=0})

∫
IT

(B(t) + B(t − 1))dt,

where B(t) is defined after (A.12) and Cκ,H = 2(Cκ,H)2 + (C ′κ,H)2 with

C ′κ,H = K−2
H

∫ 1

0

∫ 1

0

∫ ∞
0

[(v−wκ + r)H−1/2 − (v−wκ + r − 1)H−1/2][rH−1/2 − (r − 1)
H−1/2
+ ]drdwdv

and W ′′n,alt P−→ 4
T (Cκ,H1{Λ∈{ 1

2
,1}} + Cκ,Hρ1{Λ=0})

2
∫
IT
A(t)A(t− 1)dt.
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